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Special finite-difference approximations of flow
equations in terms of stream function, vorticity
and velocity components for viscous incompressible
liquid in curvilinear orthogonal coordinates

H. KALIS

Abstract. The Navier-Stokes equations written in general orthogonal curvilinear coordi-
nates are reformulated with the use of the stream function, vorticity and velocity compo-
nents. The resulting system id discretized on general irregular meshes and special monotone
finite-difference schemes are derived.

Keywords: finite-difference hydrodynamics

Classification: 65M06, 7T6E99

There are effective universal numerical methods (finite-difference and finite-ele-
ment methods) for the solution of boundary value problems of hydrodynamics based
on nonlinear Navier-Stokes equations for small Reynold numbers. However, the
presence of large parameters at first order derivatives or small parameters at sec-
ond order derivatives in the system of differential equations cause additional dif-
ficulties for the application of general methods which become uneffective (small
speed of convergence, low precision). Thus a topical task is to work out special
methods of solution — the so-called regular-convergence computational methods
for the regarded problems [1]-[3]. Such methods can be applied to the system of
flow equations for viscous incompressible fluid in curvilinear orthogonal coordinates.

The subject of examination are the finite-difference approximations of flow equa-
tions describing two-dimensional incompressible flow in curvilinear orthogonal co-
ordinates in the case when it is possible to introduce the stream function of the
liquid. This gives the possibility to develop special monotone difference schemes.

The flow of the liquid is governed by the Navier-Stokes equations which can be
written in the Crocco-Lamb form [5]:

) OV /0t — v x w = —gradll — vrot w + F
dive =0,

—_— — - . . . —
where v, w, F, denote the vectors of velocity, vorticity and external force (w =

rot ?), II = Q_lp + (v% + v% + ’U%)/Z is the full pressure, o, p,v are the density,
pressure and kinematic viscosity. Further, by v, v2, v3 we denote the components of
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—
the vector v in curvilinear orthogonal coordinates q1, g2, ¢3; similarly, w1, w2, w3 and
—

F1, Fo, F5 are the corresponding components of the vectors w and F , respectively.
By t we denote time.
Operators grad, div, rot have the following representation in the coordinates

a1, 92,93 [6]:

3
grad Il = Z Hglan/aqk . Tk,
k=1
(2)  dive = (H HyHz)™! [i(H2H3v1) + i(15’3H1v2) + i(H1H2v3)}
oq1 9q2 dq3 ’

-~ Hy/y Hsto Hsis
rot v = (H HoH3) ™' | 0/0q1 9/0q2 0/0qs |
Hyvy  Hovy  Hsvs

where Tk are unit vectors in the directions qi, ¥ = 1,2,3, and Hi, Hp, Hg are
Lame’s coefficients. The boundary value problem for the system (1) in a bounded

domain includes non-slip conditions on solid walls (v = 0) and vanishing normal
components of the viscous stress tensor 7 at free surfaces.
The components of the tensor 7 have the following form [6]:

(3) Ty = nlH;,  Ovm/Oqy + Hyp  Ovg/Ogm — Hyy Hy (0O Hy /Oqy,+
3
+ 0k0H}/0am) + 200y, ¥ v H; 0 Hyn /Oq)),  m,k =1,2,3,
=1

where d,,, is the Kronecker symbol and 7 is the dynamic viscosity (ng_l =v).

In order to transform system (1) into curvilinear orthogonal coordinates, we use
the following relations:

(gradIl),, = H, 1011/9qm,

(rot 7)m = Hy_n}|.1H¢_n}|.2(8(Hm+2vm+2)/8Qm+1 — O(Hm+1vm+1)/0¢m+2),
(v X W)m = Um4+1Wm+2 — Um+2Wm+1,

