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The product of distributions on R

BRriaN FISHER, CHENG LIN-ZHI

Abstract. The fixed infinitely differentiable function p(z) is such that {np(nz)} is a re-
gular sequence converging to the Dirac delta function §. The function dn(x), with x =
(z1,...,2m) is defined by

on(x) =nip(niz1) ... nmp(NmTm).

The product f o g of two distributions f and g in D), is the distribution h defined by

1

N-lim... Nihﬂl(fl’lgl'h ¢)> = <h7 ¢>7

n1—00 Ny — 0O
provided this neutrix limit exists for all ¢(x) = ¢p1(1) ... Ppm(zm), where fn = f *dn and
gn = g *0n.
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A commutative product of two distributions in D),, the space of distributions
defined on D,,, the space of infinitely differentiable functions in m variables with
compact support, was considered in [1] and a non-commutative product of two
distributions in D/, was considered in [6]. In the following we are going to consider
a commutative product of two distributions in D}, which is similar to that given
in [1] but simpler to deal with.

First of all we let p be a fixed infinitely differentiable function with the properties

(i) p(z) =0, |2| > 1,

(i) p(z) =0,

(iii) p(z) = p(=2),

(iv) [} p)do = 1.

The function 4, is defined by o, (x) = np(nx) for n = 1,2,... . It is obvious that

{6n} is a sequence of functions in D converging to the Dirac ¢ function 4.
For an arbitrary distribution f in D’ the function f, is defined by

fa(@) = (f % 0n) (@) = (f(x = 1), 6n (1))

It follows that {fn} is a sequence of infinitely differentiable functions converging to
the distribution f.

The following definition for the product of two distributions in D’ was given
in [3]:
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Definition 1. Let f and g be distributions in D’ and let f,, = f*8, and g, = g*6n.
The product f - g is said to exist and be equal to the distribution h on the open
interval (a,b), where —oo < a < b < oo, if and only if

for all ¢ in D(a,b).

This definition generalizes the usual definition of a product of a distribution and
an infinitely differentiable function or of a product of a distribution and a sufficiently
smooth function and is clearly commutative.

The next definition for the neutrix product f o g of two distributions f and ¢ in
D’ was given in [5].

Definition 2. Let f and g be distributions in D’ and let f, = f*6, and gn = g*6n.
The neutrix product f o g of f and g is said to exist and be equal to h on the open
interval (a,b), if and only if

1\TIL—_)1égl<fngna ¢> = <hv ¢>’

for all ¢ in D(a,b), where N is the neutrix, see van der Corput [2], having domain
N ={1,2,...,n,...} and the range N” the real numbers, with negligible functions
finite linear sums of the functions

" ln, In"n
for A\ > 0 and r = 1,2,... and all functions which converge to zero in the normal
sense as n tends to infinity.
Note that if
n—oo

for all ¢ in D(a, b), the neutrix product fog reduces to the product f-g of Definition 1
and so Definition 2 is a generalization of Definition 1. It is clear that the neutrix
product f o g is commutative.

The following theorem holds, see [1].

Theorem 1. Let f and g be distributions in D’ and suppose that the neutrix
products fog and fog (or f' og) exist on the open interval (a,b). Then the
neutrix product f' o g (or f o g') exists and

(fog) =flog+fod

on this interval.

In order to define a neutrix product f o g of two distributions f and g in D,
a d-sequence in Dy, was defined in [1] by

On(x) =0n(z1,...,2m) =n"p(nxy) ... p(nzm)
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for n = 1,2,... . It is obvious that {d,} is a sequence of infinitely differentiable
functions converging to ¢ in the sense that

1im {5, (x). 6() = (3(x). 6()) = 6(0)
for all test functions ¢ in Dp,.
In the following, we use an alternative definition of a d-sequence, which is easier
to work with. From now on the function dn(x) will be defined by

On(x) = nip(niz1) ... nmp(Nmam,)

for ny,...,nm = 1,2,..., where n = (ny,...,ny). It is obvious that {dn} is
a sequence of infinitely differentiable functions converging to § in the sense that

lim ... lim (dn(x),¢(x)) = (6(x), 6(x)) = ¢(0)

ny1—oo TN, —> 00

for all test functions ¢ in D,,, the result being independent of the order in which
the limits are taken.
For an arbitrary distribution f in D/, the function fy, is defined by

fn(x) = (f # 0n)(x) = (f(x = t),6n(t)),

where t is in R™. It follows that {fn} is a sequence of infinitely differentiable
functions converging to f, in the sense that

lim ... lim (fn(x),¢(x)) = (f(x),d(x))

ni—oo T, — 00

for all ¢ in Dy, the result again being independent of the order in which the limits
are taken.
For our next definition and our main results we need the following lemmas, see

Schwartz [7].

