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The fixed point index for noncompact mappings

in non locally convex topological vector spaces

Holger Alex, Siegfried Hahn, Lothar Kaniok

Abstract. We introduce the relative fixed point index for a class of noncompact operators
on special subsets of non locally convex spaces.

Keywords: fixed point index, admissible sets, compact reducible and (ϕ, γ)-condensing
operators, ϕ-measure of noncompactness
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Introduction

Nagumo introduced the Brouwer-Leray-Schauder-degree for compact vector
fields in locally convex spaces.
Kaballo [8], Hahn-Riedrich [6] and Kayser [10] generalized this notion for not

necessarily locally convex topological vector spaces. In the last twenty years
the degree, the fixed point index and the equivalent notion of the rotation were
defined for various classes of noncompact vector fields, for example for condensing,
k-set-contractions (0 < k < 1), ultimatively compact and related vector fields.
However, the considered spaces must be normed or locally convex in all known
spaces. In this paper we introduce the relative fixed point index of compact
reducible operators on special subsets of general topological vector spaces.

1. Notions and definitions

In this paper the topological spaces are separated and the topological vector
spaces E are real and separated. Let K ⊆ E and M ⊆ K. We denote the
boundary of M with respect to K and the closure of M with respect to K by
∂KM and clK M respectively. Further, we denote the closed convex hull of K and
the zero of E by coK and o respectively. Let X be a topological space. A mapping
F : X → E is called compact, if F is continuous and F (X) is relatively compact.
We recall that K ⊆ E is called an admissible set provided that for every

compact subset N ⊆ K and every neighbourhood V of o in E there are a finite
dimensional subspace EV of E and a continuous mapping hV : N → K with
x−hV (x) ∈ V (x ∈ N). Each convex subset of a locally convex space is admissible.
An open question is the following: Does there exist a convex subset of a (non
locally convex) topological vector space, which is not admissible? Some examples
of admissible sets in non locally convex spaces can be found in [2]. Krauthausen
[12] introduced the notion of the locally convex set (see [2] too), which was defined
by Jerofsky [7] as follows.
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Definition 1. Let E be a topological vector space and K ⊆ E. K is said to be
a locally convex subset of E iff for any x ∈ K there exists a base of neighbourhoods
Ux of x with respect to K such that Ux = (x+W )∩K and W is a convex subset
of E.
Clearly, each subset of a locally convex set is locally convex too and each subset

of a locally convex space is locally convex. Jerofsky proved in [7] the following
result (in a more general form):

Remark 1. Let E be a topological vector space and K ⊆ E closed and convex.
If K is locally convex, then K is admissible.

This result generalizes a theorem of Krauthausen [12] for metrizable spaces
(see [2] too). Special classes of locally convex subsets can be found in [2], for
example.
We need the following well-known result (see [7]) in Section 3.

Remark 2. Let E be a topological vector space,M ⊆ E, N a closed subset ofM
and F :M → E a compact mapping. Then the set {z ∈ E : z = x− Fx, x ∈ N}
is closed.

2. Compact reducible and (ϕ, γ)-condensing operators
Some well-known classes of noncompact mappings are special cases of the fol-

lowing class of operators (see [11] for Banach spaces, for example).

Definition 2. Let E be a topological vector space, ∅ 6= M ⊆ E and T a topo-
logical space. A continuous F : T × M → E will be called compact reducible, if
there exists a closed convex set S ⊆ E such that the following conditions hold.

(1) H(T × (M ∩ S)) ⊆ S.
(2) x ∈ co ({H(t, x)} ∪ S) for some t ∈ T implies x ∈ S.
(3) H(T × (M ∩ S)) is relatively compact.

