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Convergence of approximating fixed points sets
for multivalued nonexpansive mappings

PAOLAMARIA PIETRAMALA

Abstract. Let K be a closed convex subset of a Hilbert space H and T': K —o K a non-
expansive multivalued map with a unique fixed point z such that {z} = T'(z). It is shown
that we can construct a sequence of approximating fixed points sets converging in the sense
of Mosco to z.
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Let H be a Hilbert space, K a closed convex subset of H, T" a multivalued
nonexpansive map from K in the family of non empty compact subsets of K. It is
our object in this paper to show that in a specific case it is possible to construct
a sequence of approximant sets converging in the sense of Mosco to a fixed point
of T.

Our investigation is prompted by the papers of Browder [1], Reich [2], Singh and
Watson [3], in which analogous problems are treated for singlevalued mappings.
In particular, in [1] it is shown that: if K is a closed convex bounded subset of
a Hilbert space and T': K — K is a nonexpansive map, then, for any zg € K, the
sequence {7 }o<x<1 of the fixed points of the contraction maps T) ., defined by
Ty zo(7) = AT(x) + (1 — A)xo converges, as = approaches 1, strongly in K to the
fixed point of T in K closest to xg. The paper [3] extends this result to the case
of not self-mappings (but 7(0K) C K) and K not necessarily bounded (but T'(K)
bounded).

The following example of multivalued self-map defined on a closed convex bound-
ed subset of a finite-dimensional Hilbert space shows that the recalled results cannot
be extended to genuine multivalued case.

Let H= R%, K =[0,1] x [0,1] and T the nonexpansive map defined by:

T(a,b) = triangle whose vertices are (0, 0), (a,0), (0,b), ¥ (a,b) € K.

Thus, for (zg,y9) € K the point ((1 — N)zg, (1 — AN)yo) is a fixed point of the
map T (z0.40) for all A € [0,1) and we have ((1 — A)zo, (1 — M)yo) — (0,0) as A
approaches 1. If g > yo (xg < yo), then the fixed point of T closest to (zg,yo) is
(20,0) ((0,90)), but the net of the fixed points sets of T (5, ) does not converge
to (z0,0) ((0,yp)) even in the weaker convergence of sets, that is, the Kuratowski
convergence.
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In the setting of Hilbert spaces, our result is formulated for nonexpansive maps
T that have a unique fixed point z and this point satisfies {z} = T'(z). The precise
generality of the class of functions satisfying this condition is not known but it has
been studied, for example, in [4], [5], [6]. More recently the interest in optimiza-
tion theory for such type of maps has prompted a corresponding interest in fixed
point theory, since in [7] it has been shown that the maximization of a multivalued
map T with respect to a cone, which subsumes ordinary and Pareto optimization,
is equivalent to a fixed point problem of determining y such that {y} = T(y).

Now we introduce some necessary notations and definitions. Let K be a closed
convex subset of a Hilbert space H. We denote by CB(H) the family of non empty
closed bounded subsets of H and by K(K) the family of non empty compact subsets
of K.

For A € CB(H) we define

d(x, A) = int{||z — y : y € A}.

For any A, B € CB(H) we note with D(A, B) the Hausdorff distance induced by
the norm of H, i.e.

D(A, B) = max{sup d(a, B), sup d(b, A)}.
acA beB

Remark. If B = {b} and A € CB(H), we have that for all a € A
lla — bl < D(A, B).

We denote by — and — the strong and weak convergence, respectively.
Let {A,} be a sequence of closed subsets of H. We define the inner limit
(liminf Ay,) by

liminf A, = {z € H : 3 asequence {x,}, x, € Ay such that z, — z}
and the weak-outer limit (w — lim sup Ay,) by

w —limsup A, ={x € H : 3 a subsequence {A,,} of {A,} and

a sequence {Zn,}, Tn, € Ap, such that z,, — x}.