Lemma 1. The vector space Xy, generated by the functions ¢1(x1)...dm(zm),
with ¢1,...,¢m in D, is dense in Dyy,.

Lemma 2. The convolution product of two direct products fi(x) x ¢1(y) and
f2(x) x g2(y) is equal to the direct product of the convolution products fi * fo and
g1 * g2, if the convolution products f1 * fo and g1 * go exist, where f1, fo € D), and
91,92 € Dy, ie.

(f1 x g1) * (f2 x g2) = (f1* f2) X (91 * g2)-

We also need the following lemma, see [4].
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Lemma 3.

1/n k 1)k+itlg)
/ :Z kta( —k+i— 1)(t)
t

1=

fork=0,1,2,...,q—1and ¢g=1,2,... and

/tl/nsqé as =3 EVT s ) Cayeq — o)

=1

for q =1,2,..., where

t
Ho(t) = /_ | Bn(6) s

The next definition is a generalization of Definition 2.

Definition 3. Let f and g be distributions in D), and let fn = f*0n and gn = g*dn.
If h is a distribution in D}, such that

N-lim ... N-lim(fngn, ¢) = (h. ),

n1—00

or more briefly

1\111—_}(i)fon<fngna ¢> = <hv ¢>

for all functions ¢ in Xy, with support contained in the interval (a,b), where a =
(a1y...,am) and b = (b1,...,by,), and h is independent of the order in which the
limits are taken, we say that the neutrix product f o g exists and is equal to h on
(a,b).

Note that if
nli_>néo<fﬂgna ¢> = <h7 ¢>

for all ¢ in A}, we simply say that the product fog = f - g exists and equals h.
Note further that since X}, is dense in D,,, the distribution A in this definition
will be uniquely defined.
The proof of Theorem 1 can be modified to give the following theorem.

Theorem 2. Let f and g be distributions in D), and suppose that the neutrix
products fog and f o D;g (or D;f o g) exist on the open interval (a,b). Then the
neutrix product D;f o g (or f o D;g) exists and

Di(fog)=D;fog+ foD;g

on this interval, where D; denotes the partial derivative with respect to x;.
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Theorem 3. Let f and g be distributions in D), such that
f(x) = fi(z1) X - X fm(zm),  g(x) =g1(21) X -+ X gm(zm),

with f1,..., fm,91,-..,9m € D', and suppose that the neutrix products
fi1og1, ..., fmogm exist and equal hy, ..., hy, respectively. Then the neutrix product
f o g exists and

fog=hy X - X hp.

In particular, if the products f1 - g1, ..., fm - gm exist, then the product f - g exists
and is equal to hq X -+ X hp,.

PROOF: Putting

Fing (i) = fi(@3) % 0n; (23),  Gin,; (27) = gi(5) * On, (1),
fori=1,...,m and

fn(X) = fing (1) X - X frng, (Tm)

In(X) = giny (£1) X = X gmny, (Tm)

we have on applying Lemma 2

f(x) * on(x),

9(x) * on(x),

m

(fn()gn(x), 61(21) - Sm(wm)) = [ [ (fins @2), gin, (i) di(:))
=1
for all ¢1,...,¢m. Now since the neutrix product f; o g; exists and equals h;, it
follows that
m
1}11—_)lgn<fn(x)gn(x), o (zz) e ¢m(xm)> = N;llm<fzn (xz) Gin,; (xz)(bz (xz»
=1
m
= [[ N-lim(h;, ¢;)
n;—00
=1
=(h1 X+ X hym, d1. .. Pm).
The result of the theorem follows. O
If now

A=A, m), A, A A0, £1,£2, L
r=(r1,...,"m), Tl,...,"m =0,1,2,...,

we define

cosec(mA) = cosec(mA1) ... cosec(mAm),

I
—

V= (=) AT el = L e

A
= (1)} X x (@), XX = (%),

X5 = (1) x e x <xm>1", X" = (—x)%,
")) = 60 (o) x - x 60
We then have
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Theorem 4. The neutrix products xﬁ ox M T andx M To xﬁ exist in D), and
Ao Ar_ _Ar__x_ (=m)Tcosec(mA) (1)
X3 ox_ =x_ oxy = (e — 1)1 ) (x),

for \,... ., Am #£1,£2,... andry,...,rm =1,2,..., where
r—1=(r1—1,...,rpm —1).

