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Contact manifolds, harmonic curvature tensor
and (k, p)-nullity distribution

BAsiL J. PAPANTONIOU

Abstract. In this paper we give first a classification of contact Riemannian manifolds with
harmonic curvature tensor under the condition that the characteristic vector field £ belongs
to the (k, p)-nullity distribution. Next it is shown that the dimension of the (k, x)-nullity
distribution is equal to one and therefore is spanned by the characteristic vector field &.

Keywords: contact Riemannian manifold, harmonic curvature, D-homothetic deformation

Classification: 53C05, 563C20, 563C21

It is well known that there exist contact Riemannian manifolds [M2n+1
(p,&,1m,9)] for which the curvature tensor R in the direction of the characteris-
tic vector field ¢ satisfies Rxy € = 0, for any tangent vector fields X,Y of M2+l
The tangent sphere bundle of a flat Riemannian manifold, for example, admits
such a structure [2]. Applying a D-homothetic deformation [7] on M?"*! with
Rxy€ =0, we find a new class of contact metric manifolds satisfying the relation

(1.1)  R(X,Y)E=k(n(Y)X —n(X)Y) + p(n(Y)hX —n(X)hY), (k,p) € R?

where 2h is the Lie derivative of ¢ with respect to £&. An interesting property of
this class is that the form of (1.1) is invariant under a D-homothetic deformation.

The purpose of this paper is, on the one hand, the classification of the contact
Riemannian manifolds having a harmonic curvature tensor under the condition
that the characteristic vector field £ belongs to the (k, x)-nullity distribution, i.e.
satisfies the condition (1.1), and on the other hand, to prove that the (k, p)-nullity
distribution, which we will denote by N(k,u) for k < 1, k # 0, is a 1-dimensional
subspace of T, M for every p € M and is spanned by the characteristic vector field &.

2. Preliminaries and known results.

Manifolds and tensor fields are supposed to be of the class C*°.

Let M = M?"*1 be a connected differentiable manifold with contact form 7, i.e.
a tensor field of type (0,1) satisfying n A (dn)™ # 0. It is well known that such
a manifold admits a vector field &, called the characteristic vector field such that
n(€) =1 and dn(&, X) = 0, for every X € x(M) (x(M) being the Lie algebra of the

*This work was done while the author was a visiting scholar at Michigan State University.
The author would like to express his sincere thanks to Prof. D.E. Blair for contributing valuable
information, making this study possible.
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vector fields of M). Moreover, M admits a Riemannian metric g and a tensor field
¢ of type (1.1) such that

21) @) ¢?=-T+n®E () g(X, &) =n(X), (i)g(X,eY) = dn(X,Y).
We then say that (¢, &, 7, g) is a contact metric structure. As a consequence of these
relations, one has

(2.2) (i) g(pX,9Y) = g(X,Y) = n(X)n(Y), (i) ¢ =0, (iii) np = 0.

Denoting by £ and R the Lie differentiation and the curvature tensor respectively,
we define the operators ¢ and h by

. . 1
(2.3) () £X = R(X. ), (i) hX = 3(Lep)X.
The (1,1) tensors ¢ and h are self-adjoint and satisfy
(2.4) (i) h&€ =0, (ii) €€ =0, (iil) tr h =tr hp =0, (iv) hep = —ph.

Since h anticommutes with ¢, if X is an eigenvector of h corresponding to the
eigenvalue A, then ¢ X is also an eigenvector of h corresponding to the eigenvalue
—\. If v is the Riemannian connection of g, then

(2.5) (i) Vx& = —pX — phX, (ii)Vxp =0, (iii) ply — € = 2(h* + ¢%).
A contact metric manifold for which ¢ is a Killing vector field is called a K-contact
manifold. It is well known that a contact manifold is K-contact if and only if A = 0.

Moreover, on a K-contact manifold it is valid R(X,£){ = X — n(X)&. A contact
metric manifold is said to be a Sasakian manifold if

(2.6) (Vx@)Y = g(X,Y)§ —n(Y)X
in which case
(2.7) (i) Vx€ = —pX, (i) R(X,Y){ =n(Y)X —n(X)Y.

