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A generalization of Magill’s Theorem
for non-locally compact spaces

GARY D. FAULKNER, M. CRISTINA VIPERA

Abstract. In the theory of compactifications, Magill’s theorem that the continuous image
of a remainder of a space is again a remainder is one of the most important theorems
in the field. It is somewhat unfortunate that the theorem holds only in locally compact
spaces. In fact, if all continuous images of a remainder are again remainders, then the
space must be locally compact. This paper is a modification of Magill’s result to more
general spaces. This of course requires restrictions on the nature of the function.
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Introduction
The theorem known as Magill’s theorem is the following:

Theorem [M1]. For a locally compact space X, the following are equivalent:

1. Y is a remainder of X.
2. 'Y is the continuous image of a remainder of X .
3. Y is a continuous image of X \ X.

This theorem is a cornerstone of the theory of compactifications. It is easy to
see that any space X having the property that each continuous image of 5X \ X
is a remainder must have a one-point compactification. This forces the space
to be locally compact. It is very difficult, however, to find hypotheses involving
something weaker than local compactness and still have a robust theorem. The
point of this paper is to try exactly that.

Results

All spaces considered are at least Tychonoff. Let X, Y be spaces. We will say
that Y is a remainder of X, if there exists a Hausdorff compactification aX of
X such that Y = aX \ X. We denote by 73, the natural map from 3X onto
aX . Because of the following easily established Proposition, we can without loss
of generality restrict our considerations to perfect maps.

Proposition 1. Let Y = aX \ X be a remainder of X. Then mgalgx\ x
BX \ X —Y is a (surjective) perfect map.
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Definition. For any map f: X — Y, we put

My =U{f~'p): |f " (0)| > 1.
If X is compact, as would be the case if X were the remainder of a locally
compact space, then My is compact. We will say that a closed continuous map f
is supercompact if My is compact.

Clearly every supercompact map has compact fibers so it is perfect. One can
prove that every quotient map such that My is compact, is also closed, hence
supercompact.

For any map f: X — Y, we will say that £ C X is saturated with respect to
fif f7Yf(B)) = E.

The following lemma uses arguments similar to [M2, Theorem 13].

Lemma 2. Let K be a compact Hausdorff space and let ¢ be a quotient map
from K onto a space Z. Let I' be a closed subset of K such that My C F' and
suppose that q(F') is Hausdorff. Then Z is Hausdorft.

PROOF: Let 1, x5 be distinct points of Z. The only nontrivial case is when 1, x2
are in G = ¢(F'). Since F is saturated, G is closed, in Z and hence normal (since
it is Hausdorff and compact). Let U, Us be open subsets of G which contains
x1, x9, respectively, and such that U; N Us = 0. Let V; be an open subset of Z
such that V;NG = U;, i = 1,2, and let W7, W» be disjoint open subsets of K such
that ¢~ %(T;) € W;. Put S; = W; Ng~1(V;). One has S; N F = ¢~ 1(U;). Since ¢
is injective on K \ F', the sets S; are saturated, hence ¢(S1) and ¢(S2) are disjoint
open subsets of Z which contain x1, z9 respectively. ([

Let Y be a Hausdorff space and let f: X \ X — Y be a quotient map. We
denote by gy the map 1x U f : BX — X UY and by 77 the quotient topology
induced by ¢y on X UY (the union is assumed to be disjoint). Then (X U
Y, 7¢) is a compact (not necessarily Hausdorff) space in which the image of X is
dense. Suppose (X UY,7;) is Hausdorff. Then g is closed and so that q|x is
a homeomorphism. Then it follows that Y is a remainder of X.

Proposition 3. LetY be a Hausdorff space and let f : BX\X — Y be a quotient
map. Then (X UY,1y) is Hausdorff if and only if qf(Clgx (My)) is Hausdorff.

Proor: If q;(Clgx(My)) is Hausdorff, then we can apply Lemma 2, putting
K=pX,Z=XUY,q=qsand F'= Clgx(My). O
From Proposition 3 it easily follows that:

Theorem 4. Let X,Y be spaces and let f be a supercompact map from X \ X
ontoY. Then Y is a remainder of X.