Every set S with the properties (1)–(3) is said to be a fundamental set of H .
It is clear that S1 ∩ S2 is a fundamental set, if S1 and S2 are such. From (2)

it follows that x = H(t, x) for some t ∈ T implies x ∈ S and the empty set is
a fundamental set of H iff we have x 6= H(t, x) for each x ∈ M , t ∈ T .
We remark that we can identify T ×M with M if we suppose that T contains

one element only.
Every compact mapping H : T × M → E is compact reducible, the set

S = coH(T × M) is a fundamental set.
Ultimatively compact mappings, which were investigated also for non locally

convex spaces in [5], are compact reducible too. The limit range of them is a fun-
damental set. Especially, this holds for condensing mappings in locally convex
spaces and for k-set contractions (0 < k < 1) in Banach spaces.
In general topological vector spaces the notions of the ϕ-measure of noncom-

pactness of the (ϕ, γ)-condensing mappings are suitable, which were introduced
by Hadzic [4], [3].
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Definition 3. Let E be a topological vector space, ∅ 6= K ⊆ E, (A,≤) a partially
ordered set, ϕ : A → A a mapping andM a system of subsets of coK such that
M ∈ M implies M ∈ M, coM ∈ M, N ∈ M (N ⊆ M) and M ∪ {a} ∈ M
(a ∈ K). The mapping γ :M → A is said to be a ϕ-measure of noncompactness
on K if the following conditions are satisfied.

(N1) γ(co M) ≤ ϕ(γ(M)) (M ∈ M).
(N2) γ(N) ≤ γ(M) = γ(M) = γ(M ∪ {a}) (a ∈ K, M ∈ M, N ⊆ M).

Further let M ⊆ K be nonvoid, T a topological space, H : T × M → K
a continuous operator and γ a ϕ-measure of noncompactness on K. H is called
a (ϕ, γ)-condensing operator provided that H(T × N) ∈ M (N ⊆ M) and if
γ(N) ≤ ϕ(γ(H(T ×N))) (N ⊆ M) implies that H(T ×N) is relatively compact.
Condensing mappings or k-set contractions in Banach spaces are special classes

of (ϕ, γ)-condensing operators. The study of (ϕ, γ)-condensing operators is suit-
able in non locally convex spaces, because we cannot find nontrivial measures
of noncompactness in such general spaces. Some examples of ϕ-measure of non-
compactness and of (ϕ, γ)-condensing mappings in non locally convex topological
vector spaces can be found in [9], [4]. In these papers K will be assumed to be
of “Zima’s type”, these are special cases of locally convex sets. In the essential
cases these ϕ-measures of noncompactness have the following property too:

(N3) If M ∈ M, then M ∪ (−M) ∈ M and γ(M) = γ(M ∪ (−M)).

Theorem 1. Let E, M , K, T , ϕ and γ be stated as in Definition 3.
Let H : T × M → K be a (ϕ, γ)-condensing operator and a ∈ K. Then H is

compact reducible and H has a fundamental set S with a ∈ S. If K is symmetric
and (N3) holds for γ, then H has a nonvoid and symmetric fundamental set.

Proof: (1) Let a ∈ K and S := {S ⊆ K : a ∈ S, S = coS, S satisfies the
conditions (1), (2) in Definition 2}. Since K ∈ S, S 6= ∅. We define S0 :=

⋂
S∈S

and have S0 ⊆ S (S ∈ S).
Clearly a ∈ S0, S0 = coS0 and H(T × (M ∩ S0)) ⊆ S0.
Moreover, from x ∈ co ({H(t, x)} ∪ S0) ⊆ co ({H(t, x)} ∪ S) for some t ∈ T it

follows that x ∈ S for each S ∈ S and therefore x ∈ S0.
Hence we have S0 ∈ S. Let S1 := co (H(T × (M ∩ S0)) ∪ {a}). Since a ∈ S0,

H(T × (M ∩ S0)) ⊆ S0, we obtain S1 ⊆ S0. Furthermore H(T × (M ∩ S1)) ⊆
H(T × (M ∩S0)) ⊆ S1 and from x ∈ co ({H(t, x)} ∪S1) ⊆ co ({H(t, x)}∪S0) for
some t ∈ T it follows that x ∈ S0 therefore x ∈ co (H(T × (M ∩ S0)) ∪ S1) ⊆ S1.
Hence S1 ∈ S and therefore S0 ⊆ S1.
Altogether, we obtain S0 = co [H(T×(M∩S0))∪{a}]. Since γ is a ϕ-measure of

noncompactness, we have γ(M ∩S0) ≤ γ(S0) ≤ ϕ(γ(H(T × (M ∩S0)))). Because
H is a (ϕ, γ)-condensing operator, we obtain that H(T × (M ∩ S0)) is relatively
compact, S0 is a fundamental set and H is compact reducible.