In particular, the products xﬁ x~M 1 and x~M ! ~xi‘_ exist in D), for \1,..., A\m #

0,£1,+2,....

PRrROOF: In the one variable case, suppose first of all that A > —1 and choose

a non-negative integer ¢ such that —\ —r 4+ ¢ > —1. Then

T

(,Ti)n = xj‘_ * 0 = /_1/ (z — ) 6 (t) dt,

- - T\+r—¢q) [/ -
(2= = 2= O = (F()\—I—T)Q)/x (s = @) 4950 (s) ds,
where T denotes the Gamma function. The support of (xi‘_)n(x:)‘_
contained in the interval (—1/n,1/n) and it follows that

LF(A+7) U N e ko

(1) = /1/n on(t) /tl/n 651) (s) /ts 2P (@ —t)Ns —2) AT de ds dt =

—1/n

" is clearly

1 1 v
=k o) [0 ) [k =) =) dwadvan,
-1 U u

where the substitutions nt = u, ns = v and nz = w have been made. Thus

1/n
1 A —A—r k _
(2) 1\1’IL—>hOIgl _l/n(a:+)n(a:_ Jnx®dx =0
for k=0,1,2,...,r —2 and
1/n N N
. —A—r r _
3) nanéo _l/n’(a:_,_)n(:z:_ Vnx ‘ dx =0
In the particular case £k = r — 1, we have on making the substitution x =
t(1—y)+ sy
(4)
1/n 1/n s
/ 5a (1) / 5 (s) / 2ro1(@ = )Ns —2) T de ds dt =
—1/n t t

1/n 1/n 1
_/_1/ 5n(t)/t 5%4)(5)4 (s_t)q—r-i-l[t(l_y)+sy]r—1y)\(1_y)—>\—r+q dy ds dt.
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On expanding (s — )91 and [t(1 — y) + sy]"~! in powers of s and t, it follows
that this integral is a linear sum of integrals of the form

1/n 1/n
/ 197k, (¢) / k64D (5) ds dt
—1/n t

for k=0,1,...q.
On using Lemma 3, we see that when k& < ¢ each of these integrals is a linear
sum of integrals of the form

1/n .
/ k15, ()60 KD (1) 4t = o,
1/n

since the integrands are all odd functions.
When k = ¢ we have on using Lemma 3 again

1/n 1/n 9. (_1)ati+1 1/n )
/ 0 / s150 (s) asar = 3 e / 6, (005D (1) di+
—1/n t i—1 L —1/n
1/n
H 1t [ 1 H (o)) d
—-1/n
—1)4,!
_gq4 (ZD%

It now follows from the equations (1) and (4) that

TO+r) Y™ s ey 1, (D% “A—rtq
m/_l/n(aur)n(x_ Vnx dr = T[) y (1—1) dy

—1)4q!
:(%B(/\—Fr,—)\—r—kq—l—l)

= (=1)9gT A+ (A —r+q+1)/2

for A #0,1,2,..., where B denotes the Beta function, and so

1/n
/ @D " e = (T4 = T =7 g4 1)
5) = (—1)¥mcosecTt(A+ 1 —q)/2

= (—1)"mw cosec(mA) /2.

Now let ¢ be an arbitrary function in D. Then we can write

)

Z ¢<k ke S0

r!
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where 0 < ¢ < 1. Thus

r—1

(k) 1/n
(o) =3 S [ @t ot

k=0 . -1/n

1

+ F(;S(T) (&x) (xi‘_)n(:v:)‘_r)nacr dz

and it follows from the equations (2), (3) and (5) that

)
(—=1)" cosec(mA)

oo ¢ O

N-lm{(z2 ) (222" ), d(2)) =

n—oo
proving that

7 cosec(mA) (p_
2(:—1)! ")

for A\>—-1,A#0,1,2,... and r=1,2,.... Note that in the case r = 1 the neutrix
limit is not needed and so the product :Cf‘i_ 2”77 exists in this case.

