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Existence of solutions for integrodifferential
inclusions in Banach spaces

NIKOLAOS S. PAPAGEORGIOU

Abstract. In this paper we examine nonlinear integrodifferential inclusions defined in a se-
parable Banach space. Using a compactness type hypothesis involving the ball measure of
noncompactness, we establish two existence results. One involving convex-valued orientor
fields and the other nonconvex valued ones.

Keywords: sublinear measure of noncompactness, orientor, field, selector, upper semicon-
tinuity, lower semicontinuity, graph measurability, weak measurability

Classification: 34G05, 456G05

1. Introduction.

In this paper, we prove two existence theorems for integrodifferential inclusions
in a separable Banach space. The first existence theorem concerns convex-valued
orientor fields, while the second deals with nonconvex-valued ones. Our “convex”
result extends the works of Davy [3, Theorem 4.2], Mukshinov [8] and Papageorgiou
[15, Theorems 3.2 and 3.5]. All these works treated differential inclusions with no
Volterra operator present. Similarly, our “noncovex” result extends the work of
Kisielewicz [5]. Furthermore, the results of the present paper extend to multivalued
integrodifferential systems, the recent work of the author [14] on Volterra integral
inclusions.

2. Preliminaries.

The purpose of this section is to briefly review some basic facts about the mea-
surability and continuity properties of multifunctions (set valued functions) that we
will need in the sequel.

Let (2,%) be a measurable space and X a separable Banach space. Throughout
this paper we will be using the following notations:

Pr)(X) ={A C X : nonempty, closed (convex)}

and Pr,)x(e)(X) = {A € X : nonempty, (weakly-) compact, (convex)}.

A multifunction F' : © — Py(X) is said to be measurable, if for every x € X the
R4 -valued function w — d(z, F(w)) = inf{||lxt — z|| : 2 € F(w)} is measurable.
In fact this is equivalent to saying that for every U C X open, F~(U) = {w €
Q: Fw)NU # 0} € ¥ or that there exists a sequence {f,}n>1 of measurable

functions fr, : @ — Xst. F(w) = {fn(w)},>1 for all w € Q. A multifunction
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F: Q — 2%\ {0} is said to be weakly (or scalarly) measurable, if for every z* € X*
its support function w — o(z*, F(w)) = sup{(z*,z) : * € F(w)} is measurable.
It is clear that for P;(X)-valued multifunctions measurability implies weak mea-
surability (just observe that for every z* € X*, o(z*, F(w)) = sup,>1(z*, fa(w)),

where fj, : 8 — X are measurable functions s.t. F(w) = { fn(w)},,>; for all w € Q).
The converse is true if there is a o-finite measure p(-) defined on ¥, ¥ is p-complete
and F(-) is Pypc(X)-valued. For a multifunction F : Q — 2% \ {§}, the graph of
F(-) is defined by GrF = {(w,2) € @ x X : ¢ € F(w)}. We say that F(-) is graph
measurable, if GrF' € ¥ x B(X), with B(X) being the Borel o-field of X. For
Py (X)-valued multifunctions measurability implies graph measurability. Indeed,

let fn : & — X n > 1 be a sequence of measurable maps s.t. F(w) = {fn(w)},>1
for all w € Q and note that GrF = {(w,z) € Q x X : d(x,F(w)) = 0}. But
d(z, F(w)) = infp>1|lz— fn(w)] and for each n > 1, (w, z) — || — frn(w)|| is measur-
able in w, continuous in  (i.e. a Carathéodory function), hence (w, ) — ||z— fn(w)||
is jointly measurable = (w,x) — d(z, F(w)) = infp>1||z— fn(w)|| is jointly measur-
able = GrF € ¥ x B(X). Again the converse is true if there is a o-finite measure
() defined on ¥ and ¥ is p-complete. For more details we refer to Wagner [18].

Now suppose that (€, %, ) is a finite measure space and F : Q@ — 2%\ {0}
a multifunction. By S}; we will denote the set of integrable selectors of F(-); i.e.
St ={f € LY(X): f(w) € F(w)p — a.e.}. This set may be empty. For a graph mea-
surable multifunction, it is nonempty if and only if w — inf{||z| : z € F(w)} € LY.
This is the case if w — |F(w)| = sup{||z|]| : z € F(w)} € L}i- and such a mul-
tifunction is called “integrably bounded”. For a graph measurable multifunction
St is closed in L}(X) if and only if F(-) is Pg(X)-valued, and is convex if and
only if F'(-) is convex valued. Also the set Sll; is decomposable, in the sense that if
fi,fe € S}; and A€X, f=xaf1+xacf2 € S};. For further details we refer to [12]
and [13]. Using the set St., we can define a set valued integral for F(-) by setting
Jo Fw)du(w) = {Jq f(w)du(w) : f € Sk}. The vector valued integrals involved
in this definition are understood in the sense of Bochner. A detailed study of this
set valued integral can be found in the work of Kandilakis—Papageorgiou [4].