M
We will say that {A,} converges to A in the sense of Mosco (Ayn LN A) if

liminf Ay, = w — limsup 4,, = A.
A net {Ax}rgpo,1) of closed subsets of H converges to A in the sense defined
before if every sequence {Ay }, A\n — 1 as n — oo, converges in such sense to A.
A multivalued map T : K — K(K) is said to be lipschitzian if

D(T(x),T(y)) < Ll — y|
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for every z,y € K, L < 0. T is said to be a contraction if L < 1 and nonexpansive
if L=1. AmapT: K — K(K) is said to be demiclosed if z, = z, yn — y and
yn € T(xy) imply y € T'(z).

Let T : K — K(K) be a nonexpansive map. For xg € K and X € [0,1) we denote
by T) 4, the contraction map defined by

Ty o (7) = AT(x) + (1 = Nz, Vo € K.
Finally, we denote by
FT)={zeK:zeT(X)}
and

F(Tyz,) ={x € K;z € Ty zy(2)}

the sets of fixed points of T and T} 4, respectively.

Theorem 1. Let K be a closed convex subset of a Hilbert space H, T : K — K(K)
a nonexpansive map such that F(T) = {z}, and let this point z satisfy T(z) = {z}.
Then, for every xg € K,

F(Typy) 2 F(T) as A — 1.

PRrOOF: We have to prove that (T, 4,) a0, {z} as n — oo for every sequence
An—1,0< A <1,

Since we have always liminf C w — limsup, it remains to prove that w —
limsup F(Ty, z,) € {#} and {z} C liminf F(T},, 4,)-

Step 1. w — limsup (T, 5,) C {z}.
Let z € w—limsup F(T),, 4,), then there exist a subsequence {\,} of {\,} and
a sequence {yx. }, yx, € F(T»,. z,) suchthatyy — z.
J J 3’ "

Since Yo, € F(TAnj 20), there exists WA, € T)\nj 20 (yAnj) such that
y)\nj = )‘njw)\nj =+ (1 — )\nj)xo.

Thus
l9ns, = wr, || = (1= Any) [, Oz0fl = 0 a5 An, — 1

because {wAnj} is bounded. From the demiclosedness of I — T [8] it follows that
0€ (I—-T)(x), hence z = z.
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Step 2. {2z} C liminf F/(Ty,, 4,)-
Let x, € F(T\, 4)- We prove that x) — z. On the contrary, suppose that
there exists £9 > 0 and a subsequence {\p,} of {\,} such that

1) 2., — 2l = <o.
From z), = Ap; wy, + (1- An;)T0, Wy, € T(zy, ) it follows that
J J J J

zy, . — (1= An;)z0
|2 ) = fun,, 4

Furthermore, from the previous Remark, we have
lw,, 2l < D(T(ex, ). T(=))
and the nonexpansivity of T yields

lwx,,, = 2l < llzx,, — =]

Hence
T, — %0 2 2
[————— G —=0)]" < [[@@x,, —20) + (w0 = 2)[|",
n; 7
which implies
lon,, — zoll? <25 (zy — 0,5 — o)

(2)

< (Tx,, — 0,2 — o)
<llex,, = @oll Iz = ol
If it were x An; = 20 for a certain j, we should have
To = /\nj,w)\nj +x0 — An,; 7o
=wy,, €Ty, )
=T(xg).

Then z¢ = z, contradicting (1).
Thus, from (2) it follows

[, = @oll < [z = ol

which implies that the subsequence {x), } is bounded. Hence there exists a sub-
J
sequence {x), } of {x) } such that ) ~ — x. Proceeding as in the proof of
J J J

Step 1, we obtain = z. At this point, the well known relation

Iz = zo|| < liminf [z, ~— zoll
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and (see (2))
limsup |2y, — ol < |2 — ol

imply
122, = 2ol = llz = =ol.

Hence, we have ), ~— z, contradicting (1). O
ik

Remark. In the following example, our theorem works.

Let H =R, K = [0,00), T : K — K(K) be the nonexpansive map defined by
T(x) = [0,5]. Thus F(T) = {0}, {0} = T'(0) and the net of fixed point sets of
T o) F(Th o) = [(1 = N)xg,2(1 — X)), converges to F'(T') in the sense of Mosco.
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