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On the existence of weak solutions
of integral equations in Banach spaces

DARIUSZ BUGAJEWSKI

Abstract. In this paper we investigate weakly continuous solutions of some integral equa-
tions in Banach spaces. Moreover, we prove a fixed point theorem which is very useful
in our considerations.
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1. Introduction
The purpose of this paper is to prove an existence theorem for weakly contin-
uous solutions of the Hammerstein integral equation

(1) x(t) = g(t) + A /I K(t,s)f(s,z(s))ds

and a Kneser-type theorem for weakly continuous solutions of the Volterra integral
equation

t
(2) £(t) = g(t) + A /3 K(t,)f(s,2(s)) ds,

where “[” denotes the weak Riemann integral.

A similar existence theorem for strongly continuous solutions of (1) was proved
in [8].

In our considerations we apply the following fixed point
Theorem 1. Let D be a closed and convex subset of a Hausdorff locally convex
space such that 0 € D, and let G be a continuous mapping of D into itself. If the
implication

(3) (V=convGV) or V=GWV)U{0}) = V is relatively compact

holds for every subset V' of D, then G has a fixed point.

PROOF: In our proof we use some ideas from the paper of Danes [3]. Define
a sequence (yp) by the formulas yo = 0, yn+1 = G(yn) (n = 0,1,...). Let
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Y ={yn:n=0,1,...}. Since Y = G(Y) U {0}, so from (3) it is clear that
the set Y is relatively compact. Denote by Z the set of all limit points of the
sequence (yp). It can be verified that Z = G(Z). Now, let R(X) = conv G(X)
for X C D and let 2 denote the family of all subsets X of D such that Z C X
and R(X) C X. Since D is convex, so conv G(D) C conv D = D. Moreover,
D is closed, so it contains all limit points of Y. Hence D € Q. Denote by V
the intersection of all sets of the family Q2. Because Z C V, so V is nonempty.
Moreover, Z = G(Z) C R(Z) C R(V)and R(V) C R(X) C X for every X € , so
R(V) C V and, consequently, R(V) € Q. Hence V = R(V), i.e. V = conv G(V).
By (3), this implies that V is a compact subset of D. Applying now the Schauder-
Tychonoff fixed point theorem, we conclude that the mapping G has a fixed point.
The proof is completed. (I

Our main condition that guarantees the existence of weak solutions of (1) and
(2) will be formulated in terms of measure of weak noncompactness w introduced
by De Blasi in [4]. Let us recall that for any nonvoid, bounded subset X of
a Banach space E, w(X) = inf{t > 0 : there exists a weakly compact set C such
that X C C + tB}, where B is the norm unit ball.

2. Hammerstein integral equation
Let I = [0,a] be a compact interval in R and let Ej, E2 be Banach spaces.
We assume that Ey is weakly sequentially complete and
1° g : I — Fj is a weakly continuous function;
2° f:Ix E; — FE5 is a weakly-weakly continuous function such that for any
r > 0 there exists m, > 0 such that ||f(s,z)|| < m, for all s € I and
]| < 75
3° K is a continuous function from I2 into the space & (E2, E1) of continuous
linear functions Ey — Ej.

Now we shall prove the following existence theorem for equation (1).

Theorem 2. If 1°-3° hold and there exists M > 0 such that
(4) w(f(I x X)) < Mw(X)

for each bounded subset X of E1, then there exists o > 0 such that for any A € R
with |\| < g the equation (1) has at least one weakly continuous solution (for
simplicity, we denote by the same symbol w the measures of weak noncompactness
in Ey and E3).

PROOF: Let o = min(sup,~¢ g5 ﬁ), where ¢ = sup;e; ||9(t)]]

L = sup; gc1 || K(t,5)|, and let r(H) be the spectral radius of the integral operator
H defined by

(Hu)(t) = /IMHK(t,s)Hu(s) ds (e C(,R), tel).
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Fix A € R with |A\| < p, and choose b > 0 in such a way that ¢ + [A|aKmy < b.
Denote by Cy (I, E1) the space of weakly continuous functions I — E7, endowed

with the topology of weak uniform convergence, and by B the set of all weakly
continuous functions I — By, where B, = {z € Ej : ||z|| < b}. We shall consider
B as a topological subspace of Cy,(I, E1). Put G(x)(t) = g(t) + F(z)(t), where

F(x)(t):)\/IK(t,s)f(s,x(s))ds for z€B and tel.