Next let Y, Z be Hausdorff topological spaces and F : Y — 2%\ {#}. We say that
F(-) is upper semicontinuous (u.s.c.) (resp. lower semicontinuous (l.s.c.)), if for
every U C Z open, the set FY(U)={y €Y : F(y) CU} (resp. F~(U)={yeY:
F(y)NU # 0}) isopen in Y. If F(-) is both u.s.c. and ls.c., then we say that F(-) is
continuous. In fact continuity is equivalent to saying that F : Y — 2%\ {0} is con-
tinuous from Y into 2%\ {§}, the latter equipped with the Vietoris topology. If Z is
a metric space, we can define a generalized metric on Pr(Z), known in the literature
as the Hausdorff metric, by setting h(A, B) = maz[supsc ad(a, B), suppe gd(b, A)],
A, B € P;(Z). The metric space (Pr(Z),h) is complete if Z is complete. A mul-
tifunction F' : Y — Pg(Z) is said to be Hausdorff continuous (h-continuous), if it
is continuous from Y into (Py(Z),h). Since on Py(Z) the Vietoris and Hausdorff
topologies coincide (see Klein—Thompson [6, Corollary 4.2.3, p. 41]), a Pj,(Z)-valued
multifunction is continuous if and only if it is h-continuous.



Integrodifferential inclusions

Let X be a Banach space and B its family of bounded sets. Then the Hausdorff
(ball)-measure of noncompactness 3 : B — R is defined by

B(B) =inf{r > 0: B can be covered by finitely many balls of radius r}.

A comprehensive introduction to the subject of measures of noncompactness can
be found in the book of Banas—Goebel [1].

Finally, if {Ap}n>1 C 2%\ {0}, we set
w—%An:{xeX::c:w—lim:cnk,xnk €Ap, np<ny<---<np<..}

3. Existence results.

Let T = [0,7] and X a separable Banach space. Let K : A = {(¢,s) : 0 <
s <t <r} — L(X) be a strongly continuous kernel (i.e. it is continuous from
A into £(X) = {bounded linear operators from X into itself} equipped with the
strong operator topology) and let V : C(T, X) — C’(T X ) be the Volterra integral
operator corresponding to the kernel K (¢, s); i.e. V(x fO s)ds. We
consider the following integrodifferential inclusion:

x(t) € F(t,z(t), V(x)(t)) a.e.
N
z(0) = xo.

By a solution of (%), we understand a function z(-) € C(T, X) s.t.

t
t) :xo—l—/o f(s)ds

for all t € T' and with f € S}f_‘(-,x(v),\/(m)(v))' Note that such a function is almost
everywhere differentiable and @(t) = f(t) € F(¢, z(t), V(x)(t)) a.e.

We will start with the “convex” result. For this we will need the following
hypothesis on the orientor field F (¢, x,y).
H(F)1: F:T xX x X — Pp.(X) is a multifunction s.z.

(1) (t,z,y) — F(t,z,y) is weakly measurable,

(2) (z,y) — F(t,x,y) is u.s.c. from X x X into X,,, where X, denotes the
Banach space X equipped with the weak topology,

(3) B(F(t,B1,B2)) < k(t)[B(B1) + B(B2)], for all By, By € X nonempty,
bounded and with k(-) € L1,

(4) [F(t,2,y)l = sup{llz] : 2 € F(t,z,y)} = a(t) + b@) (|| + [[y]) a.e. with
a(-),b(-) € LL.

In the proof of the “convex” existence result, we will need the following lemma,

which in fact is of independent interest.
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Lemma 3.1. If (Q,%, u) is a o-finite, complete measure space, X is a separable
Banach space, F : Q — 2% \ {0} is a graph measurable multifunction and u :
Q x X — R is a measurable function, then w — m(w) = sup{u(w,z) : x € F(w)} is
measurable.

PROOF: We need to show that for every 6 € R, the level set {w € Q: m(w) > 0} €
Y. Note that m(w) > 6 if and only if there exists € F(w) s.t. u(w,z) > 6. So
{w e Q:m(w) >0} = projo{(w,z) € GrF : u(w,z) > 0}.

But since by hypothesis F(-) is graph measurable and u(-,-) is measurable, we
have {(w,z) € GrF : u(w,z) > 0} € ¥ x B(X). Then from von Neumann’s
projection theorem (see Saint-Beuve [16, Theorem 4]), we get that projo{(w,z) €
GrF :u(w,x) > 0} € £. So m(-) is indeed measurable as claimed by the lemma.

