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Dirac operators on hypersurfaces

JAROLIM BURES

Abstract. In this paper some relation among the Dirac operator on a Riemannian spin-
manifold N, its projection on some embedded hypersurface M and the Dirac operator
on M with respect to the induced (called standard) spin structure are given.
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1. INTRODUCTION

The Dirac operator D belongs to intensively studied operators on manifolds. It
usually can be defined on a Riemannian spin-manifold and depends on its spin
structure. For flat space, it is intensively studied in Clifford analysis and solutions
of the equation D¢ = 0, called the Dirac equation (for spinor-valued or Clifford
algebra-valued functions ¢) are described in several ways. In the present paper, some
relations among the Dirac operator defined on a given Riemannian spin-manifold N,
its projection on some embedded hypersurface M and the Dirac operator on M with
respect to the induced spin structure are given. Notations and basic facts from [5]
and [9] (or [6]) are used.

2. GENERAL THEORY

2.1 Clifford algebras and spinors.

Let us introduce only some notations and conventions; more details can be found
e.g. in [9], [2], [6]. A spinor space Sy is an irreducible representation of the Clifford
algebra R n, the corresponding Spin representation is simply the restriction of
action of Rg n to the group Spin (,R)(n) C Rgn. Action of R™ C Rg n on Sy, gives
us a bilinear map i : R™ x S — S which induces a linear map p: R*® S — S.

2.2 The Dirac operator on Riemannian spin-manifolds.

Let (M, g) be an n-dimensional Riemannian oriented spin-manifold, let P — M be
the principal fibre bundle of orthonormal oriented frames and let P— Pbea spin
structure on M. Let w be an so (,R)(n)-valued 1-form on P which corresponds
to the Levi-Civita connection. Then there exists a unique spin(n)-valued 1-form @
on P which is a lifting of w and gives a canonical connection on P. We have the
following diagram of maps.

T(P) w spin (n)

i i)\*

T(P) v so(,R)(n).
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314 J. Bures

The connection @ induces a covariant derivative V* on the associated spinor
bundle S over M. The Clifford multiplication 1 : R™ ® S — S induces a vector
bundle homomorphism p: TM ® S — S. If h is an identification of TM « T M*
defined by the Riemannian metric then D := po (h ® id) o V¥ is called the Dirac
operator on M.

Let us introduce a more convenient notation, namely denote p(v,€) := v o £ for
v € R™ and £ € Sy and u(X, &) := X e ¢ for a vector field X and a spinor field £
on M.

Locally the Dirac operator can be described in the following way:

Theorem 1. Let (e1,ea,...,en) be a local orthonormal frame on an open subset
U C M. Then we have

n
D= Zei L4 Vgi
i=1

onU.

2.3 Local computations. ~
Recall that a basis for spin (n) is {eje;, ¢ < j}. Let § : U — P be a local section
(spin frame) on U. Then we have the following trivializations of bundles on U:

TW)=UxR", C(U)=U xRon and S(U)=U x8S.

For a basis (£1,&2,...,&én) of the spinor space S, let us denote by & =
[(5,€1)], .-, &n = [(5,€n)] the corresponding sections of spinor bundle S on U.
It is possible to write the connection form @ on U in the form

w = Z&ijeiej N
1<j

where w;; are 1-forms on U. It is convenient to define wj; := —w;; for j > i.
The covariant derivative V¥ corresponding to & is defined by

VG =) wijlseeje &) = wijeiej el
i<j 1<j

It remains to express the forms w;; using the forms w;; of the Levi-Civita con-
nection. Let U be a simply connected domain. The connection form w on U has

the following form
w = E wijEij,
1<j

where Ej; is a canonical basis for so (,R)(n). Put again w;; := —wj; for i > j. Then
from the diagram 1 we get

