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On the uniformly normal structure
of Orlicz spaces with Orlicz norm*

TINGFU WANG, ZHONGRUI SHI

Abstract. We prove that in Orlicz spaces endowed with Orlicz norm the uniformly normal
structure is equivalent to the reflexivity.
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Closely related to the fixed point theory, the conceptions of normal structure and
uniformly normal structure were introduced in Banach spaces [1], [2]. A Banach
space X is said to have normal structure provided that for every closed bounded
convex subset C' of X containing more than one element, there is an element p € C
such that sup{|lp — z| : = € C} < diam (C), X is said to have uniformly normal
structure provided that there is a constant A < 1 such that for all above C, there
is a p € C with sup{||p — z|| : € C} < hdiam (C).

In 1984, T. Landes found the criterion of normal structure for Orlicz sequence
spaces equipped with Luxemburg norm, in light of his work it is easy to get it for
Orlicz function spaces [3]. In recent years T. Wang, B. Wang [4] and S. Chen,
Y. Duan [5] have investigated it for Orlicz norm. S. Chen and H. Sun recently
get the criterion of uniformly normal structure for Orlicz spaces with Luxemburg
norm [6]. In this paper we shall discuss it for Orlicz norm.

Let (G, X%, 1) be a finite non-atomic measure space; M (u) be an N-function and
N(v ) be its complemented one N(v) = max{u|v] — M(u) : for u > 0}; Rys(x) =
Je: M (x(t)) dpu be the modular of an element x(t); Lz be the Orlicz space generated
by M ( )

Ly ={=z(t) : Rpy(Az) < oo, for some A > 0}

equipped with Orlicz norm

1
Joll = jut 21+ Ras(ha)) (= supf | a(y(e) d () with Ry(y) < 1)),

where the infimum is attained, which forms a Banach space.

M (u) is said to satisfy the Ag-condition (M € Ay) if for any ug > 0 and H > 1,
there is K > 1 such that for all u > ug, M (Hu) < KM (u) [7].

We only discuss Orlicz function spaces because the result is the same in Orlicz
sequence spaces. We first introduce several lemmas.
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Lemma 1. Ifthe Banach space X fails to have the uniformly normal structure, then
for an arbitrary integer n and positive number € > 0, there exist z1,...,Zp41 € X
such that

lzill <1, [lzg — 2] <1 1<i<j<n+1

1 m
||$m+1—EZLL'iH>1—E m=12,...,n.
1=1

PROOF: It is easy to deduce the result from the definition of the uniformly normal
structure. g

Lemma 2. The following statements are equivalent:
(1) M € Ay,
(2) for any ug > 0, any € > 0, there is £ > 1 such that
M(lu) < (1 +e)M(u) (for all u > ugp),
(3) for any vg > 0, any 0 < « < 1, there is § > 0 such that
N(aw) < a1l — §)N(v) (for all v > vp).
PROOF: See [8]. O

Lemma 3. Suppose M € Ay and N € Ay, then for an arbitrary Ao € (0, %) and
b > 0, there exist 6 > 0 and ¢ > 1 such that when \g < A < 1— X\g and |u| > b, for
either uv < 0 or |u| > c|v| it holds

MO+ (1= A) < (1—8)AM(u) + (1 - NM(®)].

PROOF: Since N € Ao, for b > 0 and \g there is §’, 0 < 6’ < 1 such that

M((1 = Mo)u) / Ao
———- = <1-¢ (forall > b).
(1 — )M (u) = (for all ul 2 7770)

Since MQ(LU) is a nondecreasing function, it follows that for all A <1 — Ag

M () < (1= 6)AM (u) (for all [u] > 1 AOA b).
— A0

By M € Ag, there is ¢ > 1 such that for all |u| > b

1— )Xo

M((1+ Ju) < (1+ 6" )M (u).

cAo

Now we shall discuss two cases.
(I) wv < 0 and |u| > b.
If |Au| > |(1 — A)v|, we have

MOwu+ (1= \o) < M) < (1—8)AM(u) < (18 AM(w) + (1 — \)M(v)).
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If Aju| < (1= A)v|, then [v] > 25 |u| > 125 |u| > 12%-b, hence
M(Au+ (1= Av) < M((1—A)v)
<(1-38)1-NM(v) < (1= 8)AM(u) + (1 =AM (v)).