Note that a Sasakian manifold is K-contact, but the converse holds if and only
if dim M = 3.
A contact manifold is said to be n-Einstein if

(2.8) Q=ald+b®E,
where @ is the Ricci operator and a,b are smooth functions on M. The sectional
curvature K (£, X) of a plane section spanned by £ and a vector X orthogonal to £
is called a {-sectional curvature, while the sectional curvature K (X, pX) is called
a @-sectional curvature. The (k, p)-nullity distribution of a contact metric manifold
for the pair (k, ) € R?, is a distribution

N(k,p) :p— Nplk,p) ={Z € T,M | R(X,Y)Z =k[g(Y,Z)X — g(X, Z)Y]
So, if the characteristic vector field & belongs to the (k, u)-nullity distribution we
have

(2.9) R(X,Y)E = k(n(Y)X = n(X)Y) + p(n(Y)hX — n(X)nY).

Now the following lemma is well known [4], but for completness, we also give the
proof.
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Lemma 2.1. Let [M?"*1 (p,€ 1, g)] be a contact metric manifold with ¢ belong-
ing to the (k, u)-nullity distribution. Then
(2.10)

14X = k(X —n(X)&) + phX, VX € x(M)

2. R(§, X)Y = k(9(X,Y)§ = n(Y)X) + u(g(hX,Y)§ —n(Y)hX)

3.0 =(k—1)¢% k<1

4. QX =02(n—-1)—nu]X + 2(n — 1) + plhX + [2(1 — n) + n(2k + p)In(X)E,

n>1

5. ¢Q = Qp —2[2(n — 1) + plhep.

PRrOOF: 1. Using the relations (2.3 (i)) and (2.9) we have

(X = R(X, 8¢ = k(n(§)X —n(X)&) + p(n(§)hX —n(X)hE)

@11 — K(X — n(X)€) + phX.

2. Using the relation (2.9) and ¢g(hX,Y) = g(X,hY") we have

g(R(EX)Y, Z) = g(R(Y, Z2)§, X) = g(k(n(Z2)Y —n(Y)Z), X) + g(u(n(Z)hY
—n(Y)hZ), X) = klg(X,Y)n(Z) — 9(X, Z)n(Y)] + plg(X,hY)n(Z)
—9(X,hZ)n(Y)] = klg(X,Y)g(¢, Z) —n(Y)g(X, Z)]
+ plg(hX,Y)g(& Z) —n(Y)g(hX, Z)]

and since this equation is valid for any Z € x(M), we get the required result.
3. Using (2.5 (iii)), (2.10 (1)), and (2.4 (iv)) we have

(= + plp)X = —LX + plpX
= —k(X —n(X)§) — phX + (ke X + pheX)
= 2kp? X — ph(X + 2 X) = 2kp* X

but on the other hand, —¢ 4+ plp = 2(h2 + goz), so we easily get the result. Now
using the definition of the Ricci operator () and the orthonormal basis {e;} one
easily computes that

2n+1

Q¢ =Y R(&ei)e; = (2n + 1)k — k& + p(tr h)E = 2nkE.

i=1

But on any contact manifold Q(¢,€) = 2n — ||h]|?, hence we have ||h|? = 2n(1 — k)
> 0, from which £ < 1.

4.-5. Similarly, one can easily prove these cases as well. O

For more details concerning contact metric manifolds we refer the reader to [2].
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We close this section with a brief discussion of the harmonicity of the curvature
tensor of a Riemannian manifold. It is well known that, if the divergence of the
curvature tensor of a Riemannian manifold is equal to zero, then this curvature
tensor is called harmonic. So, a Riemannian manifold has harmonic curvature
tensor if and only if the Ricci operator @, which is given by g(QX,Y) = S(X,Y)
where S is the Ricci tensor, satisfies the following relation:

(2.12) (VxQ)Y — (Vy@Q)X = 0.

3. Contact manifolds with harmonic curvature tensor and ¢ belonging
to the (k, u)-nullity distribution.

Let [M?"+1 (,€,1,9)] be a contact Riemannian manifold with ¢ belonging to
the (k, p)-nullity distribution, i.e.

