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Analytic functions are Z-density continuous

KRrzyszTOF CIESIELSKI, LEE LARSON

Abstract. A real function is Z-density continuous if it is continuous with the Z-density
topology on both the domain and the range. If f is analytic, then f is Z-density con-
tinuous. There exists a function which is both C°° and convex which is not Z-density
continuous.
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Classification: 26A21

Let 7 ar stand for the density topology on the real line, R. A function f:R — R
is density continuous at the point x if it is continuous at z when 7 5r is used on
both the domain and the range. The class of all everywhere density continuous
functions is written as Carar. It is known that all locally convex functions are
density continuous, and it follows quite easily from this that all analytic functions
are in Cprpr. But, there are C°° functions which are not in Carns [2].

W. Wilczyriski [4] introduced the Z-density topology on R, which has many
properties in common with the density topology, except that it is based upon
category instead of measure. (For its definition see [4] or [3].) The Z-density
topology is denoted here by 77. The Z-density continuous functions, Czz, are
those functions f:R — R which are continuous when the domain and range are
both given the topology 7 7.

It is natural to ask if the known properties of the density continuous functions
can be proved in the case of the Z-density continuous functions. It turns out that
some properties can and some cannot be proved. Theorem 7, given below, estab-
lishes that analytic functions are Z-density continuous, but the proof is necessarily
different from the case of the density continuous functions because we also exhibit
in Example 10, a convex and C'*° function which is not Z-density continuous.

The notation used here is fairly standard. The set of subsets of R with the
Baire property is written as B. 7 stands for the ideal of first category subsets
of R. C'° is the set of all functions f: R — R which are infinitely differentiable at
every point and A stands for the collection of all real analytic functions. A set F
is a right interval set at a point a € R, if £ = J, .y[an,bn] or E =, cy(an,bn)
where a, — a and an > bpy1 > apy1 for all n € N. The definition of a left
interval set at a is similar. The set E is an interval set at a, if it is the union of
a right and left interval set at a. Any interval set at 0 is just called an interval
set.
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An open set S is said to be regular, if S = int (c1(5)). In particular, it can
be shown that for any B € B, there is a unique regular open set, B such that
BAB € Z. This observation is important below because it often enables us to
replace an arbitrary B € 71 by B without losing any generality in a proof.

We begin by stating several known results which are needed below. The first
is essentially the same as [5, Theorem 2].

Lemma 1. Let {c,}nen be a decreasing sequence of positive numbers converging
to zero and, for each n € N, let (ay, by) be an open interval centered at cy. If
c bn —a
lim 2 —0  and lim = n
n—oo Cp n—oo  Cp

then 0 is an Z-dispersion point of

U lan, bal.

neN

:07

Theorem 2. Let B be a regular open set. The following statements are equiva-
lent:
(i) 0 is an Z-dispersion point of B.
(ii) For every increasing sequence {t},} of positive numbers diverging to infinity
there exists a subsequence {tj, } such that
(1) limsupty, BN(-1,1) € Z.
1—00
(iii) For every increasing sequence {t; } of positive numbers diverging to infinity
and every nonempty interval (a,b) C (—1,1) there exists a nonempty
subinterval (c,d) C (a,b) and a subsequence {tj, } such that for every
teN
(c,d) N ly, B = 0.
PRrROOF: The fact that (i) and (ii) are equivalent is known [3, Theorem 1].

Assume that (ii) is true, but that there exists an interval (a,b) C (—1,1) for
which (iii) fails. Then every subinterval (¢,d) C (a,b) has the property that
{k : (c,d)NtyB = 0} is finite. From this it is apparent that limsup,t; B is
a dense Gg subset of (a,b) C (—1,1) for every subsequence {t,} of {¢;}. This
contradicts (1), so (iii) must be true.

Finally, suppose that (iii) is true. Let dy, be a countable dense subset of (—1,1)
and suppose Iy, is a sequential representation of the set {(dy,dm) : n,m € N, d,, <
dm}. Applying (iii), there must exist an interval J; C I; and a subsequence {t;1 }
of {tx} so that tpr BNJy = () for all m. Proceeding inductively, for each : € N
there must exist an interval J; 11 C I; 11 and a subsequence tkff{l of tkfn such that
ti+1 B0 Jip1 = () for each m. Since {dn : n € N} is dense in (—1,1) it is clear
that lim sup; tk;;B N(-1,1) € Z, and (ii) follows. O

The following theorem is a consequence of [1, Corollary 1].
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Theorem 3. If f:R — R is monotone and satisfies the Lipschitz condition
0<alpb—al<|f(b)— fla)| < Blb—a|] < oo

for all distinct a and b in some interval I, then f is Z-density continuous on I.