(1) |u| > c|v| and |u| > b.

MO+ (1= \o) < MO + > _/\/\)u) < (1= MAM((1+ 2 _)\/\)u)
< (1= N1+ 8)M(u) = (1 — §*)AM (u)
< (1 =AM (u) + (1 — NM(v)).
Setting § = 0’2, we get the required result. O

Let us come to the main result.

Theorem. The Orlicz space Ly; with Orlicz norm possesses uniformly normal
structure if and only if Ly is reflexive, i.e. M € Ag and N € Ag.

PRrROOF: Necessity. It is enough to notice that in the class of Banach spaces the
uniformly normal structure implies the reflexivity [2].
Sufficiency. We shall prove it in five steps.

1. Find a finite set in which the distance of arbitrary two elements is near to
one.

Denote k = sup{ky : 3 < ||| <1 where |jz]| = %(1 + Ry (kgx))}s
o =inf{Ry(z): 3 < | <1}.
By M € Ay and N € Ay, it follows that k < co and o > 0 [9].
Pick a > 0 with M (2a)uG < .
By M € Ag, it follows that there is d > 0 such that

M(2u) < dM(u), |u] > a.

Pick b > 0 with M(b)uG < &3.
Applying Lemma 3 to b and +E2’ we have that there exist § > 0 and ¢ > 1

-2
such that for all A with ﬁg <A< 1’“7 and all w,v with |u| > b such that either
+ +
|u] > elv| or uv < 0, it holds

MO+ (1= Av) < (1—8)AM(u)+ (1 — \M(v)).

Pick a positive integer p > 32dc2E2/a and n = 4p.

Suppose that Ly fails to have the uniformly normal structure. Then by Lemma 1,
we deduce that for 0 < ¢ < 4%’—, there exist ; (i = 1,...,n + 1) with |z;|| <
L, [Jx; — ;|| <1 and |zt — 7}1 itz > 1—¢ (m = 1,2,...,n). Thus
S @1 — wi]| > m(1 — ), hence [|zpm41 — i > 1 —me > 2(m+1#4).

2. Establish the inequality Eiil Ja,(M(vs(t)) + M(vpts(t))) du < 5
(the meaning of symbols will be given below).
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Set xp41(t) —zi(t) = wi(t) i=1,2,...,n
For each t € G, rearrange {u;(t)};"_; from the smallest to the largest and denote
as v1(t) < va(t) < -+ < vp(t). Set v(t) = §(vap(t) + vapy1(t)). Define

A={teG: foratleast 2p ‘i’ : u;(t)v(t) <0 or |u;(t)] > kc|v(t)]
or |ui(t)] < [v(t)]/ke}.

When t € A, for s=1,...,2p,

(¥)  ws(t)vopts(t) <0 or |us(t)| > Ec|vgp+5(t)| or |ug(t)] < |ng+8(t)|/Ec.

In fact, suppose that (x) fails to hold for some s, 1 < s < 2p. Since {vs(t)}7_;
is not decreasing with respect to s,vs(t),vs41(t),...,v2p+s(t) and also v(t) have
the same sign, assumed to be positive without loss of generality. Therefore, from
v(t) > vs(t) > vopts(t)/ke > v(t)/ke, we derive

2p+1
< g (t) S vgy1(t) < - <wopys(t) < kev(t).

o(t)
ke

Combined with the definition of A, we get t ¢ A. Set

As ={t € A: either |vs(t)| >b or |vopys(t)| >0} (s=1,...,2p),
1 , 1
k—(1+RM(kUz))=||Ui|| (i=1,2,...,n), k:n/(zk—),

i=1 "

n LA k
szlkj/znjzl kj=X =

i =1 i

: 1 T k
Notice that 5 < |lu;|| <1, so that 1 < k; < k and m <\ < IR

Define k] and X, as k}(t) = kj and X,(t) = \; if v;(t) = u;(t). Notice that when
t € A, vi(t)vap4i(t) <0 or [kj(t)vi(t)] > |vi(t)] = kelvapti(t)] = clkyy,; (H)vap4i(t)]

or |k, 1 (H)vap1i(t)] = [vap4i(t)] > Kelvi(t)| > clk](t)vi(t)], we have

e=1-(1-¢) Z”xn-i-l_sz = len+ __szH

n

- —Znum - ||—Zuz|\ - Z S Ry (k) = (0% Bag (> i)

i=1

E(Z Ai R (kjuq) — RM(Z Aikiug))
i=1 i=1
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1 n n
= E/G[; A M (kju; (1)) —M(; Nikiui ()] du
1 n NAOM )\, k’ .
ORI Z S