In the proof of Theorem 3.7 in [T}, it is proved that, if X\ X is realcompact and
C*-embedded in BX, then, for each compactification aX of X, Clgx\ x (Mxry,)
must be compact. The proof of that theorem is based on the following fact
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[T, Lemma 3.6]: if 58X \ X is C*-embedded in X and aX is any compactifica-
tion of X, then Mz, does not contain any copy of N which is C-embedded in
BX \ X. Now suppose that X \ X is normal and every noncompact closed sub-
set of X \ X is not pseudocompact (for instance, let 3X \ X be paracompact).
Also, suppose again that 5X \ X is C*-embedded in 8X. Then Clgy\ x (Mry,)
must be compact. Otherwise, My, would contain a copy of N C-embedded in
Clgx\x (Mnrpg, ), hence in X \ X. Then one has:

Corollary 5. Suppose 8X \ X is C*-embedded in X and realcompact or para-
compact. Then Y is a remainder of X if and only if Y it is a supercompact image
of X\ X.

Corollary 6. Suppose X is not locally compact. If Z = X \ X is C-embedded
in X and realcompact or paracompact, then there is a space Y and a perfect
surjective map f : Z — Y which cannot be the restriction to Z of any mg, from
08X to a compactification aX of X.

PRrROOF: The hypotheses imply that Z is not pseudocompact. Let A = {an }nen C
7 a C*-embedded copy of N. Let us identify as,_1 and a9, for every n and let Y’
be the quotient space and f be the quotient mapping. Clearly f is closed, because,
for every closed subset F of Z, f~1(f(F)) = F U B, where B is a subset of A, so
it is closed. It is easy to see that Y is Hausdorff, hence f is perfect. But Clz(My)
is not compact, so there is no compactification X such that f = 7g,|z. O

Thus, although supercompactness seems unnecessarily strong, in some cases it
is necessary. It is also true [T] that given any space Y there is a space X such
that X \ X =Y and X \ X is C*-embedded in 5X.

Now we will give more applications of Lemma 1 and Proposition 3.

For a compactification aX, we put Co(X) = {f € C*(X) : f extends to a X }.
If f € Co(X), we denote by f¢ the unique extension of f to aX. If F C Co(X),
we denote by F the set of the extensions.

We will say that a family F C C*(X) generates the compactification aX if
F C Cq(X) and F* separates points of aX. Every F C C*(X) which separates
points from closed sets of X generates a compactification of X.

Theorem 7. Let Y be a Hausdorff space. Then Y is a remainder of X if and
only if there is a continuous map f from X \ X onto Y such that the family
G(f) = {g € C*(X)|g¢P is constant on the fibers of f} separates points from
closed subsets of X.

PrOOF: If Y = aX \ X is a remainder of X, then G(f) = C,(X) separates points
from closed subsets of X.

Conversely we will prove that (X UY,7y) is Hausdorff. Put G' = q¢(Clgx (8X \
X)). It is easy to see that G = CZ(XUny)(Y). By Lemma 2, it suffices to prove
that G is Hausdorff. First, let y1,y2 € Y and let V1, V5 be disjoint open subsets
of Y with y; € V;. Put H; = Y \'V;. Then CZ(XUY,Tf)(Hl)vCZ(XUY,Tf)(HQ)
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are (closed) subsets of G, whose union is G, and such that y; ¢ Ol(XUY,Tf)(Hi)7
1 =1,2. This proves that y1,yo are separated by disjoint open subsets of G.

Now, let aX be the compactification generated by G(f). Let j : X UY — aX
be defined by j(z) = wBa(qJTl(:zr)). Clearly mg, is constant on the fibers of f,
hence of gy, and so j is well defined. Since mg, = j o gy, j is continuous and
surjective. Let y1,ys be points of G such that at least one of them is not in Y.
Then j(y1),j(y2) are distinct points of aX, hence they are separated by disjoint
open subsets Wi, Wy of aX. Then j_l(Wi) NG, i = 1,2 are open subsets of G
which separates y1, y2. O

Theorem 8. Let f : BX \ X — Y be a perfect surjective map such that
Clﬁx(Mf) NnNX = {.’L‘l, .. ,:En}.
Then the following are equivalent:
(i) Y is the remainder of a compactification aX of X and f = 7ga|gx\ x-
(ii) There exist pairwise disjoint open sets U; in Clgx (M), such that z; € Uy,
i = 1,dots,n and the f(U; \ X) are still pairwise disjoint.