(31) R(X,Y)E=kn(Y)X = n(X)Y) + u(n(Y)hX = n(X)RY), (k,u) € R?.

Let @ be the Ricci operator of M, then the manifold has the harmonic curvature
tensor if, as mentioned above,

(3.2) (VxQ)Y — (VyQ)X =0

for any vector fields X,Y of M.
We first prove the following lemma.

Lemma 3.1. Let [M?"t1 (,€,1,9)] be a contact Riemannian manifold with &
belonging to the (k, p)-nullity distribution. Then

9(VxQ)Y — (VyQ)X, &) =2[2(n + k — 1) — p(k — 1)]g(X, ¢Y)
(3.3) +29(Y, QpX) — 2[2(n — 1) + plg(Y, heX)
+ 9(Y, (Qph + hQp) X)

for any X,Y € x(M).
PROOF: Using the symmetry of the operator Vx@ and (2.10,4) we have
9(VxQ)Y, &) = g(Y, (VxQ)E) = —2nkg(Y, X + phX) + g(V, Q(¢X + ¢hX)).
Similarly,
9((VyQ)X, &) = —2nkg(X, oY + ohY') + g(X, Q(pY + phY)).

Hence

9(VxQ)Y — (VyQ)X, §) = dnkg(X, ¢Y)
(3.4) +9(Y, QpX) + g(Y, QphX)
+9(Y, 0QX) + g(Y, hpQX).
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Now using (2.10,5) and (2.10, 3) we have

9(VxQ)Y — (VyQ)X, ) = dnkg(X, ¢Y) + g(Y, QpX) + g(Y, QphX)
+9(Y,QpX —2[2(n — 1) + plheX)
+9(Y, hQpX —2[2(n — 1) + )(k — 1) X)
=2[2(k+n—1) — p(k —1)]g(X,¢Y) + 29(Y, QpX)
—2[2(n— 1) + plg(Y, hpX) + g(Y, (Qph + hQp) X)

and the proof is complete. 0
We now state the main result.

Theorem 3.1. Let [M?"t1 (p,€,1,g)] be a contact metric manifold with harmonic

curvature tensor and ¢ belonging to the (k, p)-nullity distribution. Then M is either

(i) an Einstein Sasakian manifold, or
(ii) an n-Einstein manifold, or
(iii) locally isometric to the product of a flat (n+1)-dimensional manifold and an
n-dimensional manifold of positive constant curvature equal to 4, including
a flat contact metric structure for n = 1.

The proof of this theorem depends largely on the following results.

Lemma 3.2 [4]. Let [M?"*1 (p,&,1,9)] be a contact metric manifold with ¢ be-
longing to the (k, p)-nullity distribution. Then k < 1. If k < 1, then M?"+1 admits
three mutually orthogonal and integrable distributions D(0), D(X), D(—\) defined
by the eigenspaces of h, where A = /1 —k > 0.

Theorem 3.2 [2]. Let [M?"*1 (p,£,1,9)] be a contact metric manifold with
Rxv& = 0 for all vector fields X,Y of M. Then M is locally the product of a flat
(n + 1)-dimensional manifold of positive constant curvature equal to 4, including
a flat contact metric structure for n = 1.

Theorem 3.3 [4]. Let [M?"*! (p,£,1,9)] be a contact metric manifold with &
belonging to the (k, u)-nullity distribution. If k < 1 then for any X orthogonal to £

(1) The &-sectional curvature K (X, ) is given by

k+Ap,  if X €D

K(X,¢) = {k—/\u, if X € D(—=)),

(2) the sectional curvature of a plane section {X,Y} normal to & is given by

21+ \) — p, if X,Y € D),
K(X,Y) =< —(k+up)(9(X,9Y))?, for any unit vectors X € D()\), Y € D(=\)
21— \) —p, if X,Y € D(=X), n> 1.