1 [ &
> —/{Z[Als(t)M(ké(t)vs(t)) + Ay s (6) M (K5 (£ v2p 45 (1))]

- ‘ L ()
Z )\ +)\2p+s ))M(/\é( )+ /\,2p+5( )k (t) s(t)
)\/
%@f@%s@vapw»} dp
S D+

2p
-t | PSOMOL00(0) + X5y (M (02 (0)

— (L) + X SO RN
O (0) + Xopea DM (55— e

2l )] di)

)\g( )+ )‘/2p+s(t) 2p+s\U)V2p+s 12

_|_
1 &
> D0 DUOMEL00) + Xy (OM Ry (a8
s=1 s
Y / NG
(/\s(t) =+ /\2p+8(t))M()\/s(t) T )\/2p+8(t)
)\/2 +s( ) /
mk2p+s(f)v2p+s(t))] du}

Ko (t)vs(t)

+

%Z{ | ML) + Xy (M Ky (2

= (1= ) (X ()M (kg (£)vs () + Ngpp .5 ()M (K 4 s (£)v2ps(t))] dps}

which follows because of ——; < )\_)‘i)\ < K
1+k + 1+

Notice that \;k; = % and k; > 1; we continuously have

5
2 D, OMLO0) 4 X M By 003 0)

= Z [ 0) + M 0]
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From the choice of €, we get

2p N U
sz::l /As [M(Us(t)) + M(02p+s(t))] d,LL < T E '

3. Establish the inequality Ry/(®252xB) > ?é—g where B =G\ A.

By ||z2 — z1] > %, we derive Rys(xg —x1) > o. Hence

o< Rys(ws —31) < / M(zs(t) — 1(t)) dp
G(la(t) 1 (1) >2a)

+ / M(wa(t) — 21()) du
Gl (t)—o1 (t)|<20)

T9 — T o
2 )+ 4’

< dRp(

SO

To — X1 N 30

Ry ( 5 )_@-

Set D' = {t € A: Juy(t)| > b}, D" = {t € A: |ua(t)| > b}; we have

/AM(M)W <3 /A[M<u1<t>> + M(us(t))] du

g

<5 [ MOt [ M) i+

2p
o o o 30
< g 9,9 _29
<3 [, 0) 4 MOspsO it < T4 = 5

Hence

T2 — 21
2

L2 — 11
2

To — X1 30 30 3o
Ry ( (—5—x4) 2 =

xB) = Ru( ) = Bu(———x4)

4. Establish [z M(2/(t) — z1(t) du > £

(the meaning of symbols will be given below).

Split B into the following parts:
By={t € B:|ea(t) —3(t)] < 2o (1)]},

Bs = {t € B\ By: |r5(t) — 2;(t)| < EJu(t)| for some i, 3 < i < 5},

B, ={te B\ U;L;i Bj i o (t) — 2;(t)] < %|v(t)| for some ¢, 3 < i < n}.

“4d 8 8d’
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There is B= B4UBsU---U By,. Indeed, if t € B\ U;L:4 By, it follows that

lzi(t) — 2 ()] = |ui(t) — u;(t)] > kejo@®)|/p (i =4,5,...,n; j=3,...,i—1).