PRrROOF: First, we prove that (i) implies (ii). If Y = X \ X, then we can take, in
aX, pairwise disjoint open neighborhoods Vi,...,V, of x1,...,zy, respectively,
and put U; = wﬁ_;(Vl) N Clgx(My), for each i.

Now, we will prove the converse. Let gy, (XUY, 7¢) be defined as in Proposition 3.
We need only to prove that qf(Clgx (My)) is Hausdorff. Put ¢ = qf|ClﬁX(Mf)
and S = Clgx\ x (My), so that Clgx (My) = SU{z1,...,zn}. Then S is locally
compact and, since f|g is perfect, then T = f(.5) is also locally compact. Clearly,
one has q(Clgx (My) = TU {x1,...,zp}. Let U = U; NS, i =1,...,n, and
let K =S\ U, Ul, K1 = f7}(f(K)). K is clearly compact, hence K7 is also
compact. If we put W; = U/ \ Ky, for each i, then W; = Y f(Wy)), so that
the f(W;) are open and pairwise disjoint in 7. Furthermore, the f(W;) are not
relatively compact in T. Then f(K), f(W1),...,f(Wy) determine an n-point
compactification kT =T U {y1,...,yn} where f(W;) U {y;} is a neighborhood of
y; for each i. We can suppose that y; = z;, i.e. that the underlying set of kT is
q¢(Clgx(My). We want to prove that the topology of xT' is less fine than the
(quotient) topology induced by ¢. Since the two topologies coincide on T, we need
only to prove that, for each ¢ and for each basic neighborhood of z; in kT, the
inverse image with respect to ¢ is open. Let H be any compact subset of 7. One
has ¢~ ((f(Wi) U{a; })\ H) = (Wi U{a;})\ f~H(H) = U\ (K1 U f~1(H)), which
is open. Then q;(Clgx(My), with the quotient topology, is Hausdorff. O
Corollary 9. If Z = 3X \ X and |Clgx(Z)\ Z| = 1, then every perfect image
of Z is a remainder of a compactification aX of X and f = mgalgx\ x -

Note that Corollary 9 provides a new proof to Corollary 2.3 in [R].
Even if the space X satisfies the hypotheses of Corollary 6, it can happen that
every perfect image of 5X \ X is a remainder of X. For instance, if X \ X 2 N,
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every perfect image of X \ X is homeomorphic to N. But, in general, there
exist perfect images of X \ X which are not remainders of X (see the following
example).

Example. As we indicated earlier it is known that, for every Tychonoff space Z,
there exists a space X such that Z = X\ X and X \ X is C*-embedded in 5X.
So suppose X \ X = R and C*-embedded in SX. Then [0,+00) is a perfect
image of 3X \ X, but it is not a remainder of X, because it is not a supercompact
image of X \ X. In fact, suppose f : R — [0,+0c0) is supercompact. Let
(a,b) C R be an open interval containing My. Then f(—oc,a] and f([b,+oc)
are closed, connected and noncompact and they must be disjoint. But this is not
possible in [0, 4+00).

Example. In Corollary 5 we cannot drop the hypothesis that X \ X is C*-
embedded. In fact, let W be a space such that SW\ W =T and let p € SW \ W
be the point corresponding to 1 in the homeomorphism. Let X = W U {p},
so that Z = BX \ X = [0,1). Clearly [Clgx(Z) \ Z| = 1, hence every perfect
image of [0,1) is a remainder of X. But, clearly, there exist perfect images of
[0,1) which are not supercompact images. For instance, let Y = {(2,0) : 0 <
z < 1}U (U,so{(1 = 1/n,y) : 0 <y < 1/n} C R2. Tt is easy to see that V is
a perfect image of [0.1). Suppose f : [0,1) — Y is supercompact and surjective.
Let z = (1 —1/m,0) ¢ f(My), which is compact. Let K be a compact and
connected neighborhood of z which misses f(M[) and K1 = f ~1(K). Then f|x,
is a homeomorphism from K; to K. Therefore K1 must be a closed interval,
while K cannot be homeomorphic to an interval, a contradiction.