The first order of business is to prove that A C Czz. The following two
technical lemmas are needed for the proof.

Lemma 4. Let f,h:[0,4+00) — [0,+00) be homeomorphisms such that
2y

Then for every 0 < ¢ < ¢ < d' < d there exists g > 0 such that for every
e € (0,e9),
f((ed ed)) C h((ec,ed)).

PROOF: Since ¢/¢’ < 1 and d/d’ > 1 we can find §y > 0 such that for every
x € (0,60)

(2) 5 <

Using the continuity of £~ at 0 we can find g > 0 such that f((0,e0d)) C (0, ).
Now let € € (0,£9) and z € f((ec,ed’)) C f((0,0d)) C (0,30). So, (2) holds
and f~1(z) € (ec,ed)); ie.,

ed < fHx) < ed.
Multiplying the above inequality by (2), we obtain
ec < hl(z) < ed,
which implies = € h ((ec, ed)).
Lemma 5. If f,h:[0,00) — [0,00) are homeomorphisms satisfying

R €))
w0t ()

®3) =1,

then h is right Z-density continuous at 0 iff f is right Z-density continuous at 0.

PrOOF: Without loss of generality we may assume that both functions are in-
creasing, as the decreasing case is essentially the same.
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So assume that & is right Z-density continuous at 0. It will be shown that
f is right Z-density continuous at 0. This will finish the proof, as the converse
implication follows by exchanging f with h.

Let us choose B € B, 0 ¢ B, which has 0 as an Z-dispersion point. We will use
Theorem 2 to prove that 0 is a right Z-dispersion point of f_l(B).

First, notice that since f and h are both homeomorphisms, we may assume
that B is a regular open set. Choose a divergent increasing sequence of positive
real numbers {t;}ren and a nonempty interval (a,b) C (0,1). Since 0 is a right
Z-dispersion point of h~1(B), there exists a nonempty interval (¢, d) C (a,b) and
a subsequence {ty }pen of {tx}ren such that for every p € N

(c,d) Nty h 1 (B) = 0.

But this last condition is equivalent to

h<(ic,id)) nB—0.
tkp tkp

Now let 0 < ¢ < ¢ < d’ < d. Then, by Lemma 4,

1 1 1 1
fl—d,—d)ch|-—c —d
tkp tkp tkp tkp
for almost all p € N. This implies that for almost all p € N

L, 1. _

gl —1 _
(c,d) Ny, f~2(B) = 0.
This finishes the proof of Lemma 5. O

or

The following theorem, which is interesting in its own right, is also needed in
what follows. Its analogue for ordinary density continuity is also known to be
true [2].

Theorem 6. For any « € R, the function f(z) = x is Z-density continuous on
its domain.

PRrOOF: If x # 0 and f(x) exists, then it is clear that on a neighborhood of z, f
satisfies the conditions of Theorem 3, so f is Z-density continuous at x.

Suppose x = 0 and o > 0. It suffices to show f is right Z-density continuous
at 0. Let B € B such that 0 is an Z-dispersion point of B. It must be shown that
0 is a right Z-dispersion point of f_l(B).
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To do this, first note that f is a homeomorphism on (0,00), so f~1(S) € T
whenever S € 7 and there is no generality lost with the assumption that B is a
regular open set. Choose any nonempty interval (a,b) C (0,1) and an increasing
sequence {sy } e of positive numbers diverging to infinity. Let (a’,b') = f((a,b))
and define the increasing sequence

; 1
k= 7o~ — OO
f(1/sk)

Using Theorem 2, there exists an interval (¢/,d’) C (a’,0’) and a subsequence
{t,} of {tx} such that
(,d)nty,B=0 forall i€N.
Suppose that (c,d) = f~1((c/,d')). Then a straightforward calculation shows
0=f1((.d)nty,B)

= (c,d)n £ <ﬁ%)3>

— (e, d) N (s,;_aB)_l/ “
= (¢,d) N ski(B)_l/a
= (¢, d) N sy, fH(B).

From Theorem 2, we see that 0 is a right Z-dispersion point of f~(B), and the
theorem follows. (|

Theorem 7. A C Cz7.

