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Rectangular covers of products missing diagonals

YUKINOBU YAJIMA

Abstract. We give a characterization of a paracompact X-space to have a Gs-diagonal
in terms of three rectangular covers of X2 \ A. Moreover, we show that a local property
and a global property of a space X are given by the orthocompactness of (X x X))\ A.

Keywords: Y-space, Gs-diagonal, o-closure-preserving, o-cushioned, rectangular cover,
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1. Main theorem

All spaces in this paper are assumed to be regular T7. The diagonal of a space
X is denoted by A, that is, A = {(z,z) : z € X}.

Let X be a space and V a collection of subsets of the square X2. We say that
V is rectangular if each member of V is a subset of the form U x W in X2. Note
that if V is a rectangular open cover of X2\ A, then it covers X2\ A and each
member of V is a subset of the form U x W such that U and W are disjoint open
sets in X.

Gruenhage and Pelant [4] proved that a paracompact ¥-space X has a G-
diagonal (i.e. is a o-space), if X2\ A is paracompact. Subsequently, Kombarov
[7] proved that a paracompact X-space X has a Gs-diagonal if and only if there
is a locally finite rectangular open cover of X2\ A.

Our main theorem is an extension of these results in terms of three rectangular
covers of X2\ A.

Theorem 1. The following are equivalent for a paracompact ¥-space X.

(a) X has a Gg-diagonal.

(b) There is a o-locally finite rectangular open cover of X2\ A.

(c) There is a o-closure-preserving rectangular open cover of X2\ A.

(d) There is a rectangular open cover of X2\ A which has a o-cushioned open
refinement.

The author announced Theorem 1 except (c) = (a) in [10], and asked whether
(c) implies (a) in the conference. Answering this, we give a complete proof of
Theorem 1 in the next section.
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2. Proof of Theorem 1

The main idea of the proof of Theorem 1 is based on Gruenhage-Pelant’s. In
fact, it will be proceeded along the line of that of [4, Theorem 4]. Here, we have
to do two kinds of parallel arguments.

Recall that a collection of V of subsets of a space X is closure-preserving if
U{V:V eV} =J{V:V €V} for each V' C V. We say that V is o-closure-
preserving if it can be written as V = |J Vp such that each V), is closure-
preserving.

Lemma 1. Let X be a space with p € X. Let V = |, ¢, Vn be a o-closure-
preserving rectangular open cover of X2 \ A. If there is a countable subset M of
X \ {p} such that p € M, then p is a Gs-point.

PrOOF: Let M = {xp :n € w}. Let F, = J{V : V € Vp, j < n with (p,z) ¢
V'} for each n € w. Then each Fj, is a closed subset in X2\ A such that (p, z,,) ¢
F,. For each n € w, take a basic open neighborhood Gy x Hy of (p,x,) in
X2\ A, disjoint from F,. We show Mhew Gn = {p}. Assume that there is some
Y € Nphew Gn with y # p. Take some V = U x W € V such that (y,p) € V.
Choose m € w with V € Vy,. By p ¢ U, we have (p, ) ¢ V. Hence it follows
that V C F}, for each n > m. Choose some k > m with x, € W. Then it follows
that (y,2) € U x W =V CV C Fj,. On the other hand, by (y,z)) € G}, x Hy,
we have (y, ) ¢ F. This is a contradiction. O
Let V and O be two collections of subsets of a space X. Recall that V is
cushioned in O if for each V € V, one can assign an O(V') € O such that for each
VeV, {V:V eV} clU{OoV):V eV} Such an assignment V — O(V),
V e V, is called a cushioned assignment from V into O. We say that V is
o-cushioned in O if it can be written as V = (J,,c., Vn such that each V), is
cushioned in O.
Lemma 2. Let X be a space with p € X. Let O be a rectangular open cover of
X2\ A. Let V be a collection of open sets in X2\ A which is cushioned in O. If
there is a countable subset M of X \ {p} such that p € M and M x {p} C JV,
then p is a Gg-point.

new

PrOOF: Let V — O(V) be a cushioned assignment from V into O, and let
M = {z, : n € w}. For each n € w, take V;, € V with (zy,p) € Vj,, and let
Wn = {z € X : (zn,2) € Vp}. It suffices to show ,c, Wn = {p}. Assume
that there is some y € (¢, Wn with y # p. Let O(V,,) = P, x Qy for each
n € w. By (wpn,p) € Vi, C O(Vy,), we have p ¢ P, for each n € w. So it follows

that (p,y) ¢ Upnecw(Prn X Qn) = Upncw O(Va) O Upew Vn- There is an open
neighborhood G of p such that (G x {y}) N (U,eo, Vn) = 0. By (zn,y) € Vi, each
Ty, is not in G. Hence we have p ¢ M, which is a contradiction. ([