From the inequalities

1F()(t) = F(a) ()| < [ [7 1K (¢t s) = K(, 5)|lmy ds

|F(z)(#)|| < |NaLmy (z€ B, t,7€l)
it is clear that G maps B into itself and the set F (E) is strongly equicontinuous.
Moreover, by using the Krasnoselskii-type

Lemma 1. Let E be a Banach space. For any ¢ € E*, ¢ > 0 and x € B there
exists a weak neighbourhood U of 0 in E such that |¢(f (¢, x(t)) — f(t,w(t)))] < e
fort € I and w € B such that w(s) —x(s) € U forall s € I,

it can be shown that G is continuous. Before passing to further considerations,
we shall quote the following known lemmas:

Lemma 2. Let V C Cy(I, E7). Put V(t) = {u(t) : w € V} and V(T) = {u(t) :
ueV, teT}. If'V is strongly equicontinuous and uniformly bounded, then

(i) the function t — w(V (t)) is continuous on I;
(il) w(V(T)) = sup{w(V(t)) : t € T} for each compact subset T of I.

Lemma 3. For any continuous mapping A : I — £(F2,FE1) and for each
bounded subset Z of Eo we have

w{A(s)z:s€l, ze Z}) < max |A(s)|w(2)
(cf. [1]).

Now we shall show that G satisfies (3). It is clear that the set B is convex and
closed. Let V be a subset of B such that V' C conv (G(V)U{0}). Put W = F(V),
v(t) = w(V(t)) and w(t) = w(W(t)) for t € I. Using the properties of w we get
()

v(t) < w(eony (G(V)(8) U{0})) = w(G(V)(1) = w(F(V)(#) = w(t) for tel

and, similarly,

(6) w(V(T)) <w(W(T)) for each subinterval T of I.

As W is strongly equicontinuous and uniformly bounded, by Lemma 2 the function
s — w(s) is continuous on I. Fix ¢ € I and n > 0. Since I is compact and the
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functions s — w(s), s — || K(t, s)|| are continuous, so there exists r > 0 such that
| K (¢, )| <7 and |\ Mw(s) <r for s € I. Choose § > 0 in such a way that

(M K@) - K@D < 5h and M fuls) —w(r)] < o

for s,7 € I such that |s — 7| < §. Divide the interval I into n parts 0 =ty < t1 <
- < tp = ain such a way that ¢; —t;_1 < dfori=1,...,n. Let T; = [t;_1,t],
t=1,...,n. By Lemma 2 there exists 7; € T; such that

(8) w(W(T3)) = w(r), i=1,...,n
By the mean value theorem we obtain
F(w)(f) =
- Z)\ K(t,s)f(s,2(s))ds € XY _(t; — ti—1)eonv (K (1, T;) f(T; x V(T1))),
T i=1

Where K(t,T:)f (T x V(T;)) = {K(t,5) [ (s,2(s)) : x €V, 5 € T}
By (4) and Lemma 3 we have w(K (¢, T3) f(T; x V(T3))) < [|K (¢, ;)| Mw(V(T;))
for some s; € T;. Hence, by (6) and (8)

t) <A Z(ti — ti—1)w(conv K (t, T;) f(T; x V(T3)))

<AL S(ti = tima) 1K (8 50) | Mw (V (T;))

= 1

<I/\IZ ti—1) [l (¢, 8)[|Mw(W(T5))

= [Al E (ti = tim )| K (¢, s9)[| Mw(7s).
i=1
By (7) we obtain

IAIM (t; = ti) [ K (L, 56)l[w(m) < |>\|/ MK, s)|[w(s) ds + (t; — ti—1)1.

Thus
w(t) < |A| / M| K (¢, s)||w(s) ds + an.
I

Since the above inequality holds for every n > 0, so
wt) <N [ MIK(E9)w(s) ds
1

As |A[r(H) < 1, it follows that w(t) = 0 and, consequently, by (5), v(t) = 0 for
t € I. Hence V(t) is relatively compact for ¢t € I and, by Ascoli’s theorem, V' is
relatively compact in Cy, (I, E1). Applying now Theorem 1, we deduce that there

exists u € B such that u = G(u). This ends the proof of Theorem 2. O
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3. A Kneser-type theorem
In this section we shall consider the equation (2) and we shall prove the fol-
lowing

Theorem 3. If 1°-3° and (4) hold, then there exists an interval J = [0, d] such
that the set S of all weakly continuous solutions of (2), defined on J, is nonempty,
compact and connected in the space Cy,(J, E1).

PROOF: The proof of this theorem is based on some ideas from [7]. Let o =
SUP,;~0 s Where ¢ = sup;cy [lg(t)]| and L = sup; se g [|[K (L, )| Fix e < ¢
and choose b > 0 in such a way that ¢ + Lmpe < b. Let d = min(a,e) and
J = [0,d]. Denote by B the set of all weakly continuous functions J — By,

where By, = {z € E : ||z|| < b}. We will consider B as a topological subspace of
Cw(J, E1). Put G(z)(t) = g(t) + F(z)(t), where

t -
F(x)(t)_/o K(t,s)f(s,z(s))ds for x € B and t € J.