PrOOF: Let h € A. It is enough to prove that h is Z-density continuous at 0.
We prove that h is right Z-density continuous at 0. The left-hand argument is
similar.

Let h(z) = Y o2ganz™. We can assume that ap = 0. Since the Z-density
topology is closed under homothetic transformations of its open sets, we can also
assume that for i = min{n: a, # 0} we have a; = 1. Now let f(2) = z*. Because
h is analytic, h~! exists on some right neighborhood of 0. Let us assume that
h~1 is positive on this neighborhood, the other case being similar. Then

h(z) h(h*(2))

1= 1 — =1 ‘
eot 2 a0t (hL(@))

1 7
= lim T
z—0t - fL')
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Hence,
h_l
z—0+ f7H(z)
and, by Lemma 5 and Theorem 6, h is Z-density continuous at 0. (I

After seeing that A C C7z7, it is natural to ask whether the same can be claimed
for C°°. This turns out not to be true. The lemma and theorem given below are
used to establish this fact.

Lemma 8. Let f € C* be such that for every n > 0
F™©0)=0 and f((0,e,)) C (0,00), for some e, > 0.

Then
f(az)

a0t [ (@)

:07

for every a € (0,1).

PRrROOF: Let a € (0,1) and n € N. Moreover, let us choose € > 0 such that
0 < e < ¢y for every k <n+ 1. In particular, f(") is increasing on (0, ¢), and so

() (q
|J;T)((§)) <1 forevery £ € (0,¢).

Now let = € (0,¢) and let g(z) = f(az). Using Cauchy’s Theorem n-times we can
find ¢ € (0, z) such that

’f(a;v) _ ‘g(w) _ g(")(g) & f(")(af) < an
f@) | [ f@)] | re)e) FM(©) '
Thus, Faz)

xli)rg+ @) = 0.

Theorem 9. Let f € C*° be such that for every n > 0
F™©)=0 and f™((0,e,)) C (0,00) for some &, > 0.

Then f is not Z-density continuous.

PRrROOF: We start with a proof that f is not right Z-density continuous at 0. Let
Dp = {g5:i=1,2,...,2"} for n € N. First notice that if a sequence {ny}ren is
such that

(4) Nt > 2k, for every k € N,
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then
't 11 1
min — D = —op > ——— = max
ng ny 2 N1 Nj+1

Di;41.

This means that if {s;};~1 is a decreasing ordering of D = Urken nLka, then

1
— Dy = {s;:2F < i < 2kF1}
n
We also define a sequence {nj}ren by induction on k such that it will satisfy
condition (4) and for every k > 0

; 1
(5) f(si) < = for 2F << 2t
f(si-1) ~ k
Put n; = 1 and assume that nj_q has already been chosen for some k£ > 1.
Choose ny, > 28=1n;_; such that

281
G o) 1 forall ze (0,21,

/(=) k ny,
Such a choice is possible by Lemma 8. Then, the above condition obviously implies
condition (5) for 2k < i < 2F*1. Increasing ny, if necessary, we can also obtain
condition (5) for # = 2¥. This finishes the construction of D.

Now let {(an,bn)}nen be a sequence of pairwise disjoint intervals such that

every interval (an,by) is centered at ¢, = f(s,) and that

bp — an

lim =0.
n—oo  Cp

By (5),
lim &L

n—oo Cp

so, by Lemma 1, 0 is an Z-dispersion point of the interval set
E = | (an,bn).
neN
On the other hand, we notice that for every subsequence {ng,}ien of {ng}ren,
the set .
U w71 (B) 2 | D,
€N €N

is dense and open in [0, 1]. So, 0 is not a right Z-dispersion point of f~1(FE) and
f is not Z-density continuous at 0. ([
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Example 10. There exists a convex C° function that is not Z-density contin-
uous.

PROOF: Define g: (—00,0.5) — R by
e 2€(0,1/2)
0 x € (—00,0]

Examining the second derivative of g it is easy to see that g is convex on (—o0,1/2).
It is well-known that f € C° and that f(")(0) = 0 for all n. Repeated differ-
entiation of f makes it apparent that for each n there is an ¢, > 0 such that
f (")(:1:) > 0 whenever 0 < x < ¢5,. Now an application of Theorem 9 finishes the
argument. (|

It is also not difficult to see that the function described in Theorem 9 does not
preserve Z-density points. In particular, the function g from Example 10 does not
preserve Z-density points.
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