(6) ) oa M =

Also note that in the case r = 0, the above proof shows that the product xj‘_ A

exists and

(7) xi‘_ 2T =0

for \>—-1land A#0,1,2,....

A routine induction proof using the equations (6) and (7) and Theorem 2 now
shows that equation (6) holds for A\ # 0,+1,4+2,... and » = 1,2,..., the product
existing in the case r = 1.

Replacing « by —x and A by —\ — r in the equation (6) proves that

7 cosec(mA)

20r — 1) o (w)

(8) e "o xj‘_ =

for A\#£0,£1,42,... and r = 1,2, ..., the product existing in the case r = 1.
The results of the theorem now follows immediately on using Theorem 3 and the
equations (6) and (8). O

Theorem 5. The neutrix product x% o 6 tP) (x) exists in D, and

(1) (r +p)!
9) xT 0 01 TP) (x) = Tm5(p) (x),
for r1,p1,...,"m,pm = 0,1,2,... . In particular, the product xﬂ_ - 5(®) (x) exists in

D, forry,...,rm =0,1,2,....

PRrROOF: In the one variable case we have

(@7 ) = / L= ) e dt.

—1/n
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The support of (:c’_;_)n&(f—i_p ) is clearly contained in the interval (—1/n,1/n) and it
follows that

1/n 1/n 1/n
/ (@ )80 @)k do = / N0 / 2 (z — 1760 (@) da dt
t

(10) —1/n —1/n

1 1
= [ o) [ h = 0o ) dod

—1
where the substitutions nt = v and nx = v have been made. Thus

1/n

() Nolim (@b P e)et da = 0
—-1/n
for k=0,1,2,...,p—1 and
1/n
(12) lim (@} )n 60 ) ()2t da = 0

n—oo —1/7L

In this particular case k = p we have from the equation (10)

1/n 1/n 1/n
/ (@) 0P (2)aP do = / S () / 2Pz — 1) 80P (2) d dt
t

—1/n —1/n
1/n 1/n
_ / 5n() / 25 (1) die i,
—1/n t

all other integrals in the sum, obtained by expanding (x — ¢)" by the binomial
theorem, being zero by Lemma 3. On using Lemma 3 again, it now follows that

1/n 1/n
4 v =(-1)" r —
(13) /_l/n(:v+)n6n Plx)aP de = (—1)"FP( +p)!/_1/n Sn(t)[1 — Hp(t)] dt

= (-1)"P(r +p)l/2,

Now let ¢ be an arbitrary function in D. Then on using the equations (11), (12)
and (13), it follows as in the proof of Theorem 4 that

—1)tP(y !
Nt ()0 (@) o) = PR 50 ),

proving that

(=" +p)!
(14) x;’r(g(?”rp) (z) = 27})!5(17) (z)
for r,p = 0,1,2,... . Note that in the case p = 0 the neutrix limit is not needed

and so the product 7, - 6(")(z) exists in this case.
The result of the theorem now follows on using Theorem 3 and the equation (14).
O
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Corollary. The neutrix product x* o §*tP)(x) exists in D/, and

X' 0 6(rHP) (x) = %‘;p)!g(p) (x),

for ri,p1,...,T™m,pm = 0,1,2,.... In particular, the product x* o 5(r)(x) exists in
D, forri,...,rm =0,1,2,....

PROOF: The result follows immediately on replacing x by —z in the equation (9).

O
Theorem 6. The neutrix product 6()(x) o §(P)(x) exists and
M (x)05P)(x) =0
for ri,p1,...,"m,Pm =0,1,2,....
PRrROOF: It follows from the equation (14) with » = 0 that
2 050 (z) = %5@) (@)
for p=0,1,2,.... Using Theorem 1, it follows that
5(@) 00 () = 290® ) (2) — 5P+ () = 0
for p=0,1,2,.... It can now be proved easily by induction that
5 (z) 0 6P (z) =0
for p=0,1,2,.... The result of the theorem follows on using Theorem 3. O
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