)\*(Z aijeiej) = 2Z&ijEij = ZwijEij

1<j 1<j 1<j
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and LT)Z] = %w”
For a local orthonormal frame s = (ey,...,en) on M we have the following for-
mulas:

wij = g(Ves,ej),
i.e.
wz](ek) = g(vekeza e]) Fj

and
k
Veiej = ZFi]—ek .
k

If [ep, eq] = D _j Cpger then

k

1 . .
k
Iy = 5(02]' — it

Finally if we put for { € I'(U, S), { =), a" &

X¢= ZX )&, 508 = Za ejely),

we get

a) a local expression for spinor connection

V§ = X(©) + 5 3 wim(Xepeq o€
p<q

b) a local expression for the Dirac operator

p<q

D¢ = Zej ° (ej(g) + % prq(ej)epeq of)
J

or

D¢ = Zej o (ej(&) + % Z F;I.pepeq °f).
J

r<q

3. DIFFERENTIAL OPERATORS ON SUBMANIFOLDS

First of all recall how a differential operator (on functions) on a Riemannian mani-
fold defines an operator (on functions) on any submanifold of N (see [7]).
Let M be a submanifold of a Riemannian manifold N, let P be a differential
operator on NV, i.e.
P:CE(N) = C°(N),

where CS°(N) denotes the space of all smooth functions on N with a compact
support.
Let us define an operator m,; P called the projection of P on M as follows:
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For every point « € M, let us construct geodesics in IV starting in  and orthogo-
nal to M. Taking small enough pieces of such a geodesics, we get a submanifold VIJ-
in N. Moreover for a point y € M we can take a neighborhood U(y) C M in such
a way that (after a little change if necessary) the submanifolds V- for z € U(y) do
not intersect. Then we get a neighborhood U(y) = Uzeu(y) VmJ- of yin N. Let us
call such a neighborhood geodesic-tubular neighborhood and write shortly g-tubular
neighborhood of y € M in N.

If we have a function I € C2°(M) and a point y € M, we can extend Fy; to

a function F 7 constantly on every V- for z € U(y) and put

T (P)(F)(y) = P(F)p)(y) -

The operator P on N does not increase supports, hence the operator m; P is a well
defined operator on M.

Let us denote the Laplace-Beltrami operator on a Riemannian manifold X by
Ax.

Then we have:

Theorem 2 ([7]). Let M be a submanifold of a Riemannian manifold N, then
T(AN) = Anr -

Remark 3.1. As we shall see later, we can similarly define a projection of the
Dirac operator from Riemannian spin manifold N to an oriented hypersurface M
(which is a spin manifold with the induced “standard” spin structure), because we
are able to imbed canonically the spinor bundle on M to the spinor bundle on N.
We have a possibility to extend a spinor field from the hypersurface constantly to
the g-tubular neighborhood and to define the projection as explained above.

3.1 Spin structures on submanifolds.

3.1.1 Algebraic preliminaries.
For any n € Z4 we can define natural imbeddings

Spin (2n,R) C Spin (2n + 1,R) C Spin (2n + 2, R)
induced by natural imbeddings of the corresponding Clifford algebras

Ro,2n C Ro2n+1 C Ro2n42

and we can also discuss the relations among the corresponding basic spinor spaces,
considered as Clifford modules.
We have the following situation:

a) For m even, m = 2n + 2, there is a unique spinor space Sg,42 which is
irreducible as a module over R0,2n+2+ but decomposes as Spin (2n + 2, R)-module
as follows:

(1) Sont2 = Sont2’ ® Sonia,
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where the decomposition is given by eigenspaces of the multiplication by an element
w = e]...eany2 from the left.

b) For m odd m = 2n+1 there are two spinor spaces Sa,+1 and S/gn\_H which can
be identified with the corresponding spinor spaces for dimension 2n + 2 as follows:

+ -~ _
Son+t1:=8Son42" , Sont1 = Sonta” .

c) For m even, m = 2n there is again a unique spinor space Sg, which is irre-
ducible as a module over Ryg 2, and decomposes as in a) as a Spin (2n, R) module
as follows

(2) Son = S2n+ ® Saop~ )
we can identify again
Son = Sgnt1 or Sg, = Soni1.

We shall use the following description of the spinor spaces and also the calculus
which follows from it (see [5]). The element I, is an idempotent in Rg n.

Sont2 = AW,y 0L, =AW, oL, 11 @AW, o1,
further we put
Sont1 =AWy i1eL,41, Sony1 = AMW, 1 e1, 1,

and
Sop = Aevwn-l—l ol 1= S2n+ ®Son

where

Sont = {¢eI,11 € AW, 1 01,1 fri1& =0}
Szn_ = {5 [ In+1 S Aevwn-i-]_ L In+1|fn+1§ = 0} .

