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On the behaviour of solutions to the nonlinear elliptic
Neumann problem in unbounded domains

L.TARBA, J.STARA

Abstract. The asymptotic behaviour is studied for minima of regular variational problems
with Neumann boundary conditions on noncompact part of boundary.
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Let F' be a Caratheodory function such that

1) C1lém[P — g(z) = F(2,0, - ... ém) = Coléml? + f(2),
where p > 1,C1, Cy are positive constants, z = (z1,...,2,) € G C R", & € RNi,
N; = C’Z_T_il_l, 0 <4< m;g(x) 20, f(#) 2 0 are given functions, G is an

arbitrary domain that may be unbounded and on which some natural conditions
will be imposed below. We shall denote C§°(G,T") the space of functions vanishing
in a neigbourhood of I" and having a finite norm

=[x ID“f(:v)I”dx);,

laf=m

where I is a part of the boundary G of the domain G with (n—1) dimensional finite
and positive measure. Then W™ (G,T) is a completion of C§°(G,T') according to
the above mentioned norm.

Let ¢ be a given function having the generalized derivatives D% € L,(G) for
all a with [a| = m. We denote by M,,(G,T) the set of all functions v having the
generalized derivatives D% € Ly(G) for all o with |a| = m, such that v — ¢ €
wi™(G,T).

The function u € My, (G,T) is said to be a solution of the variational problem
for a functional

(2) O(v,G) = /G F(z,v(z), Dv(zx),...,D™v(x)) dx

satisfying the Dirichlet data on I' and Neumann zero conditions on I = G \ T if

®(u,G) = min{®(v, G);v € Myar)}-
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The aim of this paper is to get estimates of the rate of decrease in the infinity
for solutions of the variational problem satisfying Neumann zero conditions on the
non-compact part of the boundary. The analogous questions for solutions of higher
order elliptic equations satisfying the Dirichlet zero conditions on the lateral sur-
face of a cylinder and having the bounded Dirichlet integral was first investigated
by P.D. Lax ([1]). Recently, these problems and in particular the asymptotics of
solutions have been exploited in a significant number of articles (i.e. [2], [3], [4],
[5], [6]). We would like to remark that the problem being considered is not covered
by the above mentioned papers that prevalently study the Dirichlet boundary value
problem or use much stronger conditions on the functional. Moreover, as there are
no requirements as to the smoothness of F', in general the Euler equation does not
exist for the functional ®(u, G).

If I is sufficiently smooth part of OG then for any function ¢ having the gen-
eralized derivatives D% € Ly(G) for all o with |a| = m there are the traces

DP4y| € Ly(T) for 3 such that || < m—1. Then the condition v—1) € wi™(G,T)
means that the traces of v and ¢ on I' coincide.

Let H = {Q" 'x] — 00; 00[}, where Q" ! is an (n — 1) dimensional ball and Q,
is an n-dimensional ball with radius r.

We shall denote by u restriction of the function w on the domain Gp =

Gr
GN{zp>T} aswellasTp =GN {x, =T}.
Now we introduce a definition of the type of domains we shall deal with in the
theorem.

Definition. Let Q be a domain in R™ € its convex subdomain. We call §) star-
shaped with respect to ) if for every point s € § all intervals connecting point s
with any point t € 1 are contained in Q.

Theorem. Let a domain G C H have the following structure: there are such
numbers Ty and positive r,a that

(i) oG, NT =0,

(ii) for every number A 2 Ty a domain GN{A —a < x,, < A+ a} is starshaped
with respect to the ball Q; contained in GN{A— ¢ < xp < A+ ¢} Let
functions f, g from (1) decrease exponentially at infinity, i.e. f - ea:p(gxn) €
Ly(G), g - ewp(%xn) € Lq, (G) with ¢, ¢1 > 1 and n, n1 positive. Let
My (G,T) # 0 and u be a solution of the variational problem (2). Then
there is a number x > 0 such that

/ e on Z | D%uP dz < oc.
G

|a|=m

Before starting the proof of the theorem we need the following

Lemma. Let the domain G and the function u be the same as in the theorem.
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Then for every number T such that T = Ty we have

<I>(u, GT) = min{@(v, GT); DS Mu‘ (GT,FT)}.
Gt

PROOF: Let there exist a function @ different from w such that @ € Mu‘ (Gp,T'7)
Gr
and ® (i, G7) = min{®(v,Gr);v € ./\/lu‘ (Gp,T'7)} < ®(u, G). Denote now
G
_ {ﬁ—u, for x € G
v 0, for x € G\ Gp

and consider a new function w = u+ u. It follows from the definition of generalized
derivatives that there exist D%w € L,(G) for all a,|a| = m. In addition, w €
Myg(G,T). Let us evaluate

o (w, Q) :/ F(z,u(z), Du(x), ..., D"u(zx)) dz
Gn{zn<T}

+ F(z,4(x), Di(x),...,D™i(x)) dx
Gr

:/ F(z,u(z), Du(x),...,D"u(x))dzx + ®(0, G7)