Um+3 = Um, Wm+3 = Wy, Hmts = Hpy, 1 < m < 3. Thus, system (1) becomes

OV Ot — Uyt 1Wma2 + Vmaowmi1 = —H YOI/ 0q, —
(4) _VHT_n}HHT_ni_Q[8(Hm+2wm+2)/an+1 — O(Hpmy1wm+1)/0qmy2] + Fi,
or (HoHzv1) + 52 (HyHive) + 52 (Hi Havg) = 0,

where

Wm = Hn_l},_lHn_li_g(a(Hm+ZUm+2)/8Qm+1 - a(I{m—l—lvm+1)/(?L]m—i-Q)-
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If we apply the operator rot to system (1), then we eliminate the pressure II and
rewrite the flow equations in the form

(5) 8 /0t — rot(T X &) = —vrotrot @ + rot F,

or in components,
Ownm /Ot — H;@}i_1H;1}4_2[&]#3H(Hm+2(Umwm+l — Um41Wm))—

. G (Ht (Ot — v 2))] = fn = vy Hd
. [8(]3_,_1 (Hfg;’:—l (3qam (Him10m1) = 3qi+1 (Hmwm))) -
_3q2+2 (HZZ::H (8qi+2 (Hmtom) = %%(Hmﬂwm”))” ’

where f =rot F.

In what follows, we consider the class of axially symmetric flows. This means we
assume the existence of an index k € {1, 2, 3} such that the derivatives with respect
to ¢, which appear in system (4), (6), vanish. Then, taking into account that

W41 = H];_&QHk_la(Hkvk)/aqk-i-Qa Wgt2 = —nglﬂgla(ﬂkvk)/a%ﬂ :
system (4) reduces to the equation
—17—1 —1 771
Ovg /Ot + v 1 Hy " Hy [ 0(Hyvg) [ Odg+1 + vi2Hy  Hy [ 0(Hgvg)/0gy42 =

v { 0 ( Hiyyo
= Hyvg, )+
(7 Hy 1 Hyoo L0qq1 \HpHyiq 3qk+1( )

0 Hgyp 0
Hpv + Fy, .
k12 (Hka+2 3(1k+2( F k))} F

The continuity equation has now the form

0
(HpqoHpvpy1) + 57— (HpHp1vp42) = 0.

8
(®) k12

qp+1
Hence, the stream function ¥ can be defined by

1 o 1 oY

9) Vgl = 55— , Vgt = — :
T HyHyyy Ogpyo * HypHy 1 Oqp41

If such a function exists, then (8) is satisfied automatically.
From the definition of the vorticity function wy we obtain the Poisson equation
for the function :

(10) 9 (Hk+2 81/)) 9 (Hk+1 oY

= —Hyp1Hppowy -
Oqi+1 \HpHy 1 Oqp41 Oqi42 \HpHy 42 36]k+2) R
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Equations (6) for the vorticity function wy become

8{1};68

— (Hpvg) — Hyyoug, 1%]—
Iqp4+1 LH, Oqpy2 ek

Owy, /Ot — (Hk+1Hk+2)_1{
Uk

_r Hiv =
Hy, 3qk+1( F k)”
v { 0 (Hk+2 0

Hy 1 Hiyo 8qk+1 HypHyq 8qk+1

0 Hp1 0
Hiw .
k42 (Hka+2 5Qk+2( F k))]

- Hypp1vgowy +
3Qk+2 {

= [kt

(11)

(Hk%))+

We see that equations (7) and (11) contain source terms of the form awy,, bvy, where
the functions a and b can change their signs. This causes difficulties in the derivation
of monotone difference schemes, since the maximum principle ([4]) is not valid for
such equations.

Using the transformation

(12) up = wkH_l, wg = Hivg

and taking into account the relations (8) and

0 Hi,9 0H; 0 H.,1 OHp
(13) =3 (H+8 ) P (H+8 ):0’
qk+41 k+1 94k +1 k42 k+2 94k+2

we transform (7) and (11) to the equations

8wk
Hk+1Hk+2W
(14) :qu{ 9 (Hk+2 8wk) 9 (Hk+1 dwy, )}_
g1 \HpHy 1 0qp 11 Oqr42 \HHyy2 0qpy2
— Hypyo0p 110wy /0qp 1 — Hi 1420wk /0qp g2 + Hy 1 Hy o Hi F,
and
Ouy
Hk—i—lHk-i-ZW:
H H
:VHE?’[ 9 (H];;, k2 Oug )+ 9 (H;j k+1 Oug )}_
(15) 041 Hyy1 0qk41/  Oqiio Hi o 0qp12

