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On variational approach to the Hamilton-Jacobi PDE

J. CHABROWSKI, KEWEI ZHANG

Abstract. In this paper we construct a minimizing sequence for the problem (1). In par-
ticular, we show that for any subsolution of the Hamilton-Jacobi equation () there exists
a minimizing sequence weakly convergent to this subsolution. The variational problem (1)
arises from the theory of computer vision equations.

Keywords: Young measures, computer vision equations
Classification: 49R, 35E

Introduction.

The main purpose of this article is to construct a minimizing sequence for the
problem

(1) inf / |H(x,u, Du)|dz =0,
ueWl.2(Q) Jo

where H : Q x R x R, — Rg is a continuous function and convex with respect
to P € Rg and (2 is a bounded domain in Ry. We show that for any sub-solution
u € C1(Q) of the Hamilton-Jacobi equation

(%) H(z,u,Du) =0 in Q,

that is H(z,u,Du) < 0 on , there exists a sequence u; € W1°°(Q) such that
uj — u weak-+ in Wh(Q), u; |gn= u |s9q and

lim / |H (z,uj, Duj)| dz = 0.
Jj—ooJQ
In our earlier papers [CZ1] and [CZ2] we discussed a result of this nature for the
eikonal equation, which arises from computer vision and for a system of two equa-
tions from photometric stereo.

For the eikonal equation

u%l + u3232 = E(x) in Q,

with E € C(Q), E(z) > 0 and E(x) # 0 on , we showed that if u € C1(Q) and
|Du(z)|? < E(z) on Q, then there exists a sequence {u;}, with u; |9gq= u |9 and
such that u; — u weak-* in Wl (Q) and

i (2)|? — E(z)| dz = 0.
'llm/Q‘Duj( )2 — E(2)|dz =0

J—0
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614 J. Chabrowski, Kewei Zhang

with E € C(Q), E(z) > 0 and F(z) # 0 on Q, we showed that if u € C1(Q) and
|Du(z)|? < E(z) on , then there exists a sequence {u;}, with u; |go=u |5 and
such that u; — u weak-* in w1l (Q) and

lim ‘Duj(:c)|2 — E(z)| dz = 0.
Q

J—

For the system of two equations arising from a photometric stereo
PlUz; + Phuz, — Py _
'l ud, +uz, +1

Ei(x) in Q,

i = 1,2, where pt = (pil,pé,pé), i = 1,2, are linearly independent vectors and
E; € C(Q), i=1,2, we proved in [CZ2] that if u; and ug are two distinct solutions
of this system and u = Auj + (1 — A)ug, with 0 < A < 1, then there exists a sequence

{u;} in W1°°(Q) such that u; |gno=u |aqn. uj — u weak-+ in W1°°(Q) and

iim [ (|A(Dug) = B@)| + | (D) =~ Ea(o)]) do = 0.
Here we have used the notation

Pip + Pypl — pl
fi(P) = — > ,
p!VIP? +1

and for this system we identify two solutions which differ by a constant.

Motivated by these results, we construct in this paper a minimizing sequence
for the functional (1) corresponding to the Hamilton-Jacobi equation (x) (see The-
orem 2). As an immediate consequence we obtain the result from our earlier pa-
per [CZ1]. The construction of a minimizing sequence for (1) which is presented
in this paper is simpler than in the case of the eikonal equation [CZ1]. We point
out here that a function which is a limit of a minimizing sequence must be a sub-
solution of the equation (*). This is the result of the convexity condition imposed
on H(xz,u, P). In our construction of a minimizing sequence, we essentially use the
assumption that the level sets Hy ,, = {P; H(x,u, P) < 0} are bounded uniformly
in (x,u). Therefore, we can call the problem (1) a variational problem of elliptic
type. In Section 3 we discuss the same problem for the equation

(%) Ug Uzy = E(z) in Q
and in Section 4 for the equation
(k% %) uiz —ug, = E(z) in Q.

For the equation (#x) the corresponding function H(x,p,q) = pq — E(x) is not
convex. We show that every C1(Q)-function is a candidate for a minimizer. In case
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of the equation (x * %) the function H(z,p,q) = ¢°> — p — E(x) is convex and the
situation is similar to that from Section 2, however, the level sets {(p,q) : ¢> —p —
E(z) < 0} are unbounded. Therefore, the construction of a minimizing sequence
must be treated separately. Due to the nature of level sets of the function H(z,p, q)
for the equations (x*) and (* * x) we call the variational problems associated with
these equations, respectively, hyperbolic and parabolic.