From the inequalities
1 (2)(t) = F@)(D)]| < Jg 1K (7, 5)|[mpds + (t = 7) Ly
|F(z)(t)]] < Ldmy (x € B, 0 <7 <t<d)

it is clear that G(B) C B and the set F(B) is strongly equicontinuous. By
Lemma 1 we can prove that G is continuous. For any positive integer n set

g(t) if
g(t) + f(f_d/n K(t,s)f(s,z(s))ds if

d
Stgﬁa
d.

Gn(z)(t) = {

Sl <@

<t<

Analogously as for G, it can be shown that G, maps continuously B into itself.
Moreover,

) 1Gn(@)() = G(2) ()] < %Lmb for x€ B and te .

Further, it can be easily verified that there exists a unique element x,, € B such
that @y, = Gn(xyn). From the above it is clear that there exists a sequence (up,)
such that u,, € B and

(10) lim supJun(t) — Glun)(1)]] = 0.

Let V = {un : n € N} and let W = F(V). Arguing similarly as in Section 2, it
can be shown that V is relatively compact in Cy,(J, E1). Hence (uy,) has a limit
point. From (10) and the continuity of G, it follows that u = G(u). This proves
that the set S is nonempty.
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Further, since G is continuous, so S is closed. As S = G(S5), so w(S(t)) =
w(F(S)(t)) for t € J. Using again similar arguments as in Section 2, we can show
that S is compact in Cy,(J, Eq).

Now we shall prove that S is connected. Suppose that it is not connected. Thus
there exist nonempty compact sets Sp, S1 such that S = SyUS7 and SpNS; = 0.
Since Cy(J, F1) is a completely regular space, so there exists (cf. [6, §41, II,
Remark 3]) a continuous function w : Cy(J, E1) — [0, 1] such that w(z) = 0 for
x € Sp and w(x) =1 for z € S7. Fix ug € Sy, uy € S1 and a positive integer n.
Set

an(t) =r(ur — Gp(u1)) + (1 — r)(ug — Gn(ug)) (0<r<1).

By (9), we have

d
(11) lan(r)(@)] < ﬁLmb for teJ and 0<r <1.

Hence
(12)

Jan(r)(®) + Ca @)W < lan(r)O + 1Gn (@)Dl < Ly + e+ (d— S Ly, < b

foerE,tEJandOSrgl.

Fix r € [0,1]. Define a sequence of functions xz;, i = 1,...,n, by the formulas
d
x1(t) = an(r)(t) + g(t) for ogtgﬁ
B z;(t) for 0<t< id,
Il(ﬁd) for ﬁdStS d,
0 = (1) for 0<t<id,
o an(r)(t) + Gu(T)(t)  for fd<t<itlg

Put upy = . From the above definitions and (12) it follows that uy, € B and
Unr = an(r) + Gp(uny).
Now we shall show that u,, depends continuously on r. Since

llan(P)(t) — an(r) (Ol = [p(ur(t) — Gn (u1)( ) + (1= p)(uo(t) — Gnluo)(t))—
— (w1 (t) = Gn(u1)(t)) + (1 = r)(uo(t) — Gn(uo)(®))]| <

< fp = r|(us(®) = Gn(u) (@) + luo(t) = Gn(uo) D)) =

= [p = (G (u1)(®) = Gnlun) O] + |G (u0)(t) — Gn(uo) (D)) <

2
§|p—r|EdLmb for 0<p<1 and teJ,

= =

so limp_r Unp(t) = une(t) uniformly on [0, %]

uniformly on J. By the continuity of G,
z%ilﬁ“ d(Gn (unp)(t) = Gn(Tnr)(t)) =0

Thus limy_.y Unp(t) = Tnr(t)
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uniformly on J, so limy—., ¢(unp(t) — unr(t)) = 0 uniformly on [%d, %d] and,
consequently, lim,_., ¢(unp(t) — tns(t)) = 0 uniformly on [0, %d] for ¢ € E7.
Repeating this argument, we deduce that

lim ¢(unp(t) — unr(t)) =0 uniformly on J

p—r

for ¢ € E]. Hence uy, depends continuously on 7 and, consequently, the mapping
r — w(upy) is continuous on [0,1]. Moreover, upg = up and up] = u, SO
w(upo) = 0 and w(up1) = 1. From this we deduce that there exists r, € [0,1]
such that

(13) w(Uunr, ) = % .

For simplicity put vy, = upy,,. As limy—o0 an(r) = 0 uniformly on r, we get

(14) lim (v, — G(vy)) = nimw(an(r) + Gp(vn) — G(vn)) =0.

n—oo

Using once more similar arguments as in Section 2, we conclude that the sequence
(vp) has a limit point v. In view of (14) and the continuity of G, we infer that
v e S, sow(s) =0orw(s) =1 On the other hand, from (13) it is clear that
w(v) = %, which yields a contradiction. O
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