A space X is called a 3-space if there are a closed cover C of X by countably
compact sets, and a o-discrete closed cover F of X such that whenever C' € C
and U is open in X with C' C U, then C C F C U for some F € F.
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The class of paracompact Y-spaces is a broad one which is countably productive
(see [3], [8])-
Lemma 3. Let X be a X-space. If there is a o-closure-preserving rectangular
open cover V = J,,c., Vn of X2\ A, then each point of X is Gy.

ProOOF: Let C and F be two closed covers of X, described as above. Assume
that some p € X is not a Gg-point. As stated in the proof of [4, Lemma 3|, there
is a closed Gg-set Y in X containing p such that y € Y and y € C' € C implies
p € C. Then note that p is not G5 in Y. Let V = Uy x Wy, for each V € V.
Let Uy, = {Uy : V € V, with p € Wy} for each n € w. Note that each U, is
closure-preserving in X\ {p}. Let U = |J,,., Un.- Then U is a o-closure-preserving
open cover of X \ {p}.

Now, we construct {Un, Ga, 2o : @ € w1}, satisfying the following conditions;
for each o € wq,

(i) Uy € U and Gy, is an open set in Y,
(i) UaNY C Gy C Gy C Y\ {p},
(iii) 20 € (Ua N (Y \{P})) \Ug<a Gp-

In fact, for o € wy, assume that {Ug, Gg,23 : B < a} satisfies the above condi-
tions. Since Y\ {p} isnot Fyin Y, {Gg : 8 < a} does not cover Y\ {p}. However,
as U covers X \ {p}, we can choose the desired z, and U,. By the choice of Uy,
note that p ¢ U,. Since X is regular, we can choose the desired Gy.

Here we may assume without loss of generality that {Uy : « € w1} C Uy, for
some m € w. Let Z = {zq : @ € w1}. Then Z is uncountable. Moreover, Z is
closed discrete in Y\ {p}. For, pick any x € Z\{p}. Since U, is closure-preserving,
Z\{p} CUaew, Ua- Let ag = min{a € w1 : x € Ua}. Let N = Gap \Up<q, Up-
Then N is an open neighborhood of = in ¥ such that NN Z C {zq,}

It follows from Lemma 1 that p ¢ M for each countable subset M of Z. The
remaining argument is the same as in the proof of [4, Lemma 3]. O

new

Lemma 4. Let X be a X-space. If there is a rectangular open cover O of X2 \A
which has a o-cushioned open refinement V = | Vn, then each point of X is
Gs.
PROOF: Let C, F, p and Y be the same as in the above proof. Let V — O(V),
V' € Vy, be a cushioned assignment of V,, into O. Let Uy = {z € X : (x,p) € V}
and O(V) = Py x Qy for each V € V. Moreover, let U, = {Uy : V € Vp,}
and P, = {Py : V € V, with p € Qy} for each n € w. Let U = |J,,¢,, Un and
P = Unew Pn- Then U is an open cover of X \ {p} and each U, is cushioned in
Pp, with the cushioned assignment Uy +— Py, in X \ {p}. Since p ¢ P for each
PePandY\{p}isnot FrinY, {PNY : P € P} has no countable subcover of
Y \ {p}. So we can inductively choose {Uq, Pa, 7o : & € w1}, satisfying for each
o € Wy,

(iv) Uy €U and P, € P,

(V) 2a € Wa N (¥ \ {21) \ Ugea P

new
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We may assume that {Uy : o € w1} C Up, and {Pn : @ € w1} C Py, for some
m € w. Then Uy — P,, @ € wy, is a cushioned assignment. Let Z = {2z : a €
w1}. Similarly, Z is closed discrete in Y \ {p}. Here, using Lemma 2 instead of
Lemma 1, the remaining argument is the same as above. ]

A space X is called a (-space if there is a function g : w x X — 7(X), where

7(X) denotes the topology of X, satisfying for each x € X,
(1) YIS mnEW g(nv I)v

(ii) if x € g(n,zp) for each n € w, then {xy : n € w} has a cluster point in X.

Since Y-spaces and semi-stratifiable spaces are 3-spaces (see [3, Theorem 7.8 (i)]),
the class of 3-spaces is fairly broad.