An intertwining map ¢ between isomorphic Rg 2,41 representations So,,41 and
Son+1 is defined by:

(5 + Ly D)Ing1) := (=)™ + sfrp1)Ins1; s € AW, 11, [ € A°MW,,
and the vector eg, 12 acts on Sa,4o with respect to the decomposition (1) as
ean+2lu+ 0] = (=1)"ifv + 4) .

Finally the action of eg,11 on the space Sa, := So,4+1 with respect to the
decomposition (2) is the following

ean+1[s + Ufont1)Ing1 = (—1)"i[s — Ufant1)Iny1; 8 € AWypq, 1 € A°UW,, 4.

317
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Remark 3.2. We shall use the isomorphism of AW,, ~ A°W 1 given by
3+l_>5+lfn+la

where s is an even element and [ is an odd element of W,.

3.1.2 Spin-structures on submanifolds of codimension 1.

Let M™ be an oriented submanifold of codimension 1 in the Riemannian spin
manifold N1, Then there exists a uniquely defined standard (with respect to
the embedding) spin-structure on M"" induced from the spin structure on N m+1,
This spin-structure is defined in the following way: using the unit normal field on
M™  an embedding of Bgo(M) into Bgo(N) on M™ is defined and then we take
the corresponding pull-back of Bgo(M) in Bspin (V).

Remark 3.3. Let M be a submanifold of arbitrary codimension in a Riemannian
spin manifold N and let N}; be the normal bundle of M in N. For each spin
structure on M a unique spin structure on the normal bundle s can be defined
such that their direct sum is the restriction on M of given spin structure on N. Also
for any spin structure on the normal bundle A}, there correspond spin structure on
M such that their direct sum is the restriction on M of given spin structure on N. If
M is an oriented hypersurface in N, the standard spin structure on M corresponds
to the trivial spin-structure on A (unconnected 2-1 covering). Generally spin-
structures on an oriented hypersurface M in N correspond to the double covering
of M.

For the corresponding spinor bundles we get the following possibilities which
differ in the even and odd cases:

1) For m even, m = 2n, there is an isomorphism of bundles
Spyon = 8N2n+1/M2n

and we get a picture:

_l’_ —
Si e sy,
Sy £ Sn
I I
M2n L N2n+1 ]

If ¢ is a unit normal field on M2" in N2*+1 then for any spinor field ¢ on N2 t1
(resp. on a neighborhood of M?" in N2"*+1) we have the following formulas:

a) For the action of the normal field £ on the spinor space
Eo (9T +97) =i(-1)"(¢T —¢7).

b) For the covariant derivatives VSM and VSN on the corresponding spinor
bundles

VM (/M) = (V50)/M + 5(VNE) e w6
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for X e TyM,x e M.
¢) For the corresponding Dirac operators Dy on N2+l and Dy on M27:

2n
Dag(6/M) = (DN6)/M + 3> ;o (VNE o606 - o VEVD,

J=1

d) Let e; be principal directions on M and let A; be the corresponding principal
curvatures, i.e.
N
Vej§ = —)\jej .

Then we can write

1 2n Sn
Dag(6/M) = (Dn)/M — 5; NEed—Ee VNG

and
Dyr(¢/M) = (Dne)/M —nHE o =0 VN,

where H = ﬁ ?Zl A;j is the mean curvature of M in N.

2) For m odd, m = 2n + 1, there is an isomorphism of bundles Sy; & gM and
restriction of Sy on M. We have the following picture:

Sy e gM B
b3
Su L Sy
I i
M2n+1 L N2n+2 )

If £ is a unit normal field on M 271 in N27+2 then for any spinor field ¢ on N 2712
resp. on a neighborhood o in we have the following formulas:
ighborhood of M?"*1 in N27+2) we have the following formul

a) For the action of the normal field £ on the spinor space

o (1 + p2) = i(—1)"(¢2 + 61).

b) For the covariant derivatives VSM and VSN on the corresponding spinor
bundles

(V$26)/M = V32 (61/M) + V5 (G/M) — VN 00,

where X € Ty M, x € M and where ¢ = ¢1 + ag is a decomposition of ¢ with
respect to the identification described above.
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¢) For the corresponding Dirac operators Dy on N2**+2 and D, Dy on M2+

2n+1

(DNG)/M = Dar(61/M) + Day(Ga/M) = 5 3 ej 0 (V) 606+ £0VEN6.

i=1

d) Let e; be principal directions on M and let A; be the corresponding principal
curvatures, i.e.

