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1. Introduction

Symmetric spaces play a central role in differential geometry and have been
studied intensively because of their interesting characterizations and their remark-
able geometric properties. These spaces are well-understood now. In the course of
research, various generalizations were defined, sharing some of the special features
of symmetric spaces. We mention here two of them.

The first generalization is given by the so-called semi-symmetric spaces. These
are Riemannian manifolds (M, g) of which the curvature tensor R satisfies the
algebraic condition Rxy - R = 0 for all vector fields X and Y on M, where Rxy
acts as a derivation on R. This means that, at each point p of M, the curvature
tensor R, is the same as the curvature tensor of some symmetric space. This
symmetric space can change with the point p, in general. Basic theorems about
semi-symmetric spaces have been proved in the fundamental papers by Z.1. Szabé
([Sz1], [Sz2]). For explicit classifications and for more up-to-date information, we
refer to the recent papers [K], [BKV], [B2].

The second generalization has been given very recently by J. Berndt and
L. Vanhecke in [BeV1]. Their starting point is the following characterization
of symmetric spaces by means of the Jacobi operators R, along geodesics «y in
the space (see Section 3 for the definitions): a Riemannian manifold (M, g) is
locally symmetric if and only if, along every geodesic vy, the Jacobi operator R,
has constant eigenvalues and parallel eigenspaces. The authors then define €-
spaces (resp. PB-spaces) as Riemannian manifolds for which the Jacobi operator
R, along every geodesic v has constant eigenvalues (resp. R, can be diagonalized
by a parallel frame). They give non-trivial examples and prove nice properties of
these spaces. See also [BeV2], [BeV3|, [BePV] for further properties.

In view of these two generalizations, the following natural question arises:
“What are the relations between the class of semi-symmetric spaces and the class
of €, resp. PB-spaces?” This question is all the more interesting as this study

*Research Assistant of the National Fund for Scientific Research (Belgium)

565



566

E. Boeckx

could provide us with new examples of €- and JB-spaces in the class of semi-
symmetric spaces. Especially for 3-spaces this is worthwhile as few examples of
B-spaces are known, whereas a wealth of examples of €-spaces have been found.
It was proved by J.T. Cho ([C]) and, independently and by a different method, by
the present author ([B1]), that every semi-symmetric €-space is locally symmetric.
Hence, within the class of semi-symmetric spaces no new examples of €-spaces
exist. The case of semi-symmetric P-spaces was also considered by J.T. Cho in
[C], but not in its full generality. Indeed, he studies only the case of complete
semi-symmetric B-spaces and the case of semi-symmetric P-spaces of cone type
([Sz1], [Sz2]). The only new examples of PB-spaces he obtains are the cones. The
general, non-complete case is not treated in his work. In this short paper, we fill
this gap. Using results of our earlier research ([B2]), we show the link between the
class of semi-symmetric B-spaces and the class of planar semi-symmetric spaces
as defined in [B2]. This allows us to give explicitly the local form for the metrics
of such spaces (Theorem 3.7).

The paper is organized as follows: in Section 2, a short review about semi-
symmetric spaces is given insofar as it is needed for the purpose of this article. In
Section 3, we introduce J3-spaces and determine the structure of a semi-symmetric
P-space.

The author wishes to thank O. Kowalski and L. Vanhecke for their support
and for useful discussions.

2. Semi-symmetric spaces

In this section we review briefly some facts about semi-symmetric spaces, in
particular about semi-symmetric spaces foliated by Euclidean spaces of codimen-
sion two. For a more detailed treatment, the reader should consult the papers by
Z.1. Szab6 ([Sz1], [Sz2]) and [B2]. We shall restrict ourselves here to the minimum
necessary for the next section.

We start with the following local structure theorem of Szabd ([Szl, Theorem
4.5]).

Proposition 2.1. Around the points of an everywhere dense open subset, a semi-
symmetric space is locally a de Rham product of symmetric spaces, two-dimen-
sional surfaces, six types of cones and semi-symmetric Riemannian manifolds
foliated by Euclidean leaves of codimension two.

Symmetric spaces and two-dimensional surfaces are well-understood and the
cones were explicitly constructed in [Sz1] and [Sz2]. The foliated semi-symmetric
manifolds appearing in the above proposition have not been explored much until
recently. For the recent developments, see [K], [BKV], [B2]. In the following we
give the necessary information about this class.