— Hyp o103/ 0qp 41 — Hy 102003/ Oy + Hypp1 Hy o H ' fro—
— Hy Y (0Hy,/0qp41 - 0w} /0ar 42 — OHy,/Oqpy2 - 0w /Ogisr).-

We used the fact that (13) implies the identity

[ 0 ( Hyio 8(H§uk))+ 0 ( Hyiq 8(H§uk))}:
Oqp41 \HpHyy1 O0qgy1 Oqr42 \HHp o Oqpio
0 3Hk+2 8uk 0 3Hk+1 8uk
H + H .
8qlﬁ-l ( b Hk+1 8q}<}+1) 8q}<}+2 ( K Hk+2 3‘1k+2)}

-1
Hk

:Hk—?’{
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Let us note that in any orthogonal coordinate system ([7]) there exists always at
least one direction gi, for which My, = 0 (k = 3) and the equation for the normalized
vorticity function wuy can be represented in form (15). The following special cases
can be considered: (1) My = 0, if H; = const, (2) M3 = 0, if H; = Hy and
(’“)2H3/8q% + 82H3/8q% =0, (3) M1 # 0, My # 0, if H1, Hy depend only on
q1,q2- For example, for rectangular and cylindrical coordinate systems M = My =
Mg = 0, and for spherical coordinates My = M3 = 0, My # 0.

Equations (14), (15) do not contain source terms and are, therefore, suitable for
obtaining difference schemes. We begin with the analysis of finite-difference schemes
for the following system of ordinary differential equations:

(16) { (blu//)/ +a1u/ 4+ cw' = fi

(bow”) + agw’ = fo,

where the functions a1, b1, a2, b, ¢, f1, fo depend on x,

du d?u
b 0, b 0, v =—, ="+, ....
1> 9 2> 7u dw’u dx27

System (16) can be rewritten in the matrix form

(17) (Bu') + Au' = ?

(b1 O (a1 ¢
B_(O bg)’ A_<0 ag)
are 2 x 2 matrices, u = (u,w) and f = (f1, f2). Let us consider an irregular mesh
formed by mesh points x; and introduce the matrix function

where

w(x) = exp(/x a(t) dt), x € (Ti—1, Tit1)s

Ty

where
a=AB™1.

Then equation (17) can be expressed in the selfadjoint form
w N (wBu') = f or (wBu') =wf in (i_1, Tig1)-

Integrating over (z;_; /2> Tit1 /2) and using the rectangle formula, we obtain the
vector equation of balance ([4])

- - Tit1/2  — —
(18) Fivip—Fic12= / wfde~h;f;
xX

i—1/2
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—

where F () = wBU/, Fiy1/2 = F(Tix1/2); Tiz1j2 = @i + Tig1/2)/2, Tg = (hi +

_>
hi+1)/2, hiy1 = 241 — ®;, hy = ©; — x;—1. Since w' = B lw 1F, we have

— — Tit+1 1 1 Ti+1 1 —
ui+1—ui=/ B~ lw .fd:cNBH/z/ whdr - Ty =
x Zq

i
—

B;_l/g 2+1/2(6XP(—0%+1/2hi+1) —E)-Fir1)2
— Ty —
Ti—1 Ti—1

-1 -1
-B,_ 1/2%— 1/2( eXP(ai—1/2hi)) ) j_z'—l/2
and from (18) we get the vector finite-difference equations

—

(19) Auj=Bi(dipr — ui) — Ai(uy — uim1) = fi

where

~ 1
Bi=t; h2+1( ®ip1/2Ni+1)Biy)2,

Ar=ny'hy Ys(0_12hi) Bi_1 /o,
5(z) = z(exp(z) — B) 7! = (exp(z) — E) 1z

Here E is the identity matrix. a;yq/9, Bi11/o are the average values of the entries
of the matrices «, B in intervals (z;_1,;), (z;,2;41) and u; = u(x;).

