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On the preservation of separation axioms in products*

MiLAN Z. GRULOVIC, MILoOS S. KURILIC

Abstract. We give sufficient and necessary conditions to be fulfilled by a filter ¥ and
an ideal A in order that the ¥-quotient space of the A-ideal product space preserves Tj-
properties (k =0,1,2,3, 3%) (“in the sense of the Los theorem”). Tychonoff products, box
products and ultraproducts appear as special cases of the general construction.
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0. Introduction.

The aim of the paper is to answer the following question: given a family of topolog-
ical spaces, “sufficiently” many of them having the Tj-property (k = 0,1,2,3, 3%),
under what condition (filter-) quotient space of ideal product space will preserve
that property. And while we solve that problem numerous new questions come
from our considerations, too obvious that we would find it necessary to state them
explicitly.

Through the paper {X; | i € I} will be a nonempty family of nonempty sets. X;
will be a topological space with “ground” set X; and topology O;, arbitrary unless
otherwise stated. The notation, so far the well-known notions are considered, is
standard.

Preliminaries are given more because of the coherence of the text and introducing
some notation.

Our methatheory is ZFC (which does not mean that we need necessarily all its
axioms).

1. Preliminaries.
For ¥ C P(I), ~g is a well-known relation on [[;.; X; determined by ¥:
frwg it {iel]f(i)=g(i)}e?.

For the sake of brevity we will denote the set {i € I | f(i) = g(i)} by Iy 4. Of
course, Iy, = I, ¢. It holds the following
Lemma 1.1. For ¥ C P(I), VU is a filter on I if and only if for any family of
nonempty sets {X; | i € I}, ~y is an equivalence relation on [[;c; X;.

For a filter ¥ on I and f € [[;c; X, [f] will be the equivalence class of the
relation ~y containing f (i.e. [f] = {g € [[;c; Xi | f ~w g}). For A C [[;,c; X; we

put A* = UfeA[f]-
q will be the canonical mapping from [ ;. ; X; onto the quotient set [ [, ; X;/ ~y.

*Presented at the Fifth International Conference Topology and Its Applications, Dubrovnik, 1990.
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Lemma 1.2. Let A, An, a < (3 be subsets of [[;c; X; and let ¥ be a filter on I.
Then it holds:

(a) (A7)" = A%

(b) (Ua<ﬁ AOC)* = Ua<ﬁ AZ?

(c) A* =g 1(g(A)), ¢(A*) = q(A);

(d) if B C [l;er Xi/ ~w, then ¢~ 1(B) = (¢7'(B))*;

(e) if AC q~Y(B), then A* C ¢~ 1(B).

Lemma 1.3. Let ¥ be a filter on I and let A = [[;c; Ai, B = [[;c;Bi, 0 #
AZ,BZQXZ It holds:

(a) A* C B*iff {i € I | A; C Bj} € ¥;

(c) feA*iff {iel] f(i)e A;} € ¥;

(d) A* =Ly Xi if (i € T | 4; = X;} € T;

(e) A*NB*=0iff {iecl|A;NB; #0} ¢ V.

PROOF: (a) Assume A* C B* that is ¢(4) C ¢(B) (1.2(c)) or, in other words,
VfeAdgeB f~ggandlet J={iel]| A C B;} and f € A be such that
f(i) € A; — B; for any i € J°. By assumption, for some g € B, I, € ¥ and since
Iy, CJ, J eV too.

The converse is equally trivial.

(e) Let A*N B* = (). That is equivalent to q(A4) Ng(B) = @, therefore no element
from A is in relation ~g with any element from B and, surely, {i € I | A; N B; #
0} € ¥ would be in contradiction with it.

Analogously, A* N B* # ) or, equivalently q(A) N q(B) # 0, implies 3f € A
Jg € B such that Iy, € ¥ and, clearly, Iy, C {i € I | A; N B; # 0}. O

Lemma 1.4. Let ¥ be a filter on I, A € ¥, L C I, B; C X; and let 7; be the
projection [[;,c; X; — X;j. Then:

* *
(N=tB)) =( N =)
€L i€LNA
PROOF: (¢, Wi_l(Bi) =[Licr Ci> Nicrna Wi_l(Bi) =ILier Di,
B, 1€L _ { B, i€eLNnA

where C; = o,
X; otherwise

X, otherwise

Now, {i € I | C; = D;} O A and by 1.3 (b) the assertion follows. O

2. More preliminaries.

Lemma 2.1. Let ) # A C P(I). Then it holds: YLi,Ls € A 3L € A L1 U
Ly C L3 if and only if for any family of topological spaces {(X;,0;) | i € I},
BA = {Mier wi_l(Oi) | O; € O, L € A} is a base for a topology on [ [;c; X;.