In [B2, Theorem 3.1], it is shown that the metric g of a foliated semi-symmetric
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space can locally always be given in the form g = E”+2 w! ® w', where

wl :f(waxaylu"wyn)dwa

(2.1) W= A(w,z,yt, .y de + Clw, z, 9t .. y") dw,
w2 = dy® + H(w, z,yb, ... y") dw, a=1,...,n,

in the coordinates (w,z,y',...,y"), and the following partial differential equa-
tions are satisfied:

(A1) (AB)y + (Ba)y =0, (A2)  (Ba)w — Ri =0,

(Bl)  (ABa)j+AyBg =0, (B2)  (Sa)j+TaBs=0

(C1) Aﬂg — AByBg =0, (C2) (Ta)’ﬁ — SaBg =0,

( (D2)

"
D1) (Ha)m 0,
Here By, B, R, Sq and T, are given by
B, = (2Af)‘1((H°‘)’ (ACy, — CAY)),

H*)j, + (ATa)j — (ATg)p = 0

=(Ant ZA’ H®),
R=A"'fl —CB+ ZBaHa,
(0%
So = fh + CBa,
To = C), — fBa.

In this notation, the Euclidean leaves are given by w! = 0, w? = 0 and the
curvature tensor R has the following form

(2.2) R=4kw' Anw? @w! Aw?
Here, k(w,z,y",...,y") is the sectional curvature of the plane section determined
by w2 =0 for a = 1,...,n. It is given by the formula

= (AN~ ((AB),, + R, +Z (ASq)

This function never vanishes by definition ([Sz1], [B2]), because the index of nullity
of the curvature tensor R is supposed to be constant.

In the next section we will need the covariant derivative of R. For that reason
we also give the connection forms for the metric (2.1). These are given by

wi= (AN LWt —Bw? + Zbawa+2,
«

(2.3) Wata = a%w! +0%w?,
(21_,_2—6 w —|—eo‘w2

WG = T EY W,



568

E. Boeckx

where we put, for the sake of simplicity,

aa:f_lféu ba:Baa
@ = (Af)~HAC!, — CA) — Ba, e =A"1AL.

In the explicit classification of foliated semi-symmetric spaces in dimension
three ([K]) and also in higher dimensions ([B2]) the existence of a special distri-
bution on the manifold, the asymptotic distribution, plays a major role.

Definition 2.2. An (n + 1)-dimensional distribution E on a foliated semi-sym-
metric space (M"+2,g) is an asymptotic distribution, if it is integrable, con-
tains the nullity vector space of R at each point and is parallel along each (n-
dimensional) Euclidean leaf.

This means the following: let (E1q,..., Ent2) be the local orthonormal frame
dual to the coframe (wl, ... ,w"+2). Then E,192, a =1,...,n, span the tangent
space of the corresponding Euclidean leaf at each point, which, by (2.2), is the
nullity vector space of R. The above definition says that an (n + 1)-dimensional
distribution F is an asymptotic distribution if the following three conditions hold
for all vector fields X and Y in E:
() (X, Y]€eE,

(ii) Dg,,,X€E, a=1,...,n,

(i) Eqy2 € E, a=1,...,n.
It is proved in [B2] that F must satisfy the equations
(2.4) @ (W2 + (6% — a®) wl w? — b (W?)2 =0, a=1,...,n.
Definition 2.3. A foliated semi-symmetric space which admits infinitely many
asymptotic distributions is said to be planar.

From (2.4) it follows that in a planar semi-symmetric space we have, in a neigh-
bourhood of each point,

(2.5) c® =0b" =0, e* = a%, a=1,...
Conversely, if (2.5) is satisfied, the space will be planar in the corresponding
neighbourhood.

Concerning the planar foliated semi-symmetric spaces, the following result is
proved in [B2].

S, M.

Proposition 2.4. (M"*2 g) is a planar semi-symmetric space if and only if
(M"™+2,g) is locally isometric either to the product of a two-dimensional surface
with R™, or to M3 x R"~! where the metric of M? is locally determined by the
orthonormal coframe

wh = f(w,2)y duw,
(2.6) w? = ydu,
w3 = dy

with f an arbitrary positive function of the variables w and x, and y € Ra' .
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Remark. The metric given by (2.6) clearly belongs to a warped product

My xp, Mg of a one-dimensional manifold M; with a two-dimensional manifold
Ms, where the warping function h is a linear function of the coordinate y on Mj.
The class of warped products My xj, Mo occurs in the classification theorem for
three-dimensional B-spaces given in [BeV1]. However, the result there guarantees
that such a warped product is a B-space only in case the manifolds My and Moy
and the function h are analytic. For the metric (2.6) above, we will show in the
next section that analyticity is not needed.