Since the matrix function s(z) associated with the matrix z = ah has nonnegative
eigenvalues, we have EZ > 0, flz > 0 and the corresponding difference scheme is
monotone. Calculating the matrix function s(z) on the spectrum of the matrix z
([10]), we get

Af A
B 1 S(_/\ii-)bii- +%hi+l
=
ﬁihi—i-l 0 ( )\+)b+
- —s0)=sO]
g ! <5(A1 Wy e %h?
frihs 0 s(A5)by

where
— - — 3+
)\;: = a;hi+1/b:, )‘k = Q. hi/bka bk = (bk)i:tl/2=

a; = (ap)iz1y2 k=12 & =cipyjo, s(\) = M (exp(A) - 1).

If we consider f = 0 in (16), then the corresponding system (19) can also be
obtained directly from (16) integrating this over segments (x;_1,2;), (%;, Zj+1),
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assuming that the coefficients b1, a1, b2, ag, c have constant values b] ;a5 5 C ~ and
bT,al, ¢t (j = 1,2) on the intervals (z;_1, ;) and (x4, xi+1), respectively, and
using the following boundary conditions
W(@it1) = Uit 1, W(Tix1) = wix1, u; = u(x; ) = u(z;),
-\ N S BN Ry
w(z; ) =w(x]) =w;, bju'(x]) =0 v (z]),
+ 10+ — 1
byw (z;7) = by w'(x;).
In the case of constant coefficients and regular meshes we have

Auy=h2[s(=2)B(Wip1 — u; + (Wi + 0-1)/2)—

(20) _S(Z)B(ui_uz 1:l:( z+1+uz 1)/2) =
:’Y(Z)Buwfi +Aum'ia

where
z=AB7 h = s(—=2) — s(2), ~(2) = (s(2) + s(—2))/2 = (2/2)cth(z/2).

Here v is the so-called perturbation of the coefficient matrix and u;, u,z are the
central differences of the first and the second order ([4]).
By computing 7(z) on the spectrum of the matrix z, we get ([10])

—1
_ ([ cby hAw)
z) = ’
7(2) ( 0 v

where 71 = 7(M\1), 12 = 7Y(A2), &4 v = (92 —m)/(A2 — A1) and A1 = a1h/by,
Mg = agh/by are the eigenvalues of the matrix z.

Thus, the difference equations for the system of equations (16) on regular mesh
have the form ([9])

(21) { b111Uuzz + a1ug + cwg + ch A ywyz = f1

bav2waz + agwg = fo.
If \{ — A2, then A v — 7/()\). The advantage of the difference equations (21) with

the perturbation coefficient A « for large values of parameter ¢ is shown in [9].

For the approximation of equations (14), (15) irregular mesh with points (¢;, G;)
is used where ¢ = qx+1, § = qi+2- Let H = Hyy 1, H = Hyy9, G = H, v = V41,
V= Uy, U = Ug, W= Wk, [ = fr, £ = Fg. Then, using the results derived for
the model equation (19), we obtain the following difference equations:

1
Bi(,j) (w1 — i) = AL )(“m — i) + B )(%H Ui j)—
(1
(22) A0 (uig— wigo1) + Dij(wisny — wig) = Boj(wi - wio1)+

~ - 1
+Di (w1 —wig) = Bi jwij —wij 1) = F iy,
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2 2
(23) BE) (wigr, = wig) = AL (wig = wio1g) + B (wy 1 — wi )=
(2
AE])('LUZ,] — Wi, j— 1) Fi(,j)ﬁigja
where

1 _ ~
Bi(,j) =vg; hi N (Giy1y2./Gig) (H/H)ii 9 5(0ig1 /25 - hit),

Ag,lj) =vg;- hi_l(Gi—l/Q,j/Gi,j)ﬁ(ﬁ/H)i—l/Z js(=ai_12.5 i),

(1)
Bi,j

AN = uirig MGy o/ i) (H/H i g1 o5(~Gij_1/2 - 95).