Example. Suppose X\ X is C*-embedded in 3X and homeomorphic to [0,wy).
Let Y be the quotient space of [0,w;) obtained by identifying 7 4+ 1 and 7 + 2,
for each limit ordinal 7 < wy. Clearly the quotient space is again [0,w;) and the
quotient map f is perfect, so, by Corollary 9, there exists a compactification aX
of X with aX \ X =[0,w;) and f = Wﬁa|ﬁX\X' Clearly f is not supercompact
but X \ X is still a supercompact image of 58X \ X.

Now we rephrase a theorem by Rayburn into a form more relevant to our needs.

Theorem 10 [R, Theorem 1.3]. Let Z = X\ X and let f : Z — Y be a perfect
surjective map. Then the following are equivalent:

(i) Y is the remainder of a compactification aX of X and f = 7ga|gx\ x -

(ii) There exists a compactification vY of Y and an extension f : CI sx(Z) —

~Y such that JF|CI/3X(Z)\Z is injective.

Note that Corollary 9 also follows from Theorem 10. The hypothesis implies
that Z is locally compact. If f : Z — Y is perfect and surjective, then Y is also
locally compact. Then we can take as 7Y the one-point compactification of Y.

It is easy to see that the natural extension f of f to Clgx(Z) is continuous and,
obviously, injective on Clgx(Z) \ Z.
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Corollary 11. Let Z = X \ X be C*-embedded in X and let f : Z — Y be
a perfect surjective map. Then the following are equivalent:

(i) Y is the remainder of a compactification aX of X and f = 7ga|gx\ x-
(ii) The extension f : Clgx(Z) — BY is injective on Clgx (Z) \ Z.
PROOF: It is easy to see that, if f: Z — Y is perfect and surjective and there
exists a compactification 7Y of Y such that the extension of f from 8Z to 7Y is

injective on the remainder, then vY = Y. We can then use the above theorem.
d

These results and the theorem of Rayburn (Theorem 9) suggest the following
general problem: given a perfect surjective map f : Z — Y and a compactification
xZ of Z, find conditions which ensure that there exists a compactification 7Y of YV’
and an extension of f, f : kZ — 7Y such that f|nZ\Z is injective. In particular:
find conditions on f for f : BZ — BY to be injective on SZ \ Z. This question is
certainly central to our results.

Lemma 12. Let f : Z — Y be a perfect surjective map and let f : BZ — BY be
its extension. Suppose that

(i) For all closed completely separated subsets A and B of Z, there exists
a relatively compact open subset U of Z such that f(A\U) and f(B\U)
are completely separated.

Then
(i) flgz\z is injective.
If Z is locally compact, then (ii) implies (i).
PROOF: For a closed set A in Z, let us denote by A* the set Clg;(A) \ A. Since
f is perfect, f(A*) € BY \ Y. Now, suppose f satisfies (i) and let p, ¢ be distinct
points of SZ\ Z. Let p € V, ¢ € W, where V,W are open in 37 and have
disjoint closures. If we put A = Clgz(V) N Z and B = Clgz(W) N Z, then A
and B are completely separated, p € A%, ¢ € B*. Let U be as in the hypothesis,
so that p € (A\U)*, ¢ € (B\U)*. Furthermore, f((A\U)*)N f((B\U)*) C
F(Clsz(A\U)N F(Clyz (B\U)) = Clay (F(A\U))NClgy (F(B\D)) = 0. Then
f(p) # f(a). N
Now suppose Z is locally compact, and f|ﬁZ\Z is injective. Let A, B be closed
and completely separated, so that, f(A*) N f(B*) = (. Then F = f(ClBZ(A)) N
f(C’lﬁZ(B) is a compact subset of Y. If K = f~1(F), K is also compact. Let U
be a relatively compact neighbourhood of K. Then Clgy (f(A\U))NClgy (f(B\
U)) = f(Clgz(A\U) N f(Clgz(B\U) = 0. U
Thus we have:

Theorem 13. Let Z = X \ X be C*-embedded in $X and let f : Z — Y
be perfect and surjective. Suppose that f satisfies the condition (i) in the above
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lemma. Then there is a compactification X of X withY = aX \ X and f =
Tgalgx\x- If Z is locally compact, the converse is also true.

