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Biframe compactifications

A. Schauerte

Abstract. Compactifications of biframes are defined, and characterized internally by means
of strong inclusions. The existing description of the compact, zero-dimensional coreflection
of a biframe is used to characterize all zero-dimensional compactifications, and a criterion
identifying them by their strong inclusions is given. In contrast to the above, two sufficient
conditions and several examples show that the existence of smallest biframe compactifica-
tions differs significantly from the corresponding frame question.
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1. Preliminaries.

Background information on frames may be found in [8], and on biframes in [6], [2].
A frame is a complete lattice (with bottom element 0 and top element e) that

satisfies the infinite distributivity law a ∧
∨

X =
∨

a ∧ x (x ∈ X).
A frame map (or homomorphism) is a function between frames that preserves

∧ and
∨
(and 0 and e).

A biframe is a triple L = (L0, L1, L2) where L1 and L2 are subframes of the
frame L0 such that L0 is generated by L1∪L2. A biframe map (or homomorphism)
h : L → M is a frame map h : L0 → M0 for which h(Li) ⊆ Mi (i = 1, 2). In the
sequel, we use Li, Lk to denote L1 or L2, always assuming that i, k = 1, 2, i 6= k.
The following kinds of biframes have been discussed in the literature (see [6], [2]):

• Compact biframes. L is compact iff L0 is a compact frame, that is,
e =

∨
X for some X ⊆ L0 implies that e =

∨
F for some finite subset

F ⊆ X .
• Regular biframes. We write x ≺ i y (read “x is rather below y in Li”) iff

x, y ∈ Li and there exists c ∈ Lk (i 6= k) such that x ∧ c = 0 and c ∨ y = e.
Then the biframe L is regular iff x =

∨
y (y ≺ i x) for all x ∈ Li.

• Zero-dimensional biframes. For any x ∈ Li, denote by x� the element of
Lk given by x� =

∨
z(z∧x = 0, z ∈ Lk). The biframe L is zero-dimensional

if each Li is generated by those x ∈ Li for which x ∨ x� = e (in particular,
these elements are complemented).

A biframe map h : L → M is called

• dense iff h(a) = 0 implies that a = 0, for all a ∈ L0, and
• onto iff h | L1 and h | L2 are both onto (and hence h | L0 is also onto).

The bulk of this work has been taken frommy Ph.D. Thesis, written at McMaster University un-
der the supervision of Professor B. Banaschewski, whose assistance is here gratefully acknowledged
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2. Compactifications vs strong inclusions.

In frame theory, the compactifiable frames are exactly those which admit strong
inclusions (see [3]). We present definitions of compactifications and strong inclusions
for biframes which allow us to obtain a similar relationship here: we acknowledge
our debt to [4].

Definition 1. A compactification of a biframe L is a dense, onto biframe homo-
morphism h :M → L from a compact, regular biframe M to L.

Definition 2. A strong inclusion on a biframe L is a pair ⊳ = (⊳ 1, ⊳ 2) of relations
on L1 and L2 respectively such that (for i, k = 1, 2, i 6= k)

(SI1) y ≤ x ⊳ i a ≤ b implies that y ⊳ i b;
(SI2) ⊳ i is a sublattice of Li × Li;

(SI3) x ⊳ i a implies that x ≺ i a;
(SI4) x ⊳ i a implies that there exists y ∈ Li with x ⊳ i y ⊳ i a;
(SI5) if x ⊳ i a then there exist u, v ∈ Lk such that u ⊳ k v, x∧ v = 0 and a∨u = e;
(SI6) a =

∨
x (x ⊳ i a) for all a ∈ Li.

Remark. The condition (SI5) above (in the presence of the other properties of
strong inclusions) is the same as: x ⊳ i a implies that a� ⊳ k x�.

(=⇒) If u ⊳ k v, x ∧ v = 0, a ∨ u = e then a� ≤ u ⊳ k v ≤ x�.

(⇐=) Take x ⊳ i y ⊳ i a. Then a� ⊳ k y� ⊳ k x�, so that y� ⊳ k x�, x ∧ x� = 0, a ∨ y� = e
(since y ⊳ i a implies that y ≺ i a, which is the same as y� ∨ a = e).

Lemma 1. On a compact, regular biframe, (≺ 1,≺ 2) is a strong inclusion.