D; ;= —29‘jwi+1/2,jGi_,f(5ln G/0q)i11/2,;5 (Xir1)2j - hit1),

= vlig5 1 (G jia o/ Gig) (H/H); ji1 /25 ji1/2 - 941),

Eij = 2gjw;_12,;G; (0 G/0);_1 25 (—i_1/2,5 - ha),

Dij = 21wy jo1 2G5 (0 G/0); j 125" (@ j1y2 - 91)s
Em = —2h; Wi j— 1/2G (3111 G/&J)” 1/25 '(—a ',j—1/2 “95)
FY) = HH(Ou/ot — fG1),

F® = AH(0w/dt — FG),

uij = u(gs, ;)

w; ;= w(g;, ),

SO = T N = SN = 1, = (N 4 5() = 27/,

YN = (A/2)cth(N/2), o = vH /v, & =0H v, hiy1 = giy1 — G,
9j+1 = Gj+1 — G5, i = (hi +hiy1)/2, g5 = (95 + 9j+1)/2, k= 3.

W 40 zO

Coefficients B( ) A( ) B(2) fl( ) can be calculated analogously to B” s Ai iy B i

i 2% I 2% I i 2%
/1571]) with kK = —1.

Since the coefficients D; ;, E; j, D; g E; ;j contain the unknown function w, an
iterative method must be used for the solution of equations (22). The parameters
with indices ¢ +1/2, j +1/2 denote corresponding average values of mesh functions
in the intervals (g;—1, ), (¢, ¢i+1) and (gj—1,d;), (dj, Gj+1), respectively.

If wp = 0 (or axially symmetric flow), the difference equations have form (22)

with D; ;= E; j = D; j = Ei,j = 0. In this case the model equation
(24) (Y +au = f

can be used with functions a, b, f which depend on argument x and b > 0.
The corresponding difference equations have the form

Au; = (Uz_}-l - Uz) A ( — Uj—1 ) = fi7



Special finite-difference approximations of flow equations ...

where

B =Tr; “hiybii1/25(—ap1/2hive) >0,
(25) Az = ﬁ;lh;lbi_1/2s(ai_1/2hi) > 0,

a=ab L.
In the case of constant coefficients and regular meshes we have

Au; = B2 [s(—2)b(ug1 — ug & (uip1 +ui—1)/2)—
—=s(2)b(u; — uj—1 £ (uig1 +ui—1)/2)] =
= bh[(s(—2) + 5(2)) (i1 — 2u; + ui—1)/2 + (s(=2) — 8(2))(Uip1 — ui—1)/2] =
= v(2)buzz,; + aug,,

where z = ah/b, s(—z) — s(z) = z, v(2) = (s(z) + s(—2))/2 = (2/2)cth(z/2)
(see [11]).

The Ilhyn difference scheme can also be used in the case of variable coefficients
a, b, supposing, e.g., that a = a(z;), b = b(x;), f = f(a;), 2 = z(x;) = a(x;)h/b(z;),
in the interval (z;_1,2;11).

Since equation (10) for the stream function has a similar form as (14) (where we
put wy /0t = 0, vpy1 = Vg1 =0, v = 1, F, = wy, = ugHy,), the discretization of
(10) again yields a finite-difference system of form (23) where we now set s(0) = 1.

If we consider the heat transfer equation

(26) AT /ot + div(vT) = div(y grad T) + Q,

then equation (14) can be written as

oT oT
Hyy1Hy12(0T/0t — Q) + hk+2vk+18— + Hk+1“k+2a =
(27) k41 qk+-2
Hy, [8gr1 \ " Hyr1 911 darra \ " Hyio Oqrso

where x, @ and T denote the coefficient of heat capacity, the density of heat sources
and the temperature, respectively. This means that the finite-difference equations
have again the form (22), where we put x = 1, F) = HH (9T /0t — Q), D;; =
E; ;= Di,j = E~’i7j = 0 and substitute T; ; and x for u; ; and v, respectively.
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