If (0 #)A C P(I) satisfies the above condition and A | is ideal generated by A
(A |={L C I|L is a subset of some set from A}), then B» = B,
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Definition 2.2. Topology on [[ X; with the base BA, A an ideal on I, will be
called A-ideal product topology and be denoted by OA. The topological space
(ILier X, OM) will be denoted by HA X, and its quotient space, determined by the
mapping q : [[;c; Xi — [Lie; Xi/ ~w, by HI\I\/ X;, while O% will be the correspond-
ing topology.

From now on, ¥ will be a filter and A an ideal on /. Instead of [[;c; X; we will

simply write [] X; (in general we will not point out any index set if it is clear from
the context what set is in question).

Lemma 2.3. IfO € O? then O* € OM,
PROOF: Let B = ;< 7TZ-_1(O,-) € B and f € B*. Then for some g € B, Ip,€¥
and f € U= Nicpni,, - 1(0;) C U* = B* (1.4). O

7

Corollary 2.4. The mapping q of the topological space HA X onto the topological
space H{}, X; is open.

PROOF: Obviously, ¢ is open if and only if for any O € 0%, ¢~ 1(¢(0)) = O* is
open. O

Lemma 2.5. Let ACI. Then ¥4 ={BNA|Be¥}and Ay ={BNA|BecA}
are, respectively, filter and ideal on A.

The corresponding topological spaces (for the index set A) will be denoted by
[1* X; and by [T§* X;.

Lemma 2.6. Let A € V. Then the mapping ¢ of topological space H{}, X; onto
topological space H[\I\’ﬁ X;, defined by ¢[f] = [f |a]a, Is a homeomorphism, where

F lala = {g € [T Xilfla ~w, g}

€A

PROOF: ¢ is obviously a bijection.
Further, let r be mapping of Hi\el X; onto Hg\eAA X; defined by r(f) = f |4, and
let g4 be the canonical mapping of Hf\éA X, onto H‘/\I\,‘: X;. Trivially, r is continuous

and open, whence ¢ is continuous and open, too. For ¢ is continuous (open) if and
only if ¢ 0o ¢ = g4 or is continuous (open). O

3. The (A¥)-condition.
Definition 3.1. For a filter ¥ and an ideal A on I the condition

VAcUVB¢UILeANLCANBALS ¢ T)

will be called the (A¥)-condition or, more simply, just (AT).
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Theorem 3.2. Let A be an ideal and U a filter on I. Then the (A¥)-condition
holds if and only if Vk € {0, 1,273,3%} and for any family {(X;,0;) | i € I},
{i e Il (X;,0;) is a T-space} € ¥ implies H(IX, X, is a Tyspace.

PROOF: (<) Suppose the (A¥)-condition is not satisfied; thus there exist some
sets A € U, B ¢ U, such that forany L € A, L C ANB® = L¢ € V. Let, fori € A,
X, be a two-element discrete space, otherwise X; is a two-element indiscrete space
(in both cases the “ground” set is {0,1}). Then {i € I | X; is a Ty-space} € ¥,
while H{}, X; is not a Tj-space (for any k € {0,1,2, 3, 3%}) For if f(i) = 1 for each
i €I and g(i) = 1 for i € B only, it holds: g ¢ [f], g € [f] i.e. [f] = ¢ *({[f]}) is
not closed. Therefore {[f]} is not a closed set in H{}, X; and, consequently, HI\I\/ X;
is not a Ty-space. One (similar) step more and it follows that H(IX, X, is not a Tp-
space either. So it remains to be proved g € m Assume g € ;¢ wi_l(Oi), LeA.

Clearly, due to the choice of topological spaces, ;< 7; —10;) = Nicrna wi_l(Oi).
Let usput L1 =LNA, Ly = L1 N B and let

1 ie L§
i) = { 2
0 otherwise.