(2) Now we suppose that γ has the property (N3) and K is symmetric. Then
we define

S = {S ⊆ K : o ∈ S, S = coS = (−S), S satisfies (1), (2) in Definition 2}.
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Since K is symmetric, we have o ∈ K, K ∈ S and S 6= ∅. Now we define S0
so as in part (1), however we set S1 := co (H(T × (M ∩ S0)) ∪ {o}). Since S0 is
symmetric, we obtain S1 = S0 again. Now, from (N1), (N2), (N3) and property
of H it follows similarly as in part (1) that S0 is a (symmetric) fundamental set.

�

3. The relative fixed point index of compact reducible operators

Now we will define the relative fixed point index with respect to locally convex
subsets K of general topological vector spaces for compact reducible operators.
Let E be a topological vector space, T a nonempty closed, convex and admissible
subset of E, M ⊆ E open and MT =M ∩ T . Let F : clT MT → T be a compact
mapping with Fx 6= x (x ∈ ∂T MT ) and f(x) = x − F (x) (x ∈ clT MT ). From
Remark 2 it follows that there are a symmetric, starshaped neighbourhood V
of zero, a finite dimensional subspace EV of E and a compact mapping FV :
clT MT → EV ∩T with F (∂T MT )∩(V +V ) = ∅ and FV x−Fx ∈ V (x ∈ clT MT ).
Then Kayser [10] defined an integer as the relative rotation γ(f, ∂T MT ) by

γ(f, ∂T MT ) := γV (fV , ∂TV
MTV

),

where TV = T ∩ EV , fV = f | clTV
MTV

, and the integer γV (fV , ∂TV
MTV

) is
the relative rotation of fV in the finite dimensional space EV which is defined by
Borisovitch [1] and has the known properties of a degree.
In the following we denote this Kayser-rotation and the Borisovitch-rotation

by d(F, MT ) and by dV (FV , MT ), respectively. Let T0 ⊆ T be closed, convex and
admissible and G = F | clT MT . Then we set d(F, MT0) := d(G, MT0), where
MT0 =M ∩ T0. The relative rotation of Kayser has the well-known properties of
the degree of compact vector fields. We need the following properties (see [10]).

(R1) If d(F, MT ) 6= 0, then there exists a x ∈ MT with Fx = x.
(R2) If S is a closed, convex, admissible subset of E with F (clT MT ) ⊆ S ⊆ T ,

then d(F, MT ) = d(F, MS).
(R3) If H : [0, 1]× clT MT → T is compact with x 6= H(t, x) (t ∈ [0, 1],

x ∈ ∂T MT ), H0(x) = H(0, x), H1(x) = H(1, x),
then d(H0, MT ) = d(H1, MT ).

(R4) If MT = ∅, then d(F, MT ) = 0. If MT 6= ∅ and ∂T MT = ∅, then
d(F, MT ) = 1.

Now we can define our new rotation.

Definition 4. Let E be a topological vector space, K ⊆ E nonempty, closed,
convex and locally convex, M ⊆ E nonempty and open, MK = M ∩ K. Let
F : clK MK → K be a compact reducible operator with Fx 6= x (x ∈ ∂KMK).
Then we define the relative fixed point index i(F, MK) of F on MK by

i(F, MK) := d(F, MT ),

where T = K ∩ S and S is a fundamental set of F .
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The right-hand side is defined, because F | clT MT is a compact mapping with
values in T and T is admissible, because T is a closed, convex subset of the locally
convex setK. Now we must prove that this definition is independent of the special
choice of the fundamental set S. This fact is based on the following

Lemma. Let E be a topological vector space, K ⊆ E convex, closed, locally
convex, A ⊆ K nonvoid, closed and F : A → K compact reducible. Let S1, S2
be fundamental sets and S0 = S1 ∩ S2 with A ∩ S0 6= ∅. Further, let V be
a neighbourhood of zero. Then there are a finite subspace EV of E and a compact
mapping

FV : (A ∩ S1) ∪ (A ∩ S2) −→ S0 ∩ K ∩ EV with

FV x − Fx ∈ V (x ∈ A ∩ S0).