Next we prove the following lemma.
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Lemma 3.3. Let [M?"1 (¢,€,1,9)] be a contact metric manifold with ¢ belong-
ing to the (k, u)-nullity distribution. Then

(3.5) (i) If X € D(N), h(VeX) = MVeX + ppX)

(3.6) (ii) If X € D(=X), h(VeX) = =AN(VeX + ppX).
PROOF: (i) Since X € D()), applying (3.1) we easily get

(1) R(§, X)§ = —(k+ M) X.

On the other hand, using the definition of the curvature tensor we have

R(§, X)§ = VeVx€ — Ve x1€ = —Ve(pX + phX)
+ @[, X] + phlé, X] = —ApVe X + phVe X + (90X + phX)
+ oh(eX + phX) = —ApVeX + phVe X — (1 — X2 X

and since k = 1 — A2, we have

(2) R(&,X)E = —ApVeX + ohV X — kX.
Now comparing (1) with (2) we get

(3.7 —ApVeX + phVe X = —AuX,

or applying with ¢ and using h{ = 0 and ¢g(V¢X,£) = 0 we get the required
result (3.5).
(ii) For X € D(—2)), again applying (3.1) we have

®3) R(&, X)E = —(k — Au)X.
On the other hand, using the definition of the curvature tensor we easily have
(4) R(&, X)) = XpVe X + ohVe X — kX.
So, comparing (3) and (4) we have
PhTeX = A= pTeX + pX)
and acting with ¢ we get
hMVeX) = —ANVeX + peX)
and the proof is complete. (]

We are now going to give the proof of the main Theorem 3.1.
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ProoOF OF THEOREM 3.1: The case of k = 1, up € R gives A = 1 -k =0, or
equivalently h = 0. So, R(X,Y)¢ = n(Y)X —n(X)Y and the manifold is a Sasakian.
Now using Lemma 3.1 we easily get that this manifold with harmonic curvature
tensor is an Einstein manifold. Let £ < 1 and p € R, and suppose X € D(A),
Y € D(—X). Then one easily proves that g(Y, QphX + hQeX) = 0 and using the
harmonicity of the curvature tensor, applying Lemma 3.1, we get

(1) 9(QeX,Y) = {A2(n — 1) + u] — X2 — 2(n — \?)}g(X, ¢Y).

Replacing Y by ¢Z (Z € D())) and using (2.2 (i)) and (2.10,5) we deduce

(3-8) 9(QX,Z) = c19(X, Z), VX,Ze D),
where
(3.9) c1 =A2(n — 1) + pu] + XNp+2(n — A?) = const.

Next, replacing X by oW (W € D(—))) in (1) and using (2.2 (1)) we get

(3.10) g(@QW.Y) = cag(W)Y), VY, W € D(=)),
where
(3.11) ca=—A2(n— 1)+ pu] + A2 +2(n— A\?).

Now differentiating (2.10,4) with respect to & and again using (3.8) we get

9(VeQ)X + Q(—pX — phX), Z) + 9(QX, —pZ — phZ)
=c1[~9(pX + phX,Z) — g(X,9pZ + phZ)]

or

9(VeQ)X, Z) — g(Q(pX + vhX),Z) — 9(QX,0Z + phZ)

(3) =calg(eX + phX, Z) + g(X, pZ + phZ)].

But one easily can prove that
(4) g(eX +¢hX,Z) = (1+ Ng(eX, Z), 9(X,0Z + ohZ) = —(1+ N)g(Z,¢X)

and

9(QeX + QphX,Z) = (1+ N)g(QpX, Z),

(5) 9(QX,0Z + ohZ) = —(14+ N)g(0QX, 7).

So, the equation (3) is reduced to

(3.12) g(VeQ)X,Z) =0, VX,Ze D).

329
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Now, since the curvature tensor is harmonic, using (4) and (5) and g(¢X,Z) = 0,
we have

0=g((VeQ)X, Z) = g((VxQ)§, Z) = —2nkg(pX + ¢hX, Z)
+9lQ(pX + phX), Z] = (1 + N)g(QpX, Z).

Hence, g(pX,QZ) = 0 and also since g(QZ,£) = 0, we conclude from (3.8) and
Lemma 3.2 that

(3.13) QX =X, VXeD).
Similarly, one can obtain

(3.14) QX = c3X, VX €D(-)).