To obtain some information on the structure of minimizing sequences we use
Young measures. We point here that the use of Young measures is not an essen-
tial tool of this paper, however, they help to localize the oscillations of minimizing
sequences which is a main focus in our construction. All three constructions de-
scribed in this work follow the same pattern. For a given u € C1(Q) we look for
a minimizing sequence in the form uy(z) = u(x) + ¢n(z), where ¢, — 0 weak-* in
W1°(Q). Using Young measures we localize sets where oscillations of uy,, should
occur and then we construct ¢, in such a way that Du(x)+ D¢ (z) belongs to that
set for sufficiently large number of values of z. We point out here that to construct
¢n, we have used some ideas from [KS].

We emphasize that a good application of Theorem 2 is the variational problem
for the eikonal equation. This equation and the equation (#x) are examples of image
irradiance equations arising from computer vision. It is known that both equations
may not have classical solutions. Therefore, our variational approach suggest that,
especially in case of the eikonal equation, any sub-solution is a good candidate for
a solution of the shape from shading problem (see [BCK1], [BCK2], [BU] and [DS]).

1. Preliminaries.

Let © be a bounded domain in Ry with a Lipschitz boundary 9. By WhP(Q),
1 < p < oo, we denote usual Sobolev spaces [AD]. Since 92 is Lipschitz, the elements
of W1P(Q) have traces on 9Q. For z € Ry we write 2 = (21, 22). By |A| we denote
the Lebesgue measure of a set A C R,. Throughout this paper the gradient of
a Cl-function f: Q — R is denoted by Df.

For a given Banach space X, the weak convergence is denoted by “—” and the
strong convergence by “—”.

To examine the structure of minimizing sequences, in particular the nature of

oscillations, we need the following result on Young measures (see [BA], [BL], [EV]
or [TA]).
Theorem 1. Let {z;} be bounded sequence in L!(€,Ry). Then there exist a sub-

sequence {z,} of {z;} and a family {v,}, x € Q, of probability measures on Rs,
such that for any measurable subset A C Ro

Fom) = (va, f(x,)) in L'(4)
for every Carathéodory function f : Q x Ry — R such that f(-,z,) is sequentially
relatively compact in L(A).

Here (vg, f(z,-)) denotes the expected value of f(x,-). We recall that a func-
tion f : Q x Ry — R satisfies the Carathéodory condition if f(z,-) : Ry — R is
continuous on Ry for a.e. x € Q and f(-,p) : @ — R is measurable on 2 for every
p e Rs.
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2. Minimizing sequences for the Hamilton-Jacobi functional.

Throughout this section we assume that the function H(z,u, P): 2 x xRy — R
is continuous, convex in P € Ro and coercive, that is,

(2) H(z,u,P)>|P|1-C

for all (x,u, P) € Q x R x Ry and for some constants 1 < ¢ < oo and C' > 0.
Further, we assume that

Hyy={P €Rg; H(z,u,P) <0} # o
for every (z,u) € Q x R and moreover, we assume that all sets H; ,, are contained

in a disc B(0, R).
We now define a functional I : W1°(Q) — R by

I(u) = /Q \H(z, u(z), Du(z))]| da.

We commence with the following observation on minimizing sequences for the func-
tional 1.

Proposition 1. Suppose that there exists a sequence {u;} in W°°(Q) such that
uj = uy on 0 for all j > 1 and that

lim I(u;) = 0.

j—o0
Then up to a subsequence uj; — u in wl4(Q) and

H(z,u(z), Du(z)) <0 a.e. on €.

PROOF: It follows from (2) that {u;} is bounded in W14(€2). Therefore, there exists
a subsequence, which we take as {u;} itself, such that u; — u in W14(Q) and by
the compactness of the imbedding W12(Q) — L9(Q) u; — u a.e. on Q. We denote
by CH(x,u, P) alower convex envelope of |H (z,u, P)| for each (x,u) € Q x R, that
is

H(z,u,P) if H(z,u,P) >0,

0 if H(z,u, P) <0.

Then a minimizing sequence for I is also minimizing sequence for a functional I
given by (see [ET])

CH(z,u, P) = {

IC(u):/QC'H(x,u(x),Du(:zr)) dx

and we have

0= lim / |H (x,uj, Duj)| dx = 'lim/CH(x,uj,Duj)dx
Q Q

J—00 J—0

= / CH(z,u(z), Du(z)) dz.
Q
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According to Theorem 1 there exists a family of Young measures {vy}, x € Q, such
that

tim [ 7@y, D) do = [ o) | H . uta). ) o

j—o0
SO
0= [ (e Hizu(o). ) do = [ CH(zu(o), Du(w))do.
Q Q
This implies that supp vz C 9H, ,(,) and since CH(z,u, P) > 0 on Ry — ELU(I),

we have H(z,u(z), Du(z)) <0 a.e. on .