Proof: We check only (SI5):
If x ≺ i a then x ∧ v = 0, a ∨ v = e for some v ∈ Lk. Compactness and regularity
give u ≺ k v with a ∨ u = e. �

Lemma 2. For any onto h : N → L, if ⊳ = (⊳ 1, ⊳ 2) is a strong inclusion on N ,
then ⊳̂ = (h × h[⊳ 1], h × h[⊳ 2]) is a strong inclusion on L.

Proof:

(SI1) Take x ≤ h(a)⊳̂ ih(b) ≤ y with a ⊳ i b in Ni and x, y ∈ Li. Now x = h(s),
y = h(t) so h(s ∧ a) ≤ h(a)⊳̂ ih(b) ≤ h(b ∨ t) and s ∧ a ⊳ i b ∨ t.

(SI2) h × h preserves sublattices.
(SI3) If x ⊳ i a in Ni (that is, h(x)⊳̂ ih(a)), then x ≺ i a, so h(x) ≺ i h(a).
(SI4) If h(x)⊳̂ ih(a) then x ⊳ i y ⊳ i a so that h(x)⊳̂ ih(y)⊳̂ ih(a).
(SI5) If x ⊳ i a in Ni, there exist u ⊳ k v in Nk with x ∧ v = 0, a ∨ u = e. Then

h(x)⊳̂ kh(v), h(x) ∧ h(v) = 0, h(a) ∨ h(u) = e.
(SI6) For a ∈ Ni, a =

∨
x (x ⊳ i a) so h(a) =

∨
h(x) (x ⊳ i a) hence also

h(a) =
∨

z (z⊳̂ ih(a)).

�
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Corollary 1. If L has a compactification, it has a strong inclusion.

We now consider the converse of this corollary, that is, we construct a compact-
ification of L from a given strong inclusion.
Let (⊳ 1, ⊳ 2) be a strong inclusion on L. An ideal J of L0 is a downset (that is,

x ≤ y ∈ J implies that x ∈ J) that is closed under binary joins. Now, an ideal J
that is generated by J ∩ Li will be called strongly regular iff x ∈ J ∩ Li implies
that there exists a y ∈ J ∩ Li with x ⊳ i y. Let Ri consists of these J and R0 be
the subframe of the frame of all ideals of L0 that is generated by R1 ∪ R2. Now
Ri is a subframe of this total frame: it is closed under binary meets and binary
joins by (SI2); 0 and ↓ e are in it, and it is trivially closed under updirected joins
(unions). Thus R is a compact biframe; we verify that it is regular.
Define ri : Li → Ri by ri(a) = [x | x⊳ ia], where [. . . ] denotes the ideal generated

in L0. Then ri(a) ∈ Ri by (SI2), (SI4).

Claim. a ⊳ i b implies that ri(a) ≺ i ri(b).

Proof: Take a ⊳ i c ⊳ i b and w ⊳ k u with a∧u = 0, c∨w = e. Then ri(a)∩ rk(u) = 0
and c ∨ w ∈ ri(b) ∨ rk(u). Hence ri(b) ∨ rk(u) =↓e and so ri(a) ≺ i ri(b).
Finally, for any J ∈ Ri, J =

∨
ri(a) (a ∈ J ∩Li) and a ⊳ i b ∈ J ∩Li implies that

ri(a) ≺ i ri(b) ⊆ J , which gives the regularity of R.
The join map τL : R → L provides the required compactification of L. It maps

Ri onto Li since
∨

ri(a) = a, a ∈ Li, by (SI6). That it is dense is clear.
We have just shown the first part of the next proposition. For its second part, we
need the following terminology:
The compactifications (up to isomorphism) of a biframe L form a partially ordered

set under the partial order given by h : M → L ≤ h̃ : M̃ → L iff there exists

a biframe map f :M → M̃ satisfying h̃ · f = h.
The strong inclusions of L form a partially ordered set under set inclusion.

We denote these two sets by KL and SL, respectively.

Proposition 1. A biframe L has a compactification if and only if it has a strong
inclusion. Moreover, the above constructions provide isomorphisms between KL
and SL inverse to each other.

Proof: We first check that both constructions are order-preserving:

Given ⊳ i ⊆ ⊳̂ i, one gets Ri ⊆ R̂ i, hence R ⊆ R̂ so that R → L ≤ R̂ → L by the

inclusion map R → R̂ .