Proof: We define N = F (A ∩ S0) and M = F (A ∩ S1) ∪ F (A ∩ S2). Then
∅ 6= N ⊆ M . The set coN is admissible, because K is locally convex and
coN ⊆ K. Therefore there are a finite subspace EV of E and a compact mapping
h : N → coN ∩EV with h(y)− y ∈ V (y ∈ N), because N is a compact subset of
coN . M is a normal topological space, N a closed subset of M and EV a finite
dimensional normed space. Therefore we can apply a known extension theorem

on h and there exists a continuous mapping h̃ : M → EV with h̃(x) = h(x) for
each x ∈ N . Since the set coN ∩EV is a retract of EV , there exists a continuous
mapping r : EV → coN ∩ EV with r(z) = z for each z ∈ coN ∩ EV . We define

FV (x) := (r ◦ h ◦ F )(x) (x ∈ (A ∩ S1) ∪ (A ∩ S2)).

Then FV : (A ∩ S1) ∪ (A ∩ S2)→ S0 ∩ K ∩ EV is continuous and
FV ((A ∩ S1) ∪ (A ∩ S2)) ⊆ coN ∩ EV implies that FV is compact.
This implies FV (x)− F (x) ∈ V for each x ∈ A ∩ S0. �

Now we can show that our definition is independent of the choice of the fun-
damental set.

Theorem 2. Let E, K, M and F be stated as in Definition 4. Let S1, S2 be
fundamental sets of F . Then

d(F, M ∩ K ∩ S1) = d(F, M ∩ K ∩ S2).

Proof: Let S0 = S1∩S2, Ti = K∩Si (i = 0, 1, 2), A := clK MK , Ai := clTi
MTi
,

∂iAi := ∂Ti
MTi

(i = 1, 2). If A∩S0 = ∅, then F has no fixed point on A, because
S0 is a fundamental set of F .
Then from (R1) it follows that d(F, M ∩ T1) = 0 = d(F, M ∩ T2).
Now we suppose that A ∩ S0 6= ∅. Since F | A1 ∪ A2 is compact and Fx 6= x

(x ∈ ∂1A1 ∪∂2A2), we find, applying Remark 2, a neighbourhoodW of zero with

(1) x − Fx /∈ W (x ∈ ∂1A1 ∪ ∂2A2).
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Let V be a symmetric, starshaped neighbourhood of o with V + V ⊆ W . It
follows from the lemma that there are a finite dimensional subspace EV of E and
a compact mapping

(2) FV : (A ∩ S1) ∪ (A ∩ S2) −→ S0 with FV (x)− F (x) ∈ V (x ∈ A ∩ S0).

(1) and (2) imply x 6= FV (x) (x ∈ ∂1A1 ∪ ∂2A2). Now, using the Kayser’s
definition, we obtain

(3) d(F, M ∩ T0) = dV (FV , M ∩ T0 ∩ EV )

and

(4) d(FV , M ∩ Ti) = dV (FV , M ∩ Ti ∩ EV ) (i = 1, 2).

Since FV (A ∩ Si) ⊆ (T0 ∩ EV ) ⊆ (Ti ∩ EV ) (i = 1, 2), it follows from (R2) that

(5) dV (FV , M ∩ T0 ∩ EV ) = dV (FV , M ∩ Ti ∩ EV ) (i = 1, 2).

From (3), (4) and (5) we obtain

(6) d(F, M ∩ T0) = d(FV , M ∩ Ti) (i = 1, 2).

Now we show that

(7) d(FV , M ∩ Ti) = d(F, M ∩ Ti) (i = 1, 2).

We consider the compact mappings H : [0, 1]× Ai → Ti (i = 1, 2), defined by

Hi(t, x) := tF (x) + (1− t)FV (x) (x ∈ Ai, i = 1, 2, t ∈ [0, 1]).