Remark. It is clear from the proof of Proposition 1, that the assumption (2) is
only needed to obtain the boundedness in W14(Q) of a minimizing sequence. If we
drop this assumption, then we must assume that a minimizing sequence is bounded,
for example in W1°(Q), and that H(z,u, P) is positive for some (z,u, P). This
will be required in Theorem 2. Such a situation occurs in problems discussed in
Sections 3 and 4, where the corresponding functions H (z,u, P) are not coercive.
We point out here that the assumption (2) is not needed in the construction of
a minimizing sequence for a given sub-solution (see Theorem 2 below).

The preceding result gives some information on the nature of minimizing se-
quences. Let ¢; = uj — u, then ¢; — 0 in W14(Q) and ¢;(z) — 0 a.e. on Q. If
{Dz}, v € Q, is a family of Young measures corresponding to { D¢, }, then

0= lim I(uj) = / (Do | H (2, u(x), Du(z) + \)) da
j—oo Q
and
supp 7y C {\; |H(z,u(z), Du(x) + )| = 0}.
This means that Du(z) + A € OH, o (z)- Hence, we shall construct a minimizing
sequence {¢;} in such a way that Du(z) + D¢;(z) € OH, ,(,) for large number
of z.

We are now in a position to establish the main result of this section.

Theorem 2. Let u € C1(Q) and suppose that H(z,u(z), Du(x)) <0 on . Then
there exists a sequence {uy} in WH(Q) such that u, — u weak-+ in W1>°(Q),
un lon=u |aq and lim, .o I(up) = 0.

PROOF: Let
M= max(m§x|u(x)|,m§x |Du(x)|)
and
K =max{| H(z,p,P) [;z € Q, |[p| <M +1, |P|< M+ 2R}.

We look for a minimizing sequence {uyn} of the form u, = u + ¢n, with ¢, €
(o]
whoe(Q), ¢ — 0 weak-+ in WH°(2). We commence by approximating Q by
a sequence of unions of squares

I; ‘

Hj = | J D] with H; C Q and [fim @ - Hj| =o0.
k=1
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We assume that the edges of Di with the length d(Di) = 2% are parallel to the
coordinate axes.
For each integer n > 1 we can find an integer j, such that

1

4 Q—H; | <—
() Q- Hj,l < =,
j 1 ; 1
(5) ju(e) —u(e}")| < — and |Du(z) ~ Du(a)| < —
Jn In
for all z € Di", k=1,...,jn, where xfg" denotes the center of the square Di".

We may also assume, due to the uniform continuity of |H (x,p, P)| on Q x (|p| <
M +1) x (|P| < M + 2R), that

' ~ 1
6 H P)| — |H(z}",p, P)|| € s—=
foralleDi”,kzl,...,jn, |p—ﬁ|§jinand |P—P|§jin,with Ipl, [p| < M +1
and |P|,|P| < M +2R.

We now proceed to the construction of the sequence ¢, locally on Di". We distin-
guish three cases:

(a) H(z]" u(z]), Du(z)")) < 0 and Du(z]") # 0,

(b) H(x{t”, u(:vi”), Du(wi”)) <0 and Du(xi”) =0,

() H (23" u(ay), Du(y")) = 0.

Case (a). . .
Let £ (2im) be a straight line passing through Du(:cfg”) and orthogonal to Du(:cfg”)

Since Du(zy") € Int HSE%"#(SC?C”) and HSE%"#(SC?C”) is convex and bounded, gDu(:ci")

i ) ) : : . /
intersects 8Hl'?cn,u(l'i:n) at two opposite points Py ; and Pk,jn' Let us set

P, = Dulaf™)]
|Pk,jn - ]Q,jn| 7
then )
|Plg,jn — Du(x%")| PN
| Pr,j, = Pp. s |
and

|Pe.jo — Dula)| + Py, — Du(ay)| = [Py j, — Py j, 1
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Using these notations we can write Py ; and P]g 88

L (@), —vay ()
| Du(a])|

(g (@), —tiay (24))
| Du(a)|

Pk,jn = |Pk,]n — Plg,jn| + D’U,(:Ein)

P, =—1=X

To simplify our notations we set

Iny e (gdn
= (1 (2"), iy (7)) 1Pyjn — Pri |
| Du(a")| o o

and define a function 1/1%" by

ATz for 0 < W <1—\,
Uy (2) = _ -
k —1-N(nz-1) for 1- A< 7nz<1.