GN{zn<T}

< / F(z,u(z), Du(x),...,D™u(x))dz + ®(u, G1) < ®(u, G).
GN{xn<T}

The last inequality gives the contradiction. 0
PROOF OF THE THEOREM: Let us introduce the domains
QG =GN{A+(2i —3)a<ap <A+ (2t —1)a},i = 1.

Taking into account the structure of the domain G it can be shown that in every
domain ; there exist balls Q% of fixed radius r such that

Qr CGN{A+ (2= J)a < < A+ (2 = J)a}

and the domains §; are starshaped with respect to QL.
Let us consider a function

n n
() = O — E G L E i . .
zi(z) = u(w) — 1 i, Tiy Qi1 i1 Fir - T
i1=1 T1yeenyim—1=1

o eeal are chosen so that all the derivatives D%z;
1 11...im—1

with |a| < m are orthogonal to constants in a domain ;.

where the numbers %;, a
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Let oj(zn) € C®(R), 03 < 1,

1, forazp 2 A+ (2i —1)a,
0, fora, <A+ (2i—3)a.

oi(zn) = {

enote for the simplicity u = 1);. Taking into account the Lemma, we
Denote for the simplicit Garaios) Taking int t the L

can easily conclude that for every i > 1
(3) @(u, Gy (2i-3)a) =
= min{®(v, G a4 (2i-3)a)iV € Mw,(Gat(2i-3)a: T a4(2i-3)a)}-

Let us consider a function u — 0;z; in a domain G 4 (2;_3),- It is clear that
u—0i% € My, (GAt(2i-3)a> I A1 (2i—3)a)- By using the assumption of the theorem
and the inequality (1) and (3) we obtain

/GA+( Z | DYu(2)|? da

2i-3)a |g|=m

<c / 9() dz + B, G a4 2i-370)
GAt(2i-3)a

(4) SC/ 9(x) dz + ®(u — 02, G 44 (2i-3)a)
Gat(2i-3)a

<C [e_g[A+(2i—3)a] L o~ [A+(2i=3)d]

+/G Y D (u—0iz)| dz|,

A+(2i-3)a |o|=m

where the constant C' depends on Cy,Co, H, A, a,m,n,n,n1,q,q1, f and g but does
not depend on 3.

Taking into account the choice of o;, z; we get the following estimate for the last
integral in (4)

Uy —0;2)|P de = Ay —o;2)|P de
L > -z de= [ 3 |0z

A+(2i—3)a \aIzm i |o¢\:m

SC’[/ Z ‘Dau‘p da:—l—/ Z |DslaiD32zi‘p dx
Q.

! lal=m ¢ ls1l+|s2|=m,[sa|<m—1

SC’[/ Z ‘Dau‘p da:—l—/ Z ‘D522i|pd:c},
Q; Q;

v lal=m v ls2|<m—1

where the constant C does not depend on i. (We shall denote by C different
constants specifying, if necessary, what they depend on. Generally, they do not
depend on i.)
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Applying the Steklov inequality ([7]) for domains 2; starshaped with respect to
Q% and taking into account the orthogonality of functions z; to constants, we obtain
for all ¢ and sy such that |so| <m —1

11P
(5) /}Dszzi]pdx§0[|/ Dszzid:c|+(/ S D)
Qi Qi Qi —
|s3|=|s2|+1

Since the first integral on the right hand side of this inequality is equal to zero for
all s9 such that |sa| < m — 1 then

/ ’Ds2zi‘pda: < C/ Z ’Ds3zi‘p dzx.
& U Js|=[sal+1
If s3] < m we apply the Steklov inequality once more. Finally we get
(6) / |D*22;|P do < C/ Z | D%u|” da
Q; Q;
v v lal=m

for every so such that |so| < m — 1. Note that in the inequality (6) the constant C
depends on meas Q" meas §2;, m, p but does not depend on i. Because of (5) and (6)
we have from (4)

/ Z |Dau|pdx§
G

A+(2i—3)a \a|=m
; _m i
< C[e_g[A"_(zz_?’)a] +e @ [A+(2i=3)a] +/ Z |Do‘u|p dx}
& |a)]=m
It follows from the last inequality
(7) / Z |DYl|? dz =
& |a)l=m