Given h : M → L ≤ ĥ : M̂ → L with f : M → M̂ satisfying ĥ · f = h, we obtain

h × h[≺] = ĥ · f × ĥ · f [≺] = (ĥ × ĥ)(f × f)[≺] ⊆ ĥ × ĥ[≺̂], where ≺̂ denotes the

relation ≺ on M̂ .

Next we verify that they are inverse to each other.
Let ⊳ be a strong inclusion on L, τL : R → L the compactification associated

with it, and ⊳̂ the strong inclusion associated with that. Then a ⊳ i b implies that
ri(a) ≺ i ri(b), which, by the definition of ⊳̂, gives

∨
ri(a)⊳̂ i

∨
ri(b) and hence a⊳̂ ib.

Conversely, a⊳̂ ib means that a =
∨

J , b =
∨

I where I, J ∈ Ri and J ≺ i I. Then
there exists H ∈ Rk with J ∩ H = 0 and I ∨ H =↓ e. Thus x ∨ y = e for some
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x ∈ I, y ∈ H . Also, x ⊳ i b since I is strongly regular. Now J ∩ H = 0 implies that
a ∧ y = 0, so a = a ∧ x ⊳ i b. Hence ⊳ i = ⊳̂ i.
Beginning with a compactification h :M → L of L, let ⊳ be its associated strong

inclusion, and τL : R → L the compactification associated with that. Consider the
diagram

R
τL−−−−→ L

ĥ

x
xh

R̂ −−−−→
τM

M

where R̂ is given by the strongly regular ideals with respect to ≺ i on Mi, and ĥ
is the restriction of J h. Since ≺ i is a strong inclusion on the compact, regular

biframe M , τM : R̂ → M is a compactification. It is codense (that is, its total
part maps only the top to the top) by compactness of M , hence an isomorphism.

We show that ĥ is also an isomorphism. Now ĥ is dense because h is, and so

one-one. (See [1].) It remains to show ĥ onto, and for this it suffices to prove

ri(a) ∈ Image (ĥ), a ∈ Li. Let J = [z ∈ Mi | h(z) ∈ ri(a)]. Then (J h)(J) = ri(a)

because h is onto. To check that J ∈ R̂ , take z ∈ J ∩ Mi, so h(z) ⊳ i a. Then
h(z) = h(u), a = h(v) for some u ≺ i v. Take u ≺ i w ≺ i v, hence u ∧ s = 0,
w∨s = e for some s ∈ Lk. Now h(z∧s) = h(u∧s) = 0, so z∧s = 0, by the density
of h. So z ≺ i w ∈ J ∩ Mi, as required. �

Remark. If (L0, L1, L2) has a compactification, so does L0, because the total part
of a compact, regular biframe is a compact, regular frame (see [6]). The converse is
not true, as may be seen by considering (L, L,2) for any non-trivial, compactifiable
frame L.

3. Zero-dimensional compactifications.

A natural variation on the theme of compactifications is given by the notion of
a zero-dimensional compactification:

Definition 3. h : M → L is a zero-dimensional compactification of L iff M
is compact, zero-dimensional and h is dense, onto.

Since a zero-dimensional biframe is automatically regular, a zero-dimensional
compactification is a compactification.
In [2], Banaschewski finds the compact, zero-dimensional coreflection of a biframe.

In the process he uses the following definitions:

– a Boolean bilattice B = (B0, B1, B2) is a triple in which B0 is a Boolean
algebra, B1 and B2 are sublattices of B0 such that B0 is generated by
B1 ∪ B2 and an element of B0 is in Bi, if and only if its complement is in
Bk (i 6= k);
– the Boolean part BL of a biframe L is the bilattice whose i-th part is
(BL)i = {x ∈ Li | x ∨ x� = e} and whose total part (BL)0 is the sublattice
of L0 generated by (BL)1 ∪ (BL)2;
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– the ideal biframe JA of a Boolean lattice A has total part (JA)0 the
ideal frame of A0 and i-th part
(JA)i = {J ∈ (JA)0 | J is generated by J ∩ Li}.

In fact, Banaschewski shows that the categories of compact, zero-dimensional
biframes and Boolean bilattices are equivalent, via the functors B and J . The
natural transformations are αA : A → BJA by αA(a) =↓ a (for bilattices A) and
σL : JBL → L by the map taking joins of ideals (for biframes L). Further, the
coreflection maps to the compact, zero-dimensional biframes are given by the join
maps σL : JBL → L.
As a consequence, we see that L has a zero-dimensional compactification iff the

join map JBL → L is onto iff L is zero-dimensional.
Hence we consider only zero-dimensional biframes in this section. Let K0L be

the partially ordered set of zero-dimensional compactifications of L, modulo iso-
morphism.