The definition of Wy-diagonal in terms of the notion of a sieve is seen in [3],
[4]. We do not restate it here. It is shown in [2] (or [3, Theorem 6.6]) that
a submetacompact space with a Ws-diagonal has a Gs-diagonal.

Lemma 5. Let X be a (3-space such that each point of X is Gg. If there is
a o-closure-preserving rectangular open cover V = |J Vn of X2\ A, then X
has a Wg-diagonal.

new

PROOF: Let g: wx X — 7(X) be a function, described as above. Let h: wx X —
7(X) be a function such that (1, c,, h(n,z) = {z} for each x € X. As in the proof
of [4, Theorem 4], we can construct a sieve (G, X <%), satisfying the following: If
s=(20,...,Tp—1) € X<% and x € G(s), then G(s™(x)) is an open neighborhood
of = such that

(i) G(s™{(x)) € G(s)Ng(n,z) N h(n,z),

(ii) if ¢ < n and z; # x, then

({x;} x G(s™(z))) N (U{V :V eV, j<nwith (z;,2) ¢ V}) =0.

Assume that (., G(s | n) contains two distinct points for some s=(zg, 21, ... )
€ X%. Then, by (i), no point of X is repeated infinitely many times in the se-
quence s. By the choice of g and (i), {a, : n € w} has a cluster point y. Then we
have y € (,,c, G(5 [ 1) = e G(s [ 7). There is some z € [, G(s [ n) with
y # z. Choose an ng € w and a Vo = U x W € V,,, with (y, z) € Vj. Find some
k,m € w such that m > k > ng, 13, # ¥m and {2, zm} C U. By zm ¢ W, note
(h, Tm) & V. By (ii), we have ({1} x G(s | m+ 1)) N Vp = 0. On the other
hand, we have (7}, 2) € ({z},} x G(s | m + 1)) N Vp. This is a contradiction. [

Lemma 6. Let X be a (3-space such that each point of X is Gg. If there is
a rectangular open cover O of X2 \ A which has a o-cushioned open refinement
V = Unew Vn, then X has a Ws-diagonal.

PROOF: Let V — O(V) be a cushioned assignment from V,, into O for each n € w.
Let g and h be the same functions as above. Moreover, we can also construct
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a similar sieve (G, X<“) as above, where we only replace the condition (ii) with
the following;

(ii") if i < n and z; # z, then
({zi} x G~ @) n ((JIV € vy, < n, (zi,2) ¢ O(V)}) = 0.

Take s, y and z as above. Choose an ng € w and a Vjy € Vp,, with (y, 2) € V. Take
an open neighborhood U of y such that U x {z} C V). Find some k,m € w with
m >k > ng, ¢ # xm and {zg, 2y} C U. Let O(Vy) = PxQ. Since xy, € U C P,
it follows that (z, xm) ¢ O(Vp). By (ii’), we have ({zp} x G(s | m+1))NVy = 0.
On the other hand, we have

(Tr,2) € ({zn} x G(s Tm+1)) N (U x {z}) C ({zx} x G(s [m+1))NVp.

This is a contradiction. O

We say that an open cover O of X2\ A is rectangular cozero if each member of
O is a subset of the form P x @ such that P and @ are disjoint cozero sets in X.

Since each open Fj-set in a normal space is exactly a cozero set, so is each
open set in a metric space. So, Kombarov [7] actually showed the following.

Lemma 7. If a paracompact space X has a Gg-diagonal, then there is a locally
finite rectangular cozero cover of X2\ A.

Now, we complete the proof of our main theorem.

PROOF OF THEOREM 1: (a) = (b): This follows from Lemma 7 (or [7, Theo-
rem 1]).

(b) = (c): Obvious.

(a) = (d): Since a o-locally finite rectangular cozero cover of X2 \ A has
a o-cushioned (rectangular) open refinement, this also follows from Lemma 7.

(c) = (a): Remember that each Y-space is a (-space, and that a submeta-
compact space has a Gg-diagonal iff it has a Ws-diagonal. So this follows from
Lemmas 3 and 5.

(d) = (a): Similarly, this follows from Lemmas 4 and 6. O

3. Orthocompactness of (X x X)\ A

Arhangel’skif and Kombarov [1] proved that a compact space X is first count-
able if X2 \ A is normal. First, we consider what local property of a compact space
X can be obtained if the normality of X2 \ A is replaced by the orthocompactness
of it. For this, we also use some rectangular open covers.

Recall that an open cover V of a space X is interior-preserving if ()’ is open
in X for each V' C V.