Now differentiating (3.13) with respect to £ we have

(3.15) (VeQ)X + Qv X =1V X, VX e D).
Now suppose that

(6) VeX = (VeX)a+ (Ve X)_y.

Using (3.15) and this equation, we have

(VxQ)§ = (VeQ)X = —QVeX + 1V X
= —Q(VeX)r + (VeX) ] +er(VeX)a +c1(VeX)a

But from (3.13) and (3.14) we have

Q(VeX)x = c1(VeX)a, Q(VeX)n = ca(VeX) .

So,

(3.16) (VxQ)E = (1 — e2)(VeX) .
where

(3.17) c1 —cg =2A2(n—1)+ .

On the other hand,
(VxQ)€ = 2nkV x&+ Q(pX + phX) = —2nk(pX + ohX) + (1 + N\)QpX
and using (3.14), we have

(3.18) (Vx@Q)E = (14 X)(ca — 2nk)pX.
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Comparing (3.16), (3.17) and (3.18) we get
(3.19) 2A2(n — 1) + p](VeX)x = (L 4+ N)(e2 — 2nk)pX.

Now, if we substitute the equation (6) into equation (3.5) of Lemma 3.3, we easily
deduce that

(VeX)-n = —Spx.

Substituting this equation into equation (3.19) and using (3.11) we conclude either
(3.20) ) p+2(n—1)=0, or (i) k = p.

If the first (i) equality holds, then applying Lemma 2.1, we conclude that the Ricci
operator () is given by

(3.21) QX =2(n? = 1)X +2(1 + nk — n?)n(X)¢

which is of the form (2.8) and therefore, the manifold M?"+1 is 7-Einstein.
If the second (ii) equality holds, then from Theorem 3.3 we get for the &-sectional
curvatures

(3.22) K(X,8) =1+ Nk, VX e D), K(X,)=1-Nk VX e D(-))
and for the sectional curvatures
() K(X,Y)=2(1+)) —k=1+)N2 VX, YeD\),
(3.23) (i) K(X,Y)=21—-\) —k=(1-X2 VX,Y eD(-)),
(i) K(X,Y) =202 = 1)(g(X,Y))?, VX e D)), VY e D(-M\).

On the other hand, another implication of & = p may be taken from Lemma 2.1,
and therefore, we get

(3.24) QX =2(n—-1)—nk]lX +A2(n—1)+k]X, VX e D).

But, as we proved QX = ¢; X for every X, so we will have

2 —2—nk+2(n—DA+A1—=22) = 2(n— DA+ A1 =A%)+ A2 (1= 22) +2n—2)2,
from which we get

(3.25) M4 (1+n)A2 = (2+n)=0.

The only positive root of this equation is A = 1 and since k = 1 — A? (Lemma 3.2),
we conclude that & = u = 0. Hence Rxy& = 0 for all vector fields X,Y. Now,
the equation (3.23) gives (i) K(X,Y)=4,VX,Y € D()), or (ii) K(X,Y)=0, either
X, Y € D(=A)or X € D(A\),Y € D(—A\). Therefore, we conclude that the manifold
is locally isometric to the product of a flat (n + 1)-dimensional manifold and an
n-dimensional manifold of positive curvature 4 and the proof of the theorem is
complete. O
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4. The dimension of the (k, 1)-nullity distribution.

In the previous paragraph we considered the (k, u)-nullity distribution N (k, u)
of the contact metric manifold [M2"*1 (o, &, 7, g)]. Hence it is natural to ask how
large N(k,pu) can be. If k = p = 0 then Rxy& = 0 for any X,Y and so the
manifold locally is isometric to the product E"t1(0) x S™(4), with £ belonging to
the Euclidean factor [3]. Thus dim N(0,0) = n + 1.