Definition 4. A basic Boolean bilattice of a (zero-dimensional) biframe L is
any Boolean sublattice A of BL which generates L (that is, Ai generates Li).
Ordering these basic Boolean lattices of L by inclusion gives a partially ordered set,
which we denote by BBB(L).

We now describe two correspondences between zero-dimensional compactifica-
tions and basic Boolean bilattices of a biframe.

– For any such bilattice A, the join map σL : JA → L is a zero-dimensional
compactification of L.
– For any zero-dimensional compactification h : M → L, h[BM ] ⊆ BL is
a basic Boolean bilattice of L.

Proposition 2. The correspondences above are mutually inverse isomorphisms

between BBB(L) and K0(L).

Proof: Let A be a basic Boolean bilattice of L, σ : JA → L the compactification
associated with it, and σ[BJA] ⊆ BL the bilattice associated with that. Since
(BJA)i = {↓a | a ∈ Ai}, we obtain σ[BJA] = A.
Let h : M → L be a zero-dimensional compactification of L, A = h[BM ] and

σ : JA → L the compactification associated with A. Consider

JA
σ

−−−−→ L

ĥ

x
xh

JBM −−−−→W M

where ĥ is given by ĥ(J) =
⋃
{↓h(a) | a ∈ J} for J ∈ (JBM)0. The bottom join

map is an isomorphism becauseM is compact, regular. ĥ is onto since h : (BM)i →

Ai is onto, and ĥ is dense because h is (and dense maps between compact, regular

biframes are one-one). Thus ĥ is an isomorphism too, and σ is isomorphic to h.
�
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The next result shows how zero-dimensional compactifications may be identified
by looking at their strong inclusions.

Proposition 3. The compactification associated with ⊳ is zero-dimensional if and
only if, for any a ⊳ i b, there exists c ∈ Li with a ≤ c ⊳ i c ≤ b.

Proof: (=⇒) Suppose we are given a zero-dimensional compactification h :M →
L with associated ⊳ i = h×h[≺ i]. Let a⊳ i b and u ≺ i v with a = h(u), b = h(v). By
applying compactness ofM we obtain from u ≺ i v and v =

∨
z (z ∈ Mi | z∨z� = e),

that there exists a complemented w ∈ Mi with u ≤ w ≤ v. Then w ≺ i w so
c = h(w) satisfies c ⊳ i c and a ≤ c ≤ b.

(⇐=) Claim. If Ai = {c ∈ Li | c ⊳ i c} and A0 is generated by A1 ∪ A2, then
(A0, A1, A2) is a basic Boolean bilattice of L.

Proof: Ai is a lattice by (SI2). A is Boolean since c ⊳ i c implies c ≺ i c, that is, c is
complemented with complement in Lk. By (SI6) and our assumption, Ai generates
Li, hence is basic.
Further, any strongly regular ideal J ∈ Ri is generated by J ∩ Ai: x ∈ J implies
x ⊳ i y ∈ J , which gives x ≤ c ⊳ i c ≤ y ∈ J , and thus x ≤ c ∈ J ∩ Ai. Conversely,
any ideal J generated by J ∩ Ai is in Ri: x ∈ J implies x ≤ y ∈ J ∩ Ai, so that
x ≤ y ⊳ i y ∈ J .
Hence JA ∼= R and JA is a zero-dimensional compactification. �

4. Least biframe compactifications.

We now turn to the question of determining which biframes have least compactifica-
tions. It is well known ([7]) that a topological space has a least (that is, one-point)
compactification iff it is locally compact and Hausdorff. To state the corresponding
frame and biframe results, we require these definitions ([5]):
For a frame N , we say:

– a ≪ b iff b ≤
∨

X for some X ⊆ N implies that a ≤
∨

F for some finite
F ⊆ X ,
– N is continuous iff a =

∨
b (b ≪ a) for all a ∈ N , and

– N is stably continuous iff N is continuous and ≪ is closed under finite
meets (including the top) of N .