3. Semi-symmetric -spaces

Let (M, g) be a Riemannian manifold with curvature tensor R and let + be
a geodesic in (M, g). The symmetric operators R := R;.7 along v determine the
Jacobi operator field along . Using these operators, a special class of Riemannian
manifolds is defined in [BeV1].

Definition 3.1. A Riemannian manifold (M, g) is a P-space if the Jacobi op-
erator along any geodesic can be diagonalized by a parallel orthonormal coframe
along the geodesic.

Moreover, the authors prove

Proposition 3.2. If (M, g) is a B-space, then the curvature condition [R', Rx]
= 0 is satisfied for all X € TM. (Here Rx = Ry(0) and R’y = D+ R+(0), where
v is the unique geodesic such that 4(0) = X.) Moreover, for analytic manifolds,
this condition is also sufficient.

As both semi-symmetric manifolds and J3-spaces are generalizations of sym-
metric spaces, it is interesting to know the relation between these two classes
of manifolds. This problem was first studied by J.T. Cho ([C]). He considered
the different factors in Szabé’s local structure theorem for semi-symmetric spaces
(Proposition 2.1) and checked whether these factors are P-spaces. This obviously
is true for every two-dimensional surface (see [BeV1]). For the semi-symmetric
cones and for foliated semi-symmetric manifolds, Cho obtained the following re-
sults:

Proposition 3.3. Any semi-symmetric space of cone type is a P-space.

Theorem 3.4. Let (M,g) be a complete, semi-symmetric P-space. Then M
is a local product space of symmetric spaces and of LP(M 2 Rk)—spaces. In the
analytic case, also the converse holds.

Here LP(M 2, ]Rk) denotes the class of local product spaces of a two-dimensional
Riemannian space and a Euclidean space. Note that the last theorem only deals
with complete semi-symmetric manifolds, and that the spaces of cone type are
never complete. In what follows, we will determine all semi-symmetric -spaces,
i.e. we drop the completeness condition.

As the only factor in Szabd’s structure theorem that still requires treatment,
concerns foliated semi-symmetric spaces, we suppose that we have a metric g of
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the form (2.1) with curvature tensor R given by (2.2). We now calculate Dx R
using the well-known formulas Dxw' = 3" wi (X) wk and (2.3). We obtain

Dx R =4dk(X) (w' A w? @ w! Aw?)
- 4k[w1(X)(Zao‘ w2 A W? 4+ Zco‘ w! Awet?)
(3.1) +(X) (D 0w Aw? + ) e W AT @w! Aw?
—dkwt A? ® [wl(X)(Zao‘ w2 A2 4 an wt /\wo‘+2)
2 X)(Zbawa+2 Aw? + Zeo‘ wt /\wa+2)].
This and (2.2) yield
Rp, Ry Egya = k*c% By,
R;ElRElEﬁ—i-Q =0.

Recall that the function & is never zero. Hence, if the space is a J3-space, we must
have

(3.2) A =o, for all £.
Similarly, from
Rp, R, Egio = k%07 B,
Ry, Rp,Egi0 =0,
it follows that
(3.3) =0, forallg.
Finally, from
Rp, 5, R, g, Epro =2k (a” — €7) (By — By),
Ry 4y RE 1B, Epy2 =0,
we find the condition
(3.4) o’ =eP,  forall B.
Conversely, if (3.2)—(3.4) are satisfied, then we have
Rx =k (Ww1(X)w? - w?(X)wl) ® (wl(X)Eg —w?(X)Ey),
Ry = [dk(X) — 2k( ) a“w*T?(X
(wl(X)w2 — (X)) @ (w (X)Eg —w(X)Ey),

from which it is clear that [Ry, R;] = 0 for all X € T'M.
On the other hand, the conditions (3.2)—(3.4) determine exactly the class of
the planar semi-symmetric spaces (see the previous section). So, we have proved
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Theorem 3.5. Every foliated semi-symmetric 3-space is planar.
Concerning the converse of this theorem, we have

Theorem 3.6.
(i) The space (M3, g) given by the metric (2.6) is a PB-space.
(ii) Every planar foliated semi-symmetric space is a 3-space.