We see that @[Ji"(:v) = 0 on the lines W'z = 0 and Wz = 1. We extend @[Ji"
periodically into Rg and this extended function is denoted again by 1/)%”. We now

set for every integer m > 1

Wi (@) = " (ma)

T m
and denote by gi?m the restriction of @[Ji?m to the square Di”, that is,
@) = U 2) | g -
One verifies easily that
jin 1 jn
(7) gl ()| < = and [Dgl, ()] < 2R

for all x € Di”. We assume that m is sufficiently large to ensure that

1 In
® o = 208 iy >0

for fixed n. Let Eljctlm be a square contained in Dj”, with edges parallel to the

coordinate axes and of length

1 .
_ In )

| P j, — Pl;,jnl + Du(wi”)

619
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and such that

. Jn min \ _
dist (8D ) Ek;7m) Hgk mHLoo DJ”L

In the next step we define a function h]” on BDJ” Ejn by

v (2) 0 for z € 8Dj",
" o(x) = . .
k,m gi”m(:zr) for z € Ei”m

The function h] ", is Lipschitz on its domain of definition and its Lipschitz constant
does not exceed max(l, 2R). Let gbj" be a Lipschitz extension of h]"m into Di”

and define gbi"m to be 0 outside Di”. We now choose m,, such that m,, > n and

my, > 297t and

1

9 Djn E]n
©) | = oramr

According to (7) the choice m, > 2/7F1 ensures that (8) holds.

Case (b).
In this case 0 = Du( ) clnt H 2" u(ain) and we choose a line passing through 0.

This line intersects 0H j, , jn. at two opposite points P ; and P, Setting
" u(zy) Jn kyjn

|ij | | l;j |
A=——2>2" — and 1-A= AL
1Py 5. = Pr,jl 1Py, = Prgal’
we then have
By
/ \Jn
kajn :A|Pk7jn _P 7]n||P L|
7.771

Phjn
P]:hjn = _(1 — A)|P]:;7J7L - Pk,]n| |Pk;7j |
sJn

Let ]
Py, jn

TTl) = |Plg,jn - |
7.771

and set R R
Anix for 0 <njx <1-—M\,

Shgn (¥) = { =Nz —1) forl-\<mjz<Ll.

For this function we repeat the preceding construction leading to a function éi”mn

vanishing on Rg — Di” and for which the pair (Di”, E]Jg:Lmn) satisfies (9).
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Case (c).
We set
J _ J
¢ (r) =0 on Dy"

and extend it by 0 outside Di".
We can now define a minimizing sequence {un} by upn(z) = u(x) + ¢n(z), where

I,

(2) =Y Bi(@)
k=1

with
(bk o (x) if (a) holds,
Bi(@) =9 ¢l ()  if (b) holds,
0 if (¢) holds.

To show that limy . I(un) = 0 we decompose Hj, into the union H;, = H}n U
H 2y H 3 ) where H }n, H]2n and H]?’n are the unions of squares Di” with centers

]" satlsfylng (a), (b) and (c), respectively. We then have using (9)

I(up) :/H | H(z, tn, Duy) | dx—i—/ Y | H(z, un, Duy) | dx

Jn

1
_M+§:/_nyMme|m_Z—+h+h+h

To estimate J; we write

Ji =

Z [/ P |H(:C,un,Dun)|dx+/jn |H (2, un, Dup,)| dx
Di-neHJ:'ln Dk _Ek,mn Ek,mn

=Ji + Ji.
According to (9) we have

10 Ji< —.
(10) | 1|_,20n



622 J. Chabrowski, Kewei Zhang
Since Du(x ]”) + D¢y (x) € 8H50i”m(xi”) we have

JE = Z N |H (2, un, Dup)| dz

Diner} kM
> { [, [ + 6.0, Duw) + Do)
DireH} kymn

H( ue) + énle), Dulz) + Dqsn(x))@ da

~ (el ule?) + 6u(o), Dula) + Doy (o) d

“ ['HW’ u(}?) + én (@), Dulz)én )|

k,mn

H( u(@l?) + fu(a), Du(el?) + Don(a >>|}dw

o [|H<a:k,< ")+ fn(2), Du(l") + Db ()

|H(:v?€”, u(z J") Du(x J") + Do (z ))@ d:v} = Hy + Ho + H3 + Hy.