0

Now we are ready to state and prove our first existence theorem:
Theorem 3.2. If hypothesis H(F')1 holds, then the problem (x) admits a solution.

PRrROOF: We will start by deriving an a priori bound for the solutions of (x). So let
z(-) € C(T, X) be such a solution. Then by definition we have:

t
a:(t)—:co—l—/o f(s)ds

for all t € T and with f € LY(X), f(t) € F(t,z(t), V(x)(t)) a.e. Hence

t
@)l < Jlzoll + /0 1£(s)] ds
t S
< Jlzoll + /0 (a(s) + b(s) (lz(s)]| + | /0 K (s, 7)a(r) dr])) ds
t S
< llwoll + /0 (a(s) + b(s) | x(s)]] + b(s) /0 My |lx(r) | dr) ds,

where ||K(t,s)|z < M; for all (t,s) € A. Invoking Pachpatte’s inequality (see
Theorem 1 in [9]), we get that there exists My > 0s.t. for all ¢t € T ||z(t)]| < Ma.
Then ||V (z)(t)]| < fot Mi||z(s)|| ds < My Maob = Ms.

Define F': T x X x X — Py.(X) by

F(tvxvy) = F(tapMz (x)v ng(y))v

where par, (-), par;(-) : X — X are the My and M3 radial retractions, respectively.
Recalling that pas,(-),pas,(-) are Lipschitz continuous and using the hypothesis
H(F); (1), we see that (¢,z,y) — F(t,z,y) is weakly measurable, while from the
hypothesis H(F); (2) and Theorem 7.3.11, p. 87 of Klein—-Thompson [6], we have



Integrodifferential inclusions 691

that (z,y) — F(t,z,y) is w.s.c. from X x X into X,,. Also if By,By C X are
nonempty, bounded sets, we have

ﬁ(F(t, BL BQ)) = B(F(tvaz (Bl)vag (BQ)))
< k(t)[B(pa, (B1)) + B(pas (B2))]-

But note that pas, (B1) € comw(ByU{0}) = Bpar, (B1)) < Aeom(By U{0})) =
B(B1) and similarly we get that 3(pas, (B2)) < B(B2). Therefore we have that

B(F(t, B1, Bg)) < k(t)[8(B1) + B(B2)] a.e.

Finally, observe that |F/(t,z,y)| < a(t) + b(t)(My + M3) = ¢(t) a.e. with ¢(-) €
LL. Let W = {y € C(T,X) : y(t) = zo + [{ g(s)ds,t € T,[lg(t)]| < ¢(t)a.c.}.
Clearly this is a nonempty, bounded, equicontinuous and closed subset of C(T, X).

Next let R : W — 2% be defined by

R(z) ={y e W:y(t) =

t
=z +/0 f(s)ds,t € T, f € LYNX), f(t) € F(t,z(t), V(2)(t)) a.e.}.

First we will show that R(-) has nonempty values. Fix z(-) € C(T,X) and
€ X*andlet 01 : T — T x X x X be defined by 61(t) = (¢t,z(t), V(x)(t)).
Clearly 61 (-) is measurable. Also let f3 : T'x X x X — R be defined by 0a(t, x,y) =
o(z*, F(t,x,y)). Because of the hypothesis H(F); (1), fa(-, -, -) is measurable. Then
03 06y : T — R defined by (A 0 01)(t) = o(z*, F(t, z(t),V(z)(t))) is measurable =
t — F(t,z(t),V(x)(t)) is measurable for the Lebesgue o-field on T’ (see Section 2).
So from Aumann’s selection theorem (see Theorem 5.10 of Wagner [18]) and since

|E(t, 2, )| < @(t)a.e. with o(-) € L}, we see that S}"(-,x(~),\/(:{:)(~)) # ), which of
course implies that R(z) # () for all z(-) € C(T,X). Clearly R(z) is convex and
we will now show that it is closed. Indeed, let {yn},>1 C R(x) and assume that

yn — y in C(T, X). Then by definition

t
%@:%+Ah@%,

i L > 1 = convy Jn n>1
for all t € T and with f,, € SF("x(')’V(m)(V)),n > 1. Let G( conv{ fn(t)}n>1

0
t € T. Clearly G(-) is measurable and G(t) C F(t,z(t), V(z)(t)) € Pye(X) (since
B(E(t, B1,B2)) < k(D)[B(B1) + B(Ba) a.e;; just take B; = {z(t)} and By =
{V(2)(t)}, note that 3(B1) = B(B2) = 0 and so obtain that 3(F'(t, B1, Bp)) =
0 = F(t,z(t),V(z)(t)) € Pye(X)). Hence G(t) € Pye(X),t € T, and [G(t)] <