Since L§ € ¥, h € [f] and it is not difficult to see that h € (\;cp, m; Lo (L1 =
(LiNnB)U(I1NB) =(Li1NB)ULy and ifi € L1 N B, h(i) = () 1,if i € Lo
h(i) = g(i) = 0).

(=) In the coming considerations it is assumed that (A¥) holds.

(0) Let A= {iel]|(X;,0;)isaTp-space} € ¥ and let [f],[g] be two different
elements from H{}, X;. Then for some L € A, L C AN Ic,g and L¢ ¢ U. For
any i € L, f(i) # g(4), and in the topological space (X;, O;) there exists an open
set containing either f(i) but not g(i) (in that case we put i € Ly) or vice versa
(i€ Lg). L =LyULg and at least one of the sets L}i,LC does not belong to .

Suppose LC ¢ U and let O = mZeLf a L(0;) where O; € O; is such that f(i) € O;,
g(i) ¢ O;. Now fe ﬂleLf . 1(O) (hence, surely, [f] € Q(ﬂieLf wi_l(Oi))) but

l9] & a(Nicr, m; 1(00) (l9] = [B] for some h € Mg, m; (O;) would imply I, 5, € ¥
and I, p, C Lf, contradiction). O

(1) Suppose A = {i € I | (X;,0;)is T1 } € ¥, f.g € [[X;, [f] # [g] and
let L € A be such that L C AN I]ch and L¢ ¢ U. Then for any i € L there
is some open set O; € O; containing g(¢) but not f(¢). It follows directly that
1€ a(MNier Wi_l(Oi)). We conclude that {[f]} is a closed set in H{}, X;. O

(2) Let A={iel|(X;0;)isTy } € ¥ and [f] # [¢g]. For any ¢ € L, where L
is an element from A satisfying L C AN IJCC and L€ ¢ U, there exist disjoint open
sets U;, V; € O; containing, respectively, f(i ) and g( ) and, as in the previous case,

it is easy to see that ¢((N;ep, 7 ~(Ui)) N a(Mier ™5 L(Vi)) = 0. O
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(3) Assume A= {ieI|(X;,0;)is T3} € U. We already know that the space
Hé} X, is a T1-space. Thus only its regularity is to be proved.

Let [f] € ¢(0), O € OM. Hence f € [f] = ¢ *({[f]}) € ¢ (¢(0)) = U. By
1.2(c), U = U*. We show and it finishes the proof that there exists some open set
W and some (closed) set F such that [f] CW =W* C F C F* CU* C U where
we have that F™* is closed. For then:

(1€ {lfT} = a([f]) € a(W) = q(W™) € q(F") € q(U) = q(O)

and q(F*) is closed (¢~ (q(F*)) = F* — 1.3(c)).

Let f € B = (Viepm 2(0;) C U, L € A If By = (Niepna™; “(Oi), then
B* = Bf (1.4). LN A = { implies Bf = U = [[X; and this case is trivial. If
LN A#0then for any i € LN A, (X;,0;) is a Ts-space and f(i) € O;, therefore
for some open set V; € O; it holds:

f) € Vi ©Vi € 05 Let V = (icpaam (Vi) F = Niena; | (Vi) and
W = V*. Now

[f]CW =W*=V*CF*CB"=Bf CU=U"

Let us note that F is closed (if g ¢ F then for some i € LN A, g(i) € V;© and
g€ wgl(Vic), while m;(V; ©) N F = (), but the point is that F* is closed too. That
is an immediate consequence of the following lemma:

Lemma 3.3. If the (A¥)-condition holds, then {i € I | A; is closed} € ¥ implies
(IT A45)* is closed.

PROOF: Let A={i €] A;isclosed} € ¥ and f ¢ (][ 4;)*. Since B={i €I |
f(@) € A;} ¢ ¥ (1.3 (c)) there exists some L € A such that L C AN B¢ and L° ¢ ¥.
For any i € L, f(i) € A and Af is open. It follows: f € (\,cp, W;I(Af) € 0N and
Nicr m (A5 N (ITA)* =0 0

(3%) In order to simplify the notation we will immediately assume that X; is

a T51-space for each ¢ € I. There is no restriction in it — one just should recall
2

Lemma 2.6 and note that if A € ¥ and (A¥) holds, then (A4 ¥ 4) holds as well. Of

course, this assumption could have been used in all previous cases.