1 a —1[A+(2i—3)a —M[A+(2i—3)a
26 Z |D°u|P dz — (e g AT2i=3)a] =5 [AH( )])'

GAt(2i-3)a la|]=m

By using (7) we can estimate

/ Z ‘Do‘u‘pdac:/ Z ’Do‘u’pdx—/ Z ’Do‘u’pdx
GA+( Q

2i—1)a |a|=m A+(2i—3)a |o|=m. i |a]=m
1 _n - _m i
< (1_5)/ S (Dol da 4 ¢~ FAHE | = A+ Ci-3
GA+(21‘—3)a |o¢\:m
_n i _m i—
Se_m/ S Dol d + ¢ YA+@i-3)a) | P AHCI-3)]
a

A+(2i—3)a |o¢\:m
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where e™"1 =1 — % and does not depend on :.

Let kg = min{g, Z—i, 1}.It follows from the last inequality that

(8) / Z ’Dau‘p dx <
GAy(2i-1)a la|]=m

< e—ﬁz/ S |DOufP d + 2¢~KelA+2i-3)a]
Ga(

2i-3)a |g|=m

Let us denote A — a =T, thus (8) can be rewritten as follows
9) Z ’Dau‘p dz <

GrT42ia la|]=m

< e—ng/ Z ‘Dau‘l) dx+2e—ﬁ2[T+2(i—1)a]'
G

T+(2i—2)a \a|:m

By induction we can get from (9) the inequalities

(10)

R S [ D%uf? di + i rRTHADal
Gr |a|=m
if 20 < 1,
/ Z ‘Do‘u‘pda: <
Grizia |o|=m e~ iR2 Z }Dau}p dz + 2ie~ "2l +i-1],
Gr |a|=m
if2a 2 1

Let 2a < 1. Then by using (10) we can get the estimate

/ efitn Z ’Dau’pdx
Gr —
|a|=m
Z ‘Dau‘pd:ﬁ—i—/ efn Z ‘Dau‘pdx—i—...
Q

_ / efiTn
Ql 2

|a|=m |a|=m
+/ efrn Z ‘Do‘u‘pdw—i—...
& |a|=m
< R(T+2a) / DCM p d
<e . Iaz::m |DYul|? da
1+ (T +4a) | g—k2 Z ‘Dau|pd:c +2eh2T | 4

GT Ja|=m
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+ efi(T+2ia) | ,—(i—1 Z ‘Dau‘p da +2(i — 1)6—52[T+2(i—2)a] + ..

CT |al=m

H(T+2a D%P de - (2ak—k2)(i—1)
cr |az o Z

+ 26(& k2)T+4ako Z(Z _ 1)62(11'(5—52) < o0,
1=2

if & < K. By the same way we get the result for 2a 2 1 and x < §2. ]

(1]
(2]

REFERENCES

Lax P.D., Phragmen-Lindelof theorem in harmonic analysis and its application to some ques-
tions in the theory of elliptic equations, Comm. Pure Appl. Math. 10 (1957), 361-389.
Oleinik O.A., Josif’jan G.A., The Saint Venant principle for a mized problem of elasticity
theory and its applications, Dokl. Akad. Nauk USSR (5) 233 (1977), 824-827.

Tarba L.A., On behaviour of the solutions to the elliptic equations in unbounded domains
(in Russian), VINITI 2573 (1980).

Grishina T.V., On the regularity and the behaviour of solutions to the monlinear elliptic
Dirichlet boundary value problem in the neighbourhood of the singular point of the boundary
(in Russian), Vestnik Mosk. Un. ser. 1, Matematika, Mechanika 4 (1986), 84-87.
Kondratiev V.A., Landis V.M., Qualitative theory of linear partial differential equations of
second order (in Russian), VINITI, Itogi nauki i techn., Sovr. probl. mat., Fund. napravlenije
32 (1988), 99-215.

Sitnik S.M., Rate of decay of the solutions of some elliptic and ultraelliptic equations (in Rus-
sian), Differentsial’'nye Uravneniya (3) 24 (1988), 538-539.

Kantorovich L.V., Akilov C.P., Functional Analysis (in Russian), Nauka, Moskva, 1977,
second edition.

UNIVERSITY OF SucHUMI, USSR

DEPARTMENT OF MATHEMATICS, CHARLES UNIVERSITY, SOKOLOVSKA 83, 186 00 PRAGUE 8,
CZECHOSLOVAKIA

(Received September 9,1991)

729



		webmaster@dml.cz
	2012-04-30T13:02:53+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