Then Hi(0, x) = FV (x) and Hi(1, x) = F (x) (x ∈ Ai, i = 1, 2).
We claim that there are a ti ∈ [0, 1] and a xi ∈ ∂iAi with xi = Hi(ti, xi)

(i = 1, 2). Since FV xi ∈ S0, we obtain xi ∈ co ({Fxi} ∪ S0) (i = 1, 2). Since S0
is a fundamental set, this implies xi ∈ S0 (i = 1, 2).
Then we obtain xi ∈ tiFxi + (1 − ti)(Fxi + V ) ⊆ Fxi + V (i = 1, 2). This is

a contradiction to (1).
Now it follows from (R3) that (7) holds. Then by (6) and (7) we obtain

d(F, M ∩ T1) = d(F, M ∩ T0) = d(F, M ∩ T2).

�

Now we give some properties of the relative fixed point index of compact re-
ducible operators.

Theorem 3. Let E be a topological vector space, K ⊆ E nonempty, convex,
closed and locally convex, M ⊆ E open, nonempty and MK := M ∩ K. Let
F : clK MK → K be a compact reducible mapping with Fx 6= x (x ∈ ∂KMK).
Then the relative fixed point index i(F, MK) has the following properties.
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(I1) If i(F, MK) 6= 0, then there exists a x ∈ MK with Fx = x.
(I2) If S is a closed, convex subset of E with F (clK MK) ⊆ S ⊆ K, then

i(F, MK) = i(F, M ∩ S).
(I3) If H : [0, 1]× clK MK → K is a compact reducible operator with

H(t, x) 6= x (t ∈ [0, 1], x ∈ ∂KMK) and H0(x) = H(0, x), H1(x) =
H(1, x) (x ∈ clK MK), then i(H0, MK) = i(H1, MK).

(I4) If MK = ∅, then i(F, MK) = 0. If MK 6= ∅ and ∂KMK = ∅, then
i(F, MK) = 1.

(I5) Let x0 ∈ K and F (x) = x0 (x ∈ clK MK). Then

i(F, MK) =

{
1 if x0 ∈ MK

0 if x0 /∈ clK MK .

(I6) Let Mi ⊆ E (i = 1, . . . , n) be open subsets with Mi ∩ Mj = ∅ (i 6= j) and
MiK :=Mi ∩ K (i = 1, . . . , n).
If

⋃n
i=1MiK ⊆ MK and F (x) 6= x (x ∈ clK MK \

⋃n
i=1MiK), then

i(F, MK) =
∑n

i=1 i(F, MiK).

Proof: These properties follow from the properties of the relative rotation of
compact vector fields. (see [10, Satz 3]) directly. We prove for instance (I3).
Let S be a fundamental set of H : [0, 1] × clK MK → K. Then S is a fun-

damental set of H0 and H1 too. Since H(t, x) 6= x for each t ∈ [0, 1] and each
x ∈ ∂KMK , we obtain H(t, x) 6= x (t ∈ [0, 1], x ∈ ∂T MT ), where T = K ∩ S.
Since HS := H | [0, 1]× (K ∩ S) is a compact mapping with HS([0, 1]× (K ∩

S)) ⊆ (K ∩ S), we can apply (R3) on HS . From this and Definition 4 it follows
that

i(H0, MK) = d(H0, M ∩ K ∩ S) = d(H1, M ∩ K ∩ S) = i(H1, MK).

�

Suppose that M = E. Then from (I1) and (I4) it follows directly that the
compact reducible operator F : K → K has a fixed point.
If F is (ϕ, γ)-condensing, then the Borsuk’s theorem on odd index holds even.

Theorem 4. Let E be a topological vector space, K ⊆ E nonvoid, closed, sym-
metric, convex and locally convex, M ⊆ E open, nonvoid and symmetric. Let γ
be a ϕ-measure of noncompactness, for which the property (N3) holds. Further
let F : clK(M ∩ K)→ K be a (ϕ, γ)-condensing mapping. Suppose

x − F (x) 6= β(−x − F (−x)) (x ∈ ∂KMK , β ∈ [0, 1]).