X; being a completely regular space, topology O; is uniform for some uniformity
U; for X;, generated with the base B; = {B; € U; | B; is open}.

Definition 3.4. For L € A, A € ¥ and family {U; € U; | i € L}, let RﬁUi be the
binary relation on [[ X;/ ~y defined by:
(If],l9]) € RLU; if and only if Vi e LN A (f(i), g(i)) € U;.

RLU; = U pcw REUS.

717
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Lemma 3.5. (a) IfVie L, U; CV;, then REU; C RLV;;
() (REU)™! = REU;
(c) RE(U; o U;) = REU; 0 REU;

(here o is standard product of relations: (z,y) € UoV iff Az((x, z) € VA(z,y) € U));
(d) RS'U; N RE2V: = REMYE2W; where

U, 1€ L1 — Lo
W; = u,nv; 1€ L1N Lo
Vi 1€ Lo — L.
Ff’fROOF: (©) ([f),[9]) € RE (Ui o Uy)
JAeWVie LNA(f(i),9(i)) € UjoU;
iff
dJAeWWie LNAda; C X; ((f(z),al) eU; A (ai,g(i)) € Ui)
iff
A€ wIh e [[ X ((f), [n]) € REU: A (1], 9)) € R5US)
iff
Ihe [[Xi (1], [B) € REU; A (1), [9)) € RGUS)
iff
([/][9)) € RgUi o R§U;.
(d)
([f).lg]) € RG'U; N RE2V;
iff
A1, A € U(Vie LAy (f(i),g(i)) € Uy AVi € Ly Ay (£(2), 9(1)) € Vi)
iff

FJAe WWie (L1 UL)NA(f(i),g(i)) € W;.

The last equivalence is checked directly, when the implication (<) is in question,
use A1 = A2 = A. O

Definition 3.6. B={RLB; | L€ A, B; € B;}.
Lemma 3.7. B is a base for some uniformity U for [ X;/ ~g.
PRrROOF: Let us fix two elements Ré,Ui and Rélvi from B (U;,V; € B;). Obviously,
VfellX: ([f,[f]) € REU; (ViAx, C U;). Let, for i € L, B; € B; be such that
B;oB; CU;NU; !, Then:
RLB; c RIUT = (RLU)™!
(RLB;) o (R B;) = RL(B; o B;) C RLU;.

Let, for i € LN L1, W; € B; be asubset of U;NV; and for i € L— L1 let W; = Uj,

for i € Ly — L let W; = V;. Then (by 3.5(d)) Ry"“'W; € REU; N RL'V;. 0
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Lemma 3.8. ¢ '(REB)[[f])) = Uscw Nicrna ™ (Bilf ().
PROOF: g € ¢~ '((RgB)[[f])) iff

l9] € (REB)(If]]

iff
(f]. l9]) € REB;
iff
JAeWie LNA(f(3),9(0)) € B;
iff

JAeU ge ﬂ m LB [ ().

i€LNA
Let us note that, since B; is open (in X; x X; with Tychonoff product topology),
for (any) a € X; B;[a] is open, too. Thus, ¢~ ((REB;)[[f]]) € oA, O
Lemma 3.9. Uniform topology Oy, of the uniformity U is equal to topology O%.

PrOOF: Let O € Oy and f € ¢~1(O). Then for some REB; € B, (REB,)[[f]] € O
whence

felfl=a YA S a (REBII) S H(0),

and by the previous remark ¢~ 1(0) € O7| that is O € O@.
Suppose now O € (9 and [f] € O. It follows f € ;¢ 7T_1(Oi) ¢ 10)

for some L € A and some family {O; € O | i € L}. Since for i € L, f(i) €
O;, there exists some B; € B; such that f(i) € B;[f(:)] € O;. Therefore f €
Micr 7 -(Bi[f(9)]) and since (by 1.3, 1.5 and 3.8)
THREBID = {(RgBIMN = (U ) = ' BlF@)* =
AeVieLNA

= U N m Ga) = () m Bl < () H(0)* < qH0),

Aev eLNA €L 1€l
it follows

flea(() = LBilf@)*) = (REBi)If] € O.
1€l

Thus O € Oy.