PRrROOF: (i) For the metric (2.6) we calculate explicitly the eigenspaces of the
Jacobi operator field R, along an arbitrary geodesic v. The form (2.3) for the
connection forms specializes for the metric (2.6) to

wp = (fa/ fy) ',
(3.5) w3 = (1/y) o',
w3 = (1/y) o,
and the formula (2.2) for the curvature tensor R to
(3.6) R=—4/fy")frz+ N Ao? @w! AW?.

Further, if (E1, E3, E3) is the dual orthonormal frame of (w!,w?,w?) given by

(2.6), then by the standard formulas Dx E; = —3_; w](X) Ej and by (3.5), we
have

DxE1 = (f1/fy)w'(X) Bz + (1/y) w!(X) E3,
(3.7) DxEy = —(f1/fy) w'(X) By + (1/y) w*(X) E,
DxE3 = —(1/y)w(X) By — (1/y) w?(X) Ba.

Now, let v(t) = (w(t),x(t),y(t)) be an arbitrary unit-speed geodesic. We
decompose its velocity vector field 4 with respect to the frame (E7, Eo, E3):

(3.8) ¥(t) = a1(t) E1(v(t)) + aa(t) E2(v(1)) + as(t) E3(v(t)).

The functions a1 (t), az(t) and a3(t) are given by

ar(t) = flw(t), z(t))y(t)w(t),
(3.9) az(t) = y(t)i(t),
az(t) = y(t).

Using (3.7), we find that D+ = 0 is equivalent to the system of ordinary differ-
ential equations (in the unknown functions w(t), x(t) and y(t))

a1 — (fi/fy) araz — (1/y) arag = 0,
(3.10) as + (f4/fy) a1? — (1/y) azas = 0,
as + (1/y) (a1% + ax?) = 0.
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By (3.6) and (3.8), the Jacobi operator field R has the following matrix form
with respect to the frame (E1, Fo, E3)

a22 —ajay 0
(3.11) (file + D/ YD | —ara2 a0
0 0 0

If a1(tg) = a2(tg) = 0 for some tg, then it follows readily from (3.9) that
w(tg) = &(tg) = 0. By the uniqueness of geodesics we then have
~(t) = (wo, zg,yo + t) and we see that ay(t) = aa(t) = 0 for all . In that case
R, is identically zero along  and hence, obviously diagonalizable by a parallel
orthonormal frame along ~.

So, we suppose that a12 + a? is nowhere zero. Then the eigenvalues of (3.11)
are given by a12 + ag? with multiplicity one, and 0 with multiplicity two. The
eigenspace belonging to the first eigenvalue is spanned by ag E1 — aj E2, the
eigenspace belonging to the eigenvalue 0 by a1 F1 4 a2 E2 and FE3. Using (3.7)
and (3.10), it is easy to show that both are parallel along «. This proves that the
metric (2.6) determines a J-space.

(ii) We remark that the product of P-spaces is again a P-space if all the
manifolds involved are analytic ([BeV1]). We show now that analyticity is not
necessary when one of the spaces is a Euclidean space R". In view of Propo-
sition 2.4 and part (i) above, this is sufficient to prove Theorem 3.6 (ii). So,
let M™ be an m-dimensional B-space and ~(t) = (71(t),72(t)) a geodesic in
M™ x R™. Clearly 1 (resp. ¥2) is a geodesic in M™ (resp. in R™). Moreover,
RxyZ = 0 whenever X, Y or Z is tangent to R". Taking these considerations
into account, it is clear that R,Y = R, Y7, where Y7 is the component of Y
tangent to M"™. As M™ is a -space, we can find a parallel orthonormal frame
(F1(v1(t))s .-, Fi(71(¢))) along v1 in M™. We can suppose that F, = +1. Using
the natural embedding of T, ;y(M™) in T, ;) (M™ x R™), we can consider the
orthonormal vectors Fy(y(t)),..., Fm—1(y(t)) along v in M™ x R™. These are
clearly parallel along v, and eigenvectors of R (t). Moreover, their orthogonal
complement consists of eigenvalues of R with eigenvalue zero and is also parallel
along 7. Hence, M™ x R™ is also a B-space. (]

The above theorems, together with Proposition 3.3 and the classification the-
orem by Szabé then yield:

Theorem 3.7. Around the points of an everywhere dense open subset, a semi-
symmetric P-space is locally a product of symmetric spaces, semi-symmetric
cones, two-dimensional surfaces and three-dimensional spaces with the metric
given by (2.6). Moreover, in the analytic case, the converse also holds.

The last statement in this theorem follows from general results about the prod-
ucts of PB-spaces proved in [BeV1].
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