Then i(F, MK) is odd and F has a fixed point in M ∩ K.

Proof: From Theorem 1 it follows that F is compact reducible and there exists
a nonvoid symmetric fundamental set S for F . Since T = K ∩S is nonvoid, sym-
metric, convex and admissible, F (clT MT ) ⊆ T , F (clT MT ) is relatively compact
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and x − F (x) 6= β(−x − F (x)) (x ∈ ∂T MT , β ∈ [0, 1]), we can apply the ana-
logue theorem for the relative rotation for compact vector fields of Kayser ([10,
Satz 5]). Therefore d(F, MT ) is odd and, by Definition 4, i(F, MK) is odd. From
Theorem 3 (I1) it follows that F has a fixed point. �

Corollary 1. Let E, K, M , ϕ be stated as in Theorem 4. Let F : clK MK → K
be a (ϕ, γ)-condensing operator with x 6= tFx+ (1− t)(−F (−x)) (x ∈ ∂KMK ,

t ∈ [0, 1]). Then F has a fixed point.

Proof: We can easily see that the condition for F on ∂KMK implies the condi-
tion on ∂KMK in Theorem 4. Clearly, Theorem 4 implies that i(F, MK) is odd if
the vector fields f = I−F is odd on ∂KMK . Theorem 4 is the first generalization
on the Borsuk’s theorem for a class of noncompact mappings in non locally convex
topological vector spaces. �

The following fixed point theorem of the Leray-Schauder type is an application
of our fixed point index.

Theorem 5. Let E be a topological vector space, K ⊆ E convex, locally convex,
closed, M ⊆ E open with M ∩K 6= ∅ and F : clK MK → K a compact reducible
mapping such that there are a fundamental set S and a x0 ∈ M ∩ K ∩ S with

x 6= tFx+ (1− t)x0 (x ∈ ∂KMK , t ∈ [0, 1]).

Then F has a fixed point.

Proof: Let H(t, x) = tF (x) + (1− t) · x (t ∈ [0, 1], x ∈ ∂KMK) and G(x) = x0
(x ∈ clK MK). Then we obtain H(0, x) = G(x), H(1, x) = F (x) (x ∈ clK MK)
and x 6= H(t, x) (t ∈ [0, 1], x ∈ ∂KMK).
We show that S is a fundamental set for H : [0, 1]×clK MK → K and therefore

H is compact reducible. Since F (clK MK ∩ S) ⊆ S and x0 ∈ S, we have
H([0, 1]× (clK MK ∩ S)) ⊆ co (F (clK MK ∩ S) ∪ {x0}) ⊆ S.
Further H([0, 1] × (clK MK ∩ S)) is relatively compact, because this set is

a subset of the set [0, 1] ·F (clK MK ∩S)+ [0, 1] · {x0} which is relatively compact.
Now we prove that the condition (2) in Definition 2 holds for S and H .
Let x ∈ co ({H(t, x)} ∪ S) for some t ∈ [0, 1]. From co ({H(t, x)} ∪ S) ⊆

co (co ({F (x)} ∪ {x0}) ∪ S) ⊆ co ({F (x)} ∪ {x0} ∪ S) = co ({F (x)} ∪ S) and the
properties of S and F it follows that x ∈ S. Now we can apply Theorem 3 (I3),
(I5) and (I1). Therefore i(F, MK) = i(G, MK) = 1 and F has a fixed point. �

Corollary 2. Let E be a topological vector space. K ⊆ E closed, convex, locally
convex,M ⊆ K 6= ∅ and F : clK MK → K a (ϕ, γ)-condensing operator such that
there exists a x0 ∈ M ∩ K with x 6= tF (x) + (1 − t)x0 (x ∈ ∂KMK , t ∈ [0, 1]).
Then F has a fixed point.

Proof: Theorem 1 and Theorem 5 imply this result directly. �

Corollary 2 is a special case of a theorem of Kaniok ([9, Theorem 1]). Kaniok
proved this result without index theory.
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