While there are ¢ ‘¢’ with u;(¢)v(t) < 0, there are 4p—g—2 ‘¢’ with {u;(¢)} having
the same sign as v(t). Therefore there are 3p —q—2 ‘¢’ satisfying |u;(t) — u;, ()] >
ke|v(t)], where u;,(t) is the smallest one with respect to the absolute value, so for
such i, |u;(t)| > kc|v(t)|. Notice that for such ¢, there are 3p —q—2+¢ =3p—2 >
2p ‘i’ with u;(t)v(t) < 0 or |u;(t)| > ke|v(t)], thus we get t € A, which contradicts

the fact t € B.
Define 0 fea
€ A,
s = {
Tm(t) t € By m=4,5...,n,

then 2’/(t) is y-measurable, and we have

1
§[RM(($/ —x1)xB) + Ry (2" — 22)xB)] > Ry (———
Without loss of generality, we assume that Ry;((z' — z1)xB) > %—g Set

~ 2
B={te B:|2(t) — z1(t)| > max(
p

[v(®)];0)}-

Notice that fact that |v(¢)| < %Z?:l |vi(t)]; indeed, when |va,(t)] < |v2p+1(t)],
then vgp+1(t) > 0, so

0O < 5 (O] + lo2psa () < oapsa(2)
P @1+ lon ] _ 2(oapa @]+ -+ on(D)

- n/2 B n
< 2(u®l 4+ o))

- n

The argument is analogous to that when |vay(t)| > |vap41(t)|. Thus we derive

252
~MW@<MWWSM@W+/M( o(t)) dy
B\B G p
o AR 2|01 ()] + |va ()] + -+ + [oa (D))
S8t /G M P n o
o 2% Jur ()] + [ua(8)] + - + [un(t)
§@+7TAM( o ) dy
o 2C2E2 o o 30
S - - — R —

8 " p "8 16d 164
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SO

/~M(I’(t)—x1(t))du2 / M@ (t) — 21(t)) du
B B

30 3o
> - =

— 8 16d
Set By = BN By,. Then B = U, _, Bm,
5. Prove [z M ('

39
16d

Split By, precisely into the following parts (

m=4,5,.
B3, = {t € Bin : |23(t) — om(1)] < Efo(0)]},

B\B

Mz’ — 1) du

t)—x1(t)du < %; this implies a contradiction

,n)
B, = {t € By \ B}, : |ua(t) — 2m(t)] < Efu(t)]},
Bt = {t € B \UP52 Byt [1m1(t) — 2 (1)) < EJo(0)]}.
Then By, = J"3" Bl
Notice that for t € Em,
|2 (t) — z1(8)] = [ (t) — 21 ()] > b,
(+4) Re
lzm(t) —21(t)] = |2'(t) — 21 ()] = ’ ()] = kelam(t) — xi(t)]
Define
; 1
ki llom = il = 5= 1+ By (ki (am —29))) - (@=1,...,m—1),
m
j=1
m-1 m-l m-1 ~ ;
N = HJ K/ Z szl kb, =k /(m — 1)kL,.
J#i =1 g
For t € B, kinlwm(t) — z1(t)] = Felrm () — ()] > clki, (zm(t) — 2;(1)]; we
have
m— m—1
c=1-(1-¢)2 —xzn—uxm——zxzn
m—1 1 -
o1 2 W (1 + Ry (ki (zm — 7)) —

m—
1—|—RM Z
km =1

_'IZ
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1 m_li 7 1 1.9
- /G [; MK (1) — (1) EA Ko (@m(t) — 24(8)))] du
1 m—1 m—1
> = /Em[i:l X M (K (2 () — (1)) ;x K (o) — i(6))] du
m—1 m—1
—ijﬁ L [ MM W6 = () ZA’ K (o (8) — 4(0))] i
LN / {mz_lx M (K (o (8) = 2(0) = 30 ALy M (KL (o () — (1)
- km j=3 évjn i=1 " ‘ Z;éj_ " ‘
(1= OO, Mk, (m (1) — 21(6))) + M Mk (2 (£) — 23 (1))} di

which follows for the same fact as in 2. Continuing the computation, we have

m—1
ez Y L M n(®) — 21(0) + M My (®) — 23(6))] d
m =3 By,
5 m—1 5
z 2 /Ezn Mz (t) = o1(t) dp = —— /m M (zm(t) — 21(t)) di,
hence
[ Mn® - e s P =,
We obtain

/ M@ (1) — 21 (t)) du = /U M () — 21 (1)) dp

m=4Bm
Z M( —z1(t)d o B
(@m(t) —er(t) dn < 95 < 55 < 164
which yields a contradiction to
3o
M(z'(t) — du > —
[ M@0 - @) dn = 15
and the proof is completed. O

Acknowledgement. Our particular gratitude goes to the referee for his careful
modification of this hard legible paper.
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