Recently, the following theorem has been proved [4]:

Theorem 4.1. Let M2"t! be a contact metric manifold with & belonging to the
(k, p)-nullity distribution. Then k < 1, and if k = 1 holds, then M is a Sasakian. If
k < 1 then M admits three mutually orthogonal and integrable distributions D(0),
D()\) and D(—)\) determined by the eigenspaces of h, where A = v/1 — k. Moreover,

L R(X5, YA)Z x = (b — w)[g(pXx, Z2)pXs — g(p Xy, Z_5)pYa]

2. R(X Y 2)Zx = (k= 1)[g(0Y_x, Zx)pX 5 — g(pX _x, Z2)pY 5]
(4.1) 3. R(X5, Y_2)Z o\ = kg(oXx, Z_x)oY_x + pug(eXa, Y_x)oZ_\

4. R(X,,Y_\)Zx = —kg(pY_x, Z\ )X\ — ug(©Y_x, X\ )pZ,

5. R(Xy, Ya)Zy = [2(1 + A) — pl[g(Yx, Z0) X — g(Xx, Z3)Y)]

6. R(X_x,Y_2)Zox = [2(1 = A) = pf[g(Yon, Zox)Xon — g(Xx, Z3) Y]

where XA,YA, ZA S D()\) and X,A,Y,A, Z,A S D(—)\)
We now state and prove the main result of this section.

Theorem 4.2. Let [M?"+1 (¢, €,1,9)] be a contact metric manifold of dimension
2n 4+ 1 > 5 such that & belongs to the (k, u)-nullity distribution N(k,p). If k < 1
and k # 0 then dim N (k, u) =1 and N (k, ) is just the span of &.

PrOOF: If P € M then by definition
Np(k, ) = 12 € ToM | R(X,Y)Z = k(g(Y, 2)X — g(X, Z)Y)

(4.2) 1(g(Y, Z)hX — g(X, Z)hY)}.

Suppose that there exist a unit vector Z € N(k, ) orthogonal to . Then Z =
aZy+ bZ_, where Z,,Z_, are unit vectors and a,b > 0.

Suppose that X, Y € D()), then using Theorem 4.1 we get
(4.3) R(X,Y)Z = a[2(1+ A) — plg(Y, Z3) X — g(X, Z))Y]
' +0(k = W)[9(¢Y, Z_2)pX — g(0X, Z_)pY].
On the other hand, from (4.2) we have
(4.4) R(X,Y)Z = alk + An)lg(Y, )X — g(X, Z)Y .

Now comparing these two equations, we get

a(l+ N1+ A= p)[g(Y, Z3)X — g(X, Z,)Y]

(4.5) +b(k = )g(pY, Z_\)pX — g(¢X, Z_5)pY] =0
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for all X,Y € D()).
Suppose that g(X,Y) = 0 and choose Y = Z_,. Then this equation is reduced
to

a(l+ N1+ A= p)[g(Y,Z)X — g(X, Z))Y] = bk — p) - X =0,

from which, by taking inner products with X we deduce

(4.6) b(k—pu)=0
and
(4.7) a(l+ A1+ A—p)=0.

Now suppose that X, Y € D(—2), then working similarly we get

A=A +p—1[g(Y,Z_)X — g(X, Z_,)Y]

(4.8) +alk — wg(@Y, Z)pX — g(¢ X, Z))pY] = 0.

If we choose X,Y to be such that g(X,Y) = 0 and ¢Y = Z, then the equation
(4.8) is reduced to

(4.9) bA=1D)A+p—D[g(Y,Z_)X = g(X, Z_)Y] + a(k — p)pX =0,

from which, taking the inner products with ¢ X, we conclude that

(4.10) alk—p)=0
and
(4.11) bA—1)(A+p—1)=0.

Now if k # p, (4.6) and (4.10) imply a = b = 0 and the proof is complete, since we
have Z = 0. So suppose k = p. Then since k = 1 — A2, (4.7) and (4.11) become

(4.12) aX1+X2)=0
and
(4.13) b(A—1)2=0.

But A # 0 (k < 1) and A # £1 (k # 0) so we also conclude that a = b = 0.
Therefore, there does not exist a vector Z perpendicular to £ belonging to the
(k, p)-nullity distribution, N (k, u) is spanned by £ and hence dim N(k,u) =1. O
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