Lemma 14. Let Z be paracompact and let f : Z — Y be a perfect map. Then
the following are equivalent:

(i) f is supercompact.
(ii) For every pair A, B of disjoint closed subsets of Z, f(A)N f(B) is compact.

PRrROOF: If f is supercompact and A, B are closed and disjoint, then f(A)N f(B)
is closed and it is a subset of f(Clz(M}y)), which is compact.
Conversely, suppose that f satisfies (ii), but it is not supercompact. Then M,
contains a copy N of N which is C-embedded in Clz(My), hence closed in Z.
Since the fibers of f are compact, N meets infinitely many fibers, so we can choose
an infinite set A = {ap}pen C F such that NN f~1(f(an)) = {an} for each n.
Clearly A is closed in Z. Let B = {bp},eN such that, for each n, f(bp) = f(an)
and b, # a,. Then B is also closed. Suppose not and let {by,, } be an ultranet
in B converging to z € Z \ B. The corresponding ultranet {a,, } is nontrivial, so
it converges to a point p € 7\ Z. If f: BZ — BY is the extension of f, one
has f(p) = f(z) € Y. This is impossible because f is perfect. Then A and B are
disjoint closed sets such that f(A)N f(B) = f(A) is not compact, a contradiction.
O

Example. The above lemma is not true for normal spaces. If Z = [0, w7), then
every closed continuous map from Z into a space Y satisfies (ii). In fact, if A and
B are closed and disjoint, one of them is compact. However we have earlier seen
that there are mappings f : [0,w;) — [0,w1) which are not supercompact.

Note. In the proof of Lemma 12 we have seen that, if f satisfies (ii), then, for A
and B closed and completely separated, f(A4) N f(B) is compact. To prove that,
we did not use local compactness.

By the above note, Corollary 5, and Lemma 14, one has:
Theorem 15. Suppose Z = X \ X is paracompact and C*-embedded in X
and let f : Z — Y be a perfect surjective map. Then the following are equivalent:

(i) Y is the remainder of a compactification aX of X and f = mg,|z.
(ii) If A, B are disjoint closed subsets of Z, then f(A) N f(B) is compact.

Now suppose F C C*(X), where X is locally compact. For each h € F let
I, be a closed interval containing the image of h. It is known that the smallest
compactification to which every element of F extends, denoted by wxX, can
be constructed as follows: put on the disjoint union X U [[;cx I, the topology

generated by sets of the form W U (e}l W)\ F), where W is a basic open set of

[15er In, eF is the diagonal map of F and F' is any compact subset of X; wrX
is the closure of X in that space, which is compact [CFV, Proposition 1.2].
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Lemma 16. Let f : Z — Y be a perfect surjective map and let KZ be a com-
pactification of Z. Put

F={gof:9geC*(Y)andgo f e Cy(2)}.

Then
(i) There exists a gompactiﬁcation 7Y of Y and an extension of f, f : kZ —
7Y such that f|,z\ 7z is injective
implies
(if) F* separates points of KZ \ Z.
If Z is locally compact, then the converse is also true.

PrROOF: First we prove that (i) implies (ii). Let p,q € kZ \ Z be distinct. Then

f(p) # f(g). Therefore there exists g € Cy(Y) such that g7(f(p)) # g7 (f(q))-
But, clearly, g7 o f is an extension of g o f to KZ, then one has go f € F and

(g0 f)*(p) # (g0 f)(q).
Now suppose that Z is locally compact and that F* separates points of k7 \ Z.

Put G = {g € C*(Y) : go f € F}. Since f is surjective, g — go f is an
injective map from G onto F. Let vY be the smallest compactification to which
every element of G extends. Then Y can be obtained as the closure of Y in
YUJ] gec 1y with the topology described above. The hypothesis implies that K2
is the smallest compactification to which every element of F extends. Therefore
KZ can be obtained as the closure of Z in Z U [[jqrer Igof = ZU ]l eg lg- We

can define f : Z U [egly = Y Ullzeg Ly by fp)=f(p)ifpe Zand f(p)=p
otherwise. We will prove that f is continuous. Let U = WU (egl(W) \ F) a basic
open subset of YU [[,cg Ig- Then f=1(U) = W U ((eg o f)"1(W) \ f~1(F)).
One has eg o f = e and, since f is perfect, f ~1(F) is compact. Then L) is
a basic open set. Clearly, f(kZ) = vY. Then we can take f = f|.z. O

Note. If F is defined as in the above theorem, then it is easy to see that F =
{h € Cx(Z) : h is constant on the fibers of f}.