By virtue of (5) and (6) we have

| H] 1
11
(11) | H |—20|Q|—20

Since |dp(z)] < jln’ we find by (5) and (6) that

i=1,2,3.

(12) | < 5o

Combining (10)—(12) we obtain J; < M' In a similar way we deduce the estimates
J; < ﬁ, 1 = 2,3. Consequently, we have

I(up) <

Sl

It follows from our construction of ¢, that

1
||¢n||L°°(Q) < " and ||D¢nHL°°(Q) < 2R.

(o]
Therefore, we may assume that ¢ — 0 weak-* in leoO(Q) and this completes the
proof. O
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3. A variational approach to the hyperbolic problem.

In Section 2 the minimizing sequence has been constructed for a function v €
C1(€) subject to some constraint, namely, u must be a sub-solution of the equa-
tion (*). This is the result of the convexity assumption. In this section we show
that for the equation (+*) (see Introduction) any function in C*(Q) is limit of a min-
imizing sequence. In this case H(z,u, P) = P; P, and the condition (2) does not
hold. The equation (xx) is one of the image irradiance equations arising from the
computer vision (see [BR]).

With the equation (%) we associate a functional .J : W1°(Q) — R given by

J(u) = /Q |tgy ugy — E(x)| da.

To get some insight into the structure of minimizing sequences, let us consider
a sequence {u;} such that
lim J(uj) = 0.

J—00

If {v;}, = € Q, is a family of probability measures (Young measures) corresponding
to {Du;}, then up to a subsequence we have

0= lim J(u;) :/Q(Vm,|)\1)\2—E(:zr)|>d:c,

J—00

which means that supp v,y C Kz, where Ky = {(p, ¢); pg = E(x)}. We now observe
that the lower convex envelope of [A\ A2 — E(z)| is identically equal to 0. These
two observations suggest that it is possible to construct a minimizing sequence with
oscillations occurring on K, and convergent to given function from C'1(€Q) which is
not subject to any additional conditions.

Theorem 3. Let u € C1(Q). Then there exists a sequence {u;} in WH*(Q) such
that u; — u weak-+ in WH°(Q), u; [sg= u |aq and lim;_, J(u;) = 0.

PrOOF: We approximate €2 by a sequence of unions of squares

I;
o jn
Hj, = U Dy
k=1

with the properties described in Theorem 2. The center of Di” is denoted again

M = max(|[uz, || oo () [tasll Lo () 1 Bl oo (@)

M = M? + 2M diam Q + (diam Q)2+M.

623
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For each integer n > 1 we can find an integer j, such that

‘L .n 1
, 1
() — up, (2] < -
[ta: (2) = v (") < 39n( + 2diam )] | 2
(15) | B(z) — E@") |< —
k71— 30n|Q|

for each z € Di” and
(16) Q- H, |<—

» 1= 13000

In order to construct a minimizing sequence we distinguish the following cases:
(i) @) >0,
(ii) E(a:z”) <0, '
(iii) E(a:i”) =0 and uml(xi")um( i”) =0,
and
(iv) B(ad") = 0 and ug, (3" Juzy (23") # 0.
Case (i).
We decompose Ry in the following way:
Ry = {(p, q); pq > E(SCJ”), p<0,qg<0tU{(p,q); pa> E(z"),p>0,q> 0}

U{(p,q); pa < E(@}™)} U{(p.q); pg = E(z)}

_ gl 2 2_ +
= AL VAL, VAL UK,

J n

To construct our minimizing sequence on Di” we first consider the case xi” e Al n
x
k

Let ¢ be a straight line passing through Du(xi”) of the form

1+ 39 = Um(z?) + Ugs (xi”)

The line éDu(xi”)

quadrant at two points

intersects the branch of the hyperbola K;i" lying in the third

1 .

T1 = 3 [uxl(xfg")-i-uxz J” )+ \/D( Jn ]
1 .