Vé\]ff = —)\jej .
Then we can write
1 2n+1
(D6)/M = Dag(é1/M) + Dar(2/M) + 5 3 A& e g+ E0 VMo
7j=1
and if e.g. QASQ =0 we get
M(61/M) = (Do) /M~ 2L HE 0~ €0 VEY,

where H = 2n 321 A;j is the mean curvature of M in N.
Moreover for both cases (odd or even dimensional), we have the following formula
for the projection of the Dirac operator from N¥+1 to MF:

k
M(DN)¢=DM¢+§H'€'¢,

where v is a spinor field on M.

Example. The sphere & in R™H1,
There is a unique spin structure on the sphere ¥ defined by the following

diagram:
Spin (, R)(m + 1, R)

| N
SO(m +1,R) T m .
The sphere ¥™ is a homogeneous space SO(m + 1,R)/SO(m,R) and can be
represented as an orbit of the point P :=[0,...,0,7] in R™*1,
It can be also represented as a homogeneous space Spin (m + 1, R)/Spin (m, R),

so the maps in the picture above are well defined, and we have a quite natural
identification

Bso(E™) = SO(m +1,R), Bspin (E™) = Spin (m + 1, R).

Moreover using the natural isomorphisms of spinor spaces in (3.1), we have the
following diagram for the sphere:

Spin (m + 1, R) L Bspin (R™T1) = R™*1 x Spin (m + 1, R)
I I
nm L R™TL
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The group Spin (m + 1, R) is embedded as Spin (m, R)-principal fibre subbundle
into Bgpin (R™T1) by

s € Spin (m + 1,R) — [7(s), 5] .

The corresponding associated spinor bundles are also related, but there is a dif-
ference between odd and even dimensional cases: a) For m even, m = 2n,

v

82277, SR2n+1 - R2n+1 X S2n+]_
I Im
2271 L R2n+1

and after the restriction on $2, we have a trivialization of Syon:

b) for m odd, m = 2n + 1,

8227L+1 EB 8227L+1

| .

8227L+1 SR27L+2 = R2n+2 X SQTL+2
I Jm
22n+1 L R2n+2

and after the restriction to the sphere 271 we have a trivialization
Syont1 @ Syont1 < w2t Son+2 -

Let us compute the relation between the Dirac operator on R™*+1 and on the
sphere %™ under the identifications defined above.

Let (e1,...,em,&) be an orthonormal frame field on an open subset of sphere,
let £ be a unit normal field to ™ in R™*1
If (1,... ,Zmy1) are cartesian coordinates in R™+! and
m—+1

"= {(Il,. .. ,$m+1) S Rm+1 | Z xlz =

then £ = 1 741 2,9
If X e ’T xm then the relation between covariant derivative V on R™*1 and
induced covariant derivative V on ¥ is the following one:

VxY = VxV +h(X,Y)¢, Vyé=—-A(X),
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where A : 7,¥™ — T,¥™ is a linear map, h(X,Y) = g(A(X),Y).

For the sphere Y™ and for the frame field defined above we have

1 ~ 1
A(ej) = —;ej, Vle = —;ej

~ 1
veiej = Veiej — ;6ZJ§

and furthermore for a spinor field ¢ on U

m

D¢ = D(¢zm) “3. ——ez Jeeo+Ee Ve,

—

hence

Do = D(g/sm) +E (6(6) + 5-0).

Remark 3.4. There is a connection between the operator I' on the sphere, defined

in
fro

[8] and Dirac operators D and D, namely if we change the values of operator
m the spinor-valued to the Clifford algebra-valued functions and use the standard

procedure, we get

L¢= e D(dsm) + 56

and we may obtain relations as in [8].

From the relations among the operators Dy, Dy, ¢p7(Dpy) and T’ we can deduce

relations among the elements of the corresponding kernels and further results which
will be presented in the next paper.

(9]
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