A space X is called a Fréchet space if for each p € X and each subset M of X
with p € M, there is a sequence {x,,} of points in M which converges to p.
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Note that point-finite open covers of a space are interior-preserving, and that
first countable spaces and LaSnev spaces are Fréchet.
For a collection V of open sets in a product X x C and an (z,y) € X x C, let

NV(z,y) =({V eV:(z,y) eV}
Theorem 2. Let C be a countably compact space and X a subspace of C. If

there is a rectangular open cover of (X x C')\ A which has an interior-preserving
open refinement, then X is a Fréchet space.

PROOF: Let M be a subset of X with p € M \ M. Let O be a rectangular open
cover of (X x C)\ A and V an interior-preserving open refinement of . Since
p is not isolated in X and each [ V(p,z) is an open neighborhood of (p,z) in
X x C, we can inductively choose a sequence {x, : n € w} of distinct points in
M such that (zn,z;) € (V(p, ;) for each i < n and each n € w. We show that
{zy, : n € w} converges to p. Assume the contrary. This is an open neighborhood
U of p in X such that x,, ¢ U for infinitely many n’s. There is a cluster point y of
{zn € X\U:nc€w}inC. Byy#p,wecanfindaV € Vandan O =P xQ € O
such that (p,y) € V C O. Take an open neighborhood W of y in C such that
{p} x W C NV(p,y). Moreover, take some k,m € w such that & < m and

{xg, zm} C W. Since (p,z) € N V(p,y), it follows that (V(p, z1) € NV (p,y)-
Hence we have

(@m,zx) € (\V(p,ax) C[|V(py) CV CO=PxQ.
On the other hand, we have

(pxm) € {p} x W C[V(p,y) CVCO=PxQ.
Thus we obtain z,, € PN Q. This is a contradiction. (I

The author first showed in Theorem 2 that X has countable tightness. Subse-
quently, N. Kemoto kindly pointed out that X is a Fréchet space.

We say that a space X is orthocompact if every open cover of X has an interior-
preserving open refinement.

As an analogue of [1, Theorem 10], we immediately have

Corollary 1. Let X be a countably compact space. If X 2 \ A is orthocompact,
then X is a Fréchet space.

For a Tychonoff space X, we denote by 3X the Stone-Cech compactification
of X. Junnila [5] proved that the orthocompactness of X x X gives the meta-
compactness of X. Finally, we show that the orthocompactness of (X x X )\ A
gives not only the local property of X but also the global property of X.

Theorem 3. Let X be a Tychonoff space and vX a compactification of X. If
(X xvX)\ A is orthocompact, then X is metacompact.

PROOF: The proof is obtained by modifying that of [9, Theorem 2.2]. Let U, U*,
VY and G be the same ones as in the proof of it. There is an interior-preserving
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open refinement H of G|(X x yX)\ A. For each z € X, fixa V € V with z € V.
For each (z,2’) € (X xyX)\ A, we take a basic open neighborhood P,/ X Qg
of (x,2') which is contained in some member of H. Pick z € X. Since vX \ V; is
compact, there is a finite subset F'(z) of 7X\Vz such that yX\Vz C U, cp(s) Qu,2-
Let W, = (mzeF(x) Py ») N V. Here, we set W = {W, : x € X}. It suffices from
[6, Theorem 3.6] to show that there is a finite subcollection U, of U such that
St(z, W) C |UUz and x € (U for each x € X. For this, it also suffices to show
that CL, x St(x, W) C St(x,U*) for each x € X. Assuming the contrary, we pick
some r € X and some ¢ € Cl,x St(z, W) \ St(z,U*). By = # q, N H(z,q) is
an open neighborhood of (z,q). Take a basic open neighborhood S x T of (z,q)
contained in (\H(z, ¢). Pick p € T N St(xz, W), and pick y € X with 2 € W, and
p € Wy. Since x € Wy, C V,, C U‘*/y € U*, it follows that

gevX\Stx, U ) cyX\VyC | Q.
z€F(y)
Find z € F(y) with ¢ € Qy,.. By the same argument as in the proof of [9,
Theorem 2.2], we obtain that {(z,q), (x,p), (p,q)} C Hp for some Hy € H, and
so that {(z,p), (p,q)} C (Vo N X) x (vX \ Cl,x Vp) for some V € V. This is
a contradiction. (|

By Theorems 2 and 3, we obtain

Corollary 2. Let X be a Tychonoff space. If (X x X)\ A is orthocompact,
then X is metacompact and Fréchet.
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