T2 = ) [um(xi )+ U ( xk —\D xin ]
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and
1= g e ) 4 watef) = 0
Tg = % [uxl(wi”) + uxQ(:vi") +1/ D(:vi")] ,
where

jn in in\\ 2 in
D) = (uay (29") + vy (")) — 4B (2]).
We now define two vectors 7’1 and 79 pointing into the opposite directions and
lying on gDu(:vi”) by

Wl = (ffl,fo) - Du(xin) and 72 = (‘%17*%2) _ Du(x.lin)
The vectors 71 and 7o can be written as
mi1=ae and Wy =—-f¢,

where ¢ is a unit vector and o > 0 and 8 > 0 are constants. We now define
a function (bi” by

aew for 0 < €z < 3,

Jn —
HO sars T e ecars

The function ¢i" vanishes on the lines €z = 0 and €2z = o + 5. We extend

¢i" periodically into Ro and denote the extended function again by ¢i". For every
integer m > 1 we set

'71/ 1 ‘7L
@) = =gl (ma)
and let ' .
W (2) = 670 (2) | -

It is obvious that

and ||DhI"

: +
an <dath) ol ) < max(a )

k,mHLoo(Din) =

We now proceed as in the proof of Theorem 2. First, we assume that m is sufficiently

large to ensure that
1

2in

Jn
k’mHLOO(DJ,;") >0

for fixed m. The integer m will be chosen later. Let Ei”m be a square contained in

Di”, with edges parallel to the coordinate axes and of length

1 .
- 2||h.7n

2Jn k,m”Lw(Di") >0

625
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and such that dist (aDi”, E]Jg:Lm) = th"

| Loo(Diny’ Finally, we define a function
’ k

gi"m on (?Di” U Eli" by

,m
; 0 for z € Dj”,
Tem(®) =9 5, n
hk’m(:v) for z € E;” .
The function gi"m is Lipschitz and its Lipschitz constant does not exceed max(1,
a, 3). Let <pi”m be a Lipschitz extension of gi"m into Di" and we extend <pi”m to
all of Ry, by setting gpf:m(x) =01in Ry — Di”. We now choose my, such that
My > n and mg, > 2j”+1a1,
al
where a3 = max(af, f(a + 3)) and such that
(18) |Di* — Bl <L
k kmn 1= 39|10 My
The function wi?mn corresponding to the pair (Di", Eifmn) will be denoted by F’ kl,n’
that is,
1 in
Bl (@) = ¢ ().

A similar construction can be carried out if :cfg" € Aifc” and as a result we ob-
tain a function Fg’n(x) vanishing outside Di” and with the corresponding pair
(D, B, ) satisfying (18).

If xi” € Ai n we take the straight line ¢ Du(al™) of the form

T — T1 = Ugy (a:i”) - uwl(:zri”).

The line ¢ Du

(@) intersects both branches of the hyperbola K ";n at the points
k Ty,

=3 uxl(xi )_ul‘z(wi )‘i‘\/Dl(xi )
1 in Jn o |
Tg = 5 um(:z:k ) — uml(xk )+ Dl(xk )
and

N in o |
Tl = 3 Um(xk ) — U:cz(wk ) — Dl(xk )|
~ 1 [ ]n ]n In
552:5 uxz(xk )_“m(xk ) — Dl(xk )|
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where Dl(xi") = (Ug, (xfg") um1($k )2 + 4B (x ]"). Repeating the construction
from the preceding step, we obtain a function F ,g”n( x) vanishing outside Di” and
with (Dy", B}, ) satisfying (18).

If 2" € K:in we set Flin(a:) =0on (.

Case (ii).
The construction follows that of Case (i) with one difference: in the present case
we decompose Rg as

R2={pq<E(:vj"),p<0,q>0}U{pq<E(wj") p>0,q<0}
U{pq>E( )}U{pq_ ( )}_Blj'nUBz UB3J7LUK1TJ'7L'

k

If :vi" belongs to one of the sets B, | B> in and B3, | then as in Case (i) we
T

Jn ) gn 5
define functions G,lg’n, Gim and sz, respectlvely, vanlshlng outside Di" and with
(D}, Ei?mn) satisfying (18).
It :ci” € Kw_in we set Gim(a:) =0on (.
Case (iii). B

In this case we define K}, ,,(z) =0 on Q.
Case (iv).

We split this case into four subcases:

(a)  ug, (xk ) >0, ug, (xk ) >0,

(b) uml(:ck ) <0, ug, (:ck ) >0,

(c) uml(:ck ) <0, ug, (:ck ) <0,

(d)  ugy (") > 0, ugy (") <O0.

Since all these cases can be treated in a similar way, we only consider the case (a).