The following is true for any Z.
Lemma 17. Let f : Z — Y be a perfect surjective map and let f : Z — BY be
its extension. Put

F ={h € C*(Z): h is constant on the fibers of f}.

Then the following are equivalent:

(1) f|gz\z is injective.
(ii) FP separates points of 37\ Z.
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PROOF: We need only to prove that (ii) implies (i). Let us identify SY" with
e(Y), where e : Y — ngC*(Y) I, is the diagonal map of C*(Y). Let f : 3Z —
ngC*(Y) I, be the extension of f to $Z, which is defined by f(z) = {(g o
f)ﬁ(x)}gec*(y). Then f(3Z) = Y. Furthermore, since {(go f)? : g € C*(Y)} =
FB separates points of 5Z \ Z, f|ﬁZ\Z is injective. O
Theorem 18. Let f: Z = X \ X — Y be perfect and surjective. Put

& ={h € C(Clgx\x(Z)) : h is constant on the fibers of f}.

If Y is the remainder of a compactification X of X and f = 7mg,|z, then &£
separates points of Clg x(Z)\Z. If Z is locally compact, the converse is also true.

Theorem 19. Let f : Z = X\ X — Y be perfect and surjective. Also, suppose
that Z is C*-embedded in 3X. Put

F ={h € C*(Z): h is constant on the fibers of f}.

Then the following are equivalent:
(i) Y is the remainder of a compactification aX of X and f = mg,|z.
(ii) FP separates points of 37\ Z.

Lemma 20. Let f: Z — Y be a perfect surjective map, and let kZ be a com-
pactification of Z. Then the following are equivalent:

(i) Eachp € kZ \ Z has a local basis Wy, such that for each W € W,, WNZ
is saturated with respect to f.

(ii) There exists a compactification vY of Y and an extension f of f, f :
kZ — Y such that JE|;<Z\Z is injective.

PRrROOF: First we prove that (i) implies (ii). Put S = xZ \ Z and consider the
disjoint union Y U S with the quotient topology induced by f = fuUlg. We
need only to prove that space is Hausdorff. First let p,q € S and let W € W),
W' € Wy be disjoint. Then they are saturated with respect to f , hence their
images are disjoint open neighborhoods of p and ¢, respectively, in Y U .S. Now,
suppose p € S and q € Y. Since f is perfect, f_l(q) is closed in kZ. Let V and
V' be disjoint open subsets of xKZ which contain p and f _1(q) respectively. Let
W € W, such that W C V. Since f is closed, V' N Z contains an open subset
U of Z, containing f_l(q), which is saturated with respect to f. Let W’ be an
open subset of kZ such that U = W’/ N Z. We can choose W' contained in V'.
Therefore, both W and W' are saturated with respect to f , and their images
contain p and ¢ respectively. Finally, if p,q € Y, then we can take disjoint open
subsets V, V' of kZ which contain f~1(p) and f~1(q) respectively. As before, V
and V'’ contain open subsets of kK7, saturated with respect to f , which contain

f~Y(p) and f~1(g) respectively.
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Conversely, let p € kZ \ Z and let V be a neighborhood of p in kZ. We need to
prove that there exists a neighborhood W, of p such that p e W C V and WNZ
is saturated with respect to f. Put F = kZ\V, G = f(F). Then G is closed and
f(p) ¢ G. Then we can take W = xZ \ f~1(G). O

And finally we have:

Theorem 21. Let f : Z = X \ X — Y be perfect and surjective. Then the
following are equivalent:

1. Y is the remainder of a compactification aX of X and f = mg,|z.
2. For every p € Clgx(Z)\ Z there is a local basis Wy of p in Clgx (Z) such
that, for each W € Wy, W N Z is saturated with respect to f.
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