We conclude: (’)% is uniform topology for uniformity ¥, thus Hf}, X is completely
regular space. g

4. Discussion about the (A¥)-condition.

In the end let us examine some of the cases when the (A¥)-condition is satisfied.
In the sequence we will be using the following notation (see 2.2): for A C I, A
and A | are, respectively, filter and ideal generated by A.
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Lemma 4.1. Let ¥ = A |. Then the (AV)-condition holds if and only if A
contains all finite subsets of A and under assumption that (A¥) holds, H(IX, X, is
homeomorphic to ([[;c 4 Xi, OAA).

PROOF: Let ¥ = A 1. In order to avoid trivialities we assume that A # (). Then if
a€ A A—{a} ¢ ¥ whence for some L € A, L C AN(A—{a})¢ = {a}. L must
be {a}, otherwise it would be ()¢ ¢ ¥. On the other hand, if A contains all finite
subsets of A and B ¢ ¥ (i.e. AZ B), then ) # AN B¢ and if L is a finite nonempty
subset of AN B¢, we have L € A and L€ ¢ V.

As for the second part of the lemma, it is an immediate consequence of 2.6:
H{I\/ X, is homeomorphic to qu\f: X; and since ¥4 = {A}, ~y, is the identity
relation on A. O

Let us note (if necessary at all) that Tychonoff product is obtained when ¥ =
{I} =11 and A is the set of all finite subsets (“Fréchet ideal”).

Lemma 4.2. Let A = L |. Then the (AV)-condition holds if and only if L € U.
If the condition (AW) is satisfied, HI\I\/ X, is homeomorphic to the quotient space

(H Xi7 OP(L))/ ~Uy -

PrOOF: Let A = L |. If it were: (AV) holds but L ¢ ¥, then for some nonempty
set L1 from A it would be L1 C L€, a contradiction.

Let us suppose now L, A € ¥, B ¢ U. Then L N AN B¢ is a nonempty element
of A and, certainly, (LN AN B ¢ U. (LNANB%*=(LNA°UB € ¥ would
imply (LNA)UB)N(LNA)=LNANB € ¥, a contradiction to B ¢ ¥.)

If (AP) holds, i.e. L € U, H{}, X, is homeomorphic to HI\I\Ii X;, but Ap, = P(L).

O

Thus, this time, we obtain a quotient of the box product (as it is defined in [4]),
that is, just the box product when ¥ = {I} (and A = P(I)). This case includes
ultraproduct spaces ([1]) as well: Let L be I and ¥ a non-principal ultrafilter. Let
us still remark, maybe superfluously, that the last part of the lemma is independent
of whether A is principal or not.

As we see from 4.1 and 4.2, the situation is completely clear (from the viewpoint
of the (AV)-condition) when either ideal A or filter ¥ is principal. The fact that
neither of them is principal, however, significantly interferes with our work. Thus,
at least for this time, only a few observations will be made.

We have already shown (see the proof of 4.2) that if (A¥) holds then UA € .
Because of it, 4.2 and the last remark following 4.2, we can as well assume that
UA=Tand ANT =0.

Lemma 4.3. If A, ¥ are nonprincipal, UN =1, ANV =0 and A € U then A4,V 4
are nonprincipal, UAy = A and Ay NT 4 = (.

ProOF: Clearly, UA4 = A, and if it were that A4 is principal, it would follow
A e AN, If ¥ 4 were principal generated by Ag(C A), ¥ itself would be generated
by the same set. Finally, it is obvious that if By € A4 NV 4 then also Bp € AN V.

O
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At this place let us recall that it has been noted that if (A¥) holds then (As ¥ 4)
holds too. Therefore one consequence of Lemma 4.3 is that under given assumptions
there is no use of 2.6 in clarifying what HI\I\/ X; space looks like.

We end with a comment that evidently the (A¥)-condition is not sufficient for
preserving Ty-property and

Lemma 4.4. Let |[I| = A > p > 7 > Ngand let A = {L C I | |L| < pu},
U ={ACT||A®| < 7}. Then the (A¥)-condition holds and Hé} X, is exactly the
box product space from [5].

PROOF: Let A € U and B ¢ ¥. Then |A°| < 7 (thus |A| = A and AN = ) and

|B¢| > 7. From B¢ = (B°NA)U (BN A°) it follows |B°N A| > 7 and any subset of

B¢ N A of cardinality T belongs to A, while its complement does not belong to W.
O
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