The straight line

1 + Ty = ug, (gci") + Ugy (ZC‘;:)

intersects the coordinate axes at the points

(uxl(:zri") + Ugy (:c?c”),O) and (0, uxl(:zrk )—|—uw2(:1:k ).

respectively. We now define two vectors 7’1 and 7' lying on this line and pointing
into opposite directions

wy = (Um(z?) + Ugy (zi”) O) - Du(:ci") = (uxz (:1:%”), —Ugsy (:ci"))
and

W2 = (0,uzy (") + sy (@) = Due') = (~uay (23, (2f))
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We write 71 and Wg as 1 =ae and mo = —(€, where € is a unit vector
and a > 0, # > 0 are constants. Using the vectors 7’1 and 7o we define a func-
tion gbi” (x) as in Case (i). Following the construction from Case (i) we arrive at
a function K %,n(x) vanishing outside Di" and with (Di",Eifmn) satisfying (18).
In the remaining cases (b), (c) and (d) we repeat the above construction, always
with a straight line passing through Du(xi") and intersecting coordinate axes. As

a result we obtain functions Kii” (2), K,‘:”n(ac) and K,‘;n(ac) vanishing outside Di”

and with (D{", Ei’jmn) satisfying (18).
To define the minimizing sequence we decompose Hj,, as

4 4 4
R + — o T
H]” - U Hsvjn U U Hs,jn U H]n U U Hs’-]”’
s=1 s=1

s=1

where

H;,_jn is a collection of rectangles Di” with centers belonging to Ai in (5=

k
1,2,3),
szn is a collection of rectangles D{t” with centers belonging to K™

Jn 2
L

H ; in is a collection of rectangles Di" with centers belonging to Kx_j"’

k
H;n is a collection of rectangles Di” with centers :vi" satisfying F (xi") =0
and ug, (27" Jug, (") = 0 (Case (iii)),
and
H $,n (s =1,2,3,4) is a collection of rectangles Di" with centers :vi" satis-
fying (a), (b), (c) and (d), respectively (Case (iv)).

It follows from our construction that
(19) Du(z]") + DF} ,(x) € K, for s=1,2,3 and aln € A%,

n
k Tk

(20) Du(a]") + DG}, (w) € K,

S, for s=1,2,3 and xi" € B*
T

Jn
L

and for :ci” € I}&jn, s=1,2,3,4 we have

. 0K} (x) . OK; (x)
(21) (ux1<w1n>+%)(ux2<xzn>++g)=o, s=1,2,3,4.

We are now in a convenient position to define the minimizing sequence

un () = u(z) + én(x),
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where
I,
n(x) = Bi(x)
k=1
and
Ff(x) i DteHS; | s=1,2,3,
e pyin - _
) = Givn(x) if D]? € Hs,jn’ s=1,2,3,
K} (@) if DI" € Hyj,, s =1,2,3,4,
. Jn + —
0 if Dy EH;nUH4,jnUH4,jn'

To show that limy,—co J(up) = 0 we write

T(un) = /Q . | (um(a?) + a‘f;’;(f)> <um2 () + ‘%’"(“’)) — B(x)| dx

0xo

+/ !(uxl(x) + M) (uxz(:v) + M) — B(z)|de = I + .

dr1 O0x2

Jn

It follows from (16) that

1
22 L| < —.
(22) < oo

Setting

Un(z) = (le (z) + 6?;(1;5)) (U:cz () + %ﬁ)

we write for I
3 3
h=3 I o)~ Blwde + 3 / o)
+ 2: /ﬁm [Un(z) — E(z)| dv + /H . ug, (2)ug, (2) — E(z)| dx
* /H+ |ty ()t (2) — E(z)| do + /  uay (R)uay (2) — E(2)| do

4,9n 4,jn
3 4

3
=S I I LI+ I+
s=1

s=1 s=1

(23)

629
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First we estimate 23:1 I} as follows

EDDS [, @Bl [ o

s=1 s=1 Djn €H+- k k,mn k,mn

- (uzl(ack )+ 82’;( )) (uxz(:v,% )+ ‘%" )|d

w0 (e + 22242) (uw(x?;”) + 200 ) a

k,mn

+/ |E(:C?€")—E(x) | dx:| =11 +ig + 13 + ig.
E]n

k,mn

By (18) we have
| .77L|M1 1
< I
39n|QM;  39n
It follows from (14) and (15) that
i, < —, k=24
k= 3o ’
We note that by (19) i3 = 0 and consequently

24
(24) Z - 13n
Similarly, using (14), (15), (18) and (20) we obtain
3
) Sreb
s=1
To estimate Zi:l I we split the integration over Di” €H s,jn in the same way as

for Z‘Z’Zl I and arrive, using (14), (15), (18) and (21) at the estimate

~ 1
I, < —
3n

M»

w
Il
—

To estimate I° we observe that

) 1= [ Juay(2)usy (o) = B(a)| da

Jn

= 2

jn o
DjreHg,

[ e e (@) — B@)| de
Dk _Ek,mn

1
+/ ey (2)ay (2) — E(2)] dz| < —— 4,
E]n 39

k,mn
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now using the fact that E(:ci") 0 and uxl(:zrk Yuzy (xk ) = 0 we get by (14)
and (15)