In [3] it is shown that a frame has a least compactification iff it is regular and
continuous. Further, a zero-dimensional frame has a smallest zero-dimensional com-
pactification iff it is continuous, and that compactification is then the smallest.
We do not have analogous characterizations in the case of biframes, but we do

present two partial results, with examples.

Lemma 3. Let L be a regular biframe such that each Li is stably continuous and

the condition (SI5) holds for ≪ i (the relation ≪ with respect to the frame Li).
This is a necessary and sufficient condition for ≪ i to be a strong inclusion on L,
and it is then necessarily the least.

Proof: (SI1) and (SI2) follow from the properties of ≪, with stable continuity.

(SI3) comes from the regularity of L.
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(SI4) holds since ≪ interpolates in a continuous lattice.

(SI5) is postulated explicitly.

(SI6) holds because each Li is continuous.

Furthermore, if ⊳ i is any strong inclusion on L, then x ≪ i y =
∨

z (z ⊳ i y), so that
x ⊳ i y. �

Example 1. Let L0 = all open subsets of the rational unit interval E,

L1 = all open downsets,

L2 = all open upsets.

In Li, U ≪ i V iff U ⊂ V or U = V = E or U = V = ∅. Hence Li is stably
continuous (note that Li is compact). L is regular because U ⊂ V implies U ≺ i V ;
and (SI5) is equally easy to check. So L has a smallest compactification, by the
lemma above. It is given by taking (M0,M1,M2) analogous to (L0,L1,L2) for
the real unit interval. M is compact, regular, and the restriction mapM → L is
dense, onto. InMi, U ≺ i V iff U ⊂ V iff U∩E ⊂ V ∩E. Hence the strong inclusion
induced by this compactification is the smallest, andM is the least compactification
of L.

Remarks.

– The smallest compactification of L has many new points.
– L is zero-dimensional, but its smallest compactification is not.
– L0 is not continuous, and thus does not have a smallest frame compactifi-
cation.

Lemma 4. Let L be a regular biframe in which each Li is continuous, and a ≺ i b
implies a ≪ i b whenever a < e. Then L has a unique compactification.

Proof: We verify that ≺ i is a strong inclusion on L.

(SI1)–(SI3) always hold.

(SI4) for a < e, a ≺ i b iff a ≪ i b (by regularity) and≪ interpolates on a continuous
frame.

(SI5) If a ≺ i b there exists c ∈ Li with a ≺ i c ≺ i b, witnessed by s, t ∈ Lk, a∧s = 0,
c ∨ s = e, c ∧ t = 0, b ∨ t = e. Then t ≺ k s, as required.

(SI6) holds since Li is continuous.

Now ≺ i is certainly the largest strong inclusion on L. It is also the smallest: if ⊳ i

is another, a < e, a ≺ i b implies a ≪ i b, so that a ⊳ i b. �

Example 2. L0 = all open subsets of the open unit interval E,

L1 = all open downsets,

L2 = all open upsets.

L is certainly regular. Also, U ≺ i V , U 6= E holds iff U ⊂ V , which implies that
U ≪ i V , thus Li is continuous. So L has a unique compactification.
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Remarks.

– The unique compactification is again the biframe given by the closed unit
interval (mentioned in the previous example), with the relevant restriction
map.
– The least compactification of L is not obtained from the least compactifi-
cation of L0, since the open unit interval is locally compact, Hausdorff and
has a one-point compactification.

Example 3. L0 = all subsets of the natural numbers, N = {0, 1, 2, 3, . . .},

L1 = all downsets,

L2 = all upsets.

L is a biframe, using ∧ = ∩ and
∨
=

⋃
. It is clearly Boolean, and hence regular.

L1 and L2 are continuous. Also if U 6= N , U ≺ i V implies U ⊆ V , which implies
U ≪ i V . Thus Li has a unique compactification by the lemma above.
This compactification is given as follows. Let the set M = N ∪ {∗}, where ∗ /∈ N
and n ≤ ∗ for all n ∈ N. Let

M1 = all downsets of M ,

M2 = {U ∪ {∗} | U is an upset of N},

M0 be generated byM1 ∪M2.

Then M is compact, zero-dimensional and the restriction map M → L is clearly
dense, onto.
The analogous example with N replaced by Z, the integers, also has a compac-

tification, using two points at infinity instead of one, as above.

Remark. Every compactifiable biframe has a largest compactification, since there
exists a compact regular coreflection (see [6]).
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