Uy (T) Uy (T) — Ugy (xi”)uxz (‘T?gn)l dx

i= >

jn o
DjreHg,

" 2
[ e - <)|d4_39

k,mn

Jn
k,mn

Analogously, since Du(z], ) € K tou K ., for Di” € Hy. i UHy; we arrive at

the estimate

1 1
28 I <— d I,
(28) 45, M Sy
Combining (22)-(28) we get J(up) < =. It is clear that the sequence {uy} has also
the remaining properties asserted in our theorem. O

4. The parabolic variational problem.

In this section we briefly discuss, for completeness, the parabolic case, that is the
equation (x * ). Setting for a fixed x € Q H(x,p,q) = ¢> — p — E(x), we see that
the lower envelope CH(z,p,q) of | H(x,p,q) | in (p,q) is given by

0 for ¢> —p— E(x) <0

OH ) ) =
(@p9) {q2—p—E(I) for ¢> —p— E(z) > 0.

Let us define a functional F: W1h(Q) — R by

:/Q|u:2(;2 —ug, — E(z)|d.

We shall show that any candidate u for a minimizer of the problem

2 1 f F =
> sen By 0 =0

must be a sub-solution of the equation (* x ), that is,
(30) Ugy ()% — Uz (2) — E(z) <0 on Q.

This is due to the fact that H(z,p,q) is convex. Indeed, suppose that {u;} is
a bounded and minimizing sequence in W1>°(Q) for the problem (30). We may
assume that u; — u in W1 (Q) and we have

0= lim F'(uj) /CH T, Ugy , Ugy) dT.

Jj—o0
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Since CH (2, Uz, , Uzy) > 0 on {x; ug, (2)? — ug, (x) > 0} we get (30). The inequal-
ity (30) is obviously necessary condition for v to be a minimizer of the problem (29).

We now set u;(z) = u(z) + ¢;(z), where ¢; — 0 in W1°°(Q). Denoting by {v,},
x € Q, a family of Young measures associated with {D¢;} we get

0= [ ().t (@) + 22)? = (s &) + ) = B} o
and consequently
supp C {(/\1/\2); (uml(x) - )\2)2 — (uxl(a:) + )\1) — E(z) = 0} ,

that is, Du(z)+ A belongs to the parabola {(p, q); ¢>—p— E(x) = 0}. Consequently,
we shall construct a minimizing sequence converging to u satisfying (30) in such
a way that

Du(z) + D¢;(x) € {(p,q); ¢° —p — E(x) = 0}
for sufficiently large number of values of x.
Theorem 4. Let u be a function in C*(Q) satisfying (30). Then there exists

a sequence {u;} in W1>°(Q) such that uj lpn=u |oq, uj — u weak-x in wheo(Q)
and lim;_, o F(uj) = 0.

PROOF: We construct a minimizing sequence in the form w, = u + ¢, where
¢n — 0 weak-x in WH>°(Q) and ¢, € V?/LOO(Q). The construction is similar to

that given in the proofs of Theorems 2 and 3 and is even simpler.
Let {H},} be a sequence of unions of squares DI with centers at xi”, approximat-

ing €). We localize our construction to Dz”. The integer j, is obviously determined
by the uniform continuity of ug,, uz, and E. We distinguish two cases:

(8) sy (@)? = uay (2f") — B(x}) <0

and
(b)  ttay (2]")? — iy (2") — E(z]") = 0.
Case (a).

First, we find a vector ' = (n1,n2) such that

(um (I?cn) + n2) (um n) + nl) = E(ZE?).

This equation is satisfied by a vector 7" with coordinates given by

ny = 2ug, (x ]" \/E ) — Ugy (z i )2+ux1(x£"),

and

ny = \/B(a)") = oy (@) + gy (w17,
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We now define a function gbi" (z) by

in na for 0

1-Tnxz for 5

which vanishes on the lines W'z =0 and 7'z = 1. We now repeat the construction
from Theorems 2 and 3 leading to a function ¢"

%m,, (%) vanishing on dDJ" and with
dist (Dj ", Ei”m ) sufficiently small.

Case (b).
We set gbi" () = 0 on Q. We omit further details since the rest of the proof is
now routine. O
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