F(t,z(t), V(x)(t)| < ¢(t)a.e. So invoking Proposition 3.1 of [10], we deduce that
Sé € Py(L'(X)) and so by the Eberlein-Smulian theorem and by passing to

a subsequence if necessary, we may assume that f,, — f in Ll(X ). Since
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Sl( () V@) € Puie(X) (see Proposition 3.1 in [10]), we get that

fe S F(z(),V(@)() Then y(t) = zo + fO s)ds for all t € T and with f €

1
St v () 50 B@) € Pre(C(T, X))

Next let B C W be nonempty and closed. In what follows, we set B(t) = {z(t) :
z(-) € B}. We have

4
R(B)(t) = {xo —|—/0 f(s)ds: f € LN(X), f(s) € F(s,2(s),V(z)(s)) a.e.,x € B}.

Note that

{F(s,2(s), V(2)(s)) : @ € B} C F(s, B(s), V(B)(5))

for all s € T. Also for every z* € X™*, we have

O'(ZE*,F(S,B(S),V(B)(S))) :U(‘T*a U F(S,:E,y)) =
z€B(s)
yeV(B)(s)

:sup[a(x*,ﬁ'(s,x,y)) : (x,y) € B(s) X V(B)(s)}.

Observe that s — B(s) is measurable, since if {z,},>1 € B is dense in B,
then from the continuity of the evaluation map, we have that B(s) = {zn(s)},,~1,
establishing the measurability of B ( ) Similarly, using Theorem 3.1 of Kandilakis—
Papageorgiou [4], we have that V/(B)(s) = { [ K (s,7)zn(7)d7} o1 = 5 — V(B)(s)

is measurable. Since (s,z,y) — a(:c ,F(s, x,y)) is measurable (it follows from the
hypothesis H(F'); (1)), from Lemma 3.1, we deduce that s — suplo(z*, F'(s,z,y)) :
z € B(s),y € V(B)(s)] is measurable = s — o(z*, F'(s, B(s), V(B)(s))) is measur-
able = s — tonvF (s, B(s), V(B)(s)) = H(s) is measurable for the Lebesgue o-field
on T (see Section 2). Thus there exist hy : T — X n > 1 Lebesgue measurable
functions s.t. for all t € T H(t) = {hn(t)},;~1- So invoking Proposition 1.6 of
Ménch [7] (see also Lemma 2.2 of Kisielewicz [5]), we have

t t
ﬁ(R(B)@))s;ﬁg/’{hn«ﬂ}nzlds]s;j/ (T ()21 ds

/ %—/6 VB)(s))) ds

t t
S/ k(s)[B(B(s)) + (V(B)(S))]dSZ/ k(s)[B(B(s)) + BV (B)(s))] ds.
0 0
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From the definition of the Volterra integral operator V (-), we have

BVB)(s)) = BV (B)(s)) = A /0 " K(s,7)B(r) dr]
= ﬁ[/o K(s,T)an(r)dr :n>1] < /0 B(K (s, 7)xn(T) : n > 1)dr (see Monch [7])
< /0 My5({n(r)}ns1) dr = /0 M B(B(r)) dr
t t S t
- /O BV(B)(s)) ds < /0 /0 M B(B(r)) dr ds < Myr /0 B(B(r)) dr.
So we have:
t
BR(B)(1)) < /0 K()[B(B(s)) + MirB(B(s))] ds.

Let (B) = supteT[e_AfOt k(s)ds3(B(t))], A > 0. Using the properties of 3(-)
and the fact that W C C(T, H) is equicontinuous, we can easily check that () is
a sublinear measure of noncompactness, in the sense of Banas—Goebel [1]. We have

B(R(B)(t)) < /Ot k(s)(1+ Myr)e=>Jo KT dr A [o k() dr 3 B(5)) ds

< /0 "R (1 Myry(B)A o kryar — (Lt Mir)u(B) M;TWB) /0 LM R ary

_ 1 +;\ZW1T) ekfg k(s) dsw(B) = B(R(B)(t))e™" f(f k(s)ds

< <1—|—M1’I”
- A

Yo tet = o) < (F50) u)

So if we choose A > (1 4+ Mjr) we have that R(-) is a ¢-contraction.

Next we wil show that the multifunction R(-) has a closed graph. To this end,
let [zn,yn] € GrR, n > 1, [Zn,yn] — [z,y] in C(T, X) x C(T,X). By definition for
every n > 1, we have

t
yn(t) = z0 —|—/0 fn(s)ds

for all t € T and with f, € LY(X), fu(t) € F(t,zn(t), V(zn)(t)) a.e. But 2, —

in C(T, X) and so V(zp) — V(z) in C(T, X). Since F(t,-,-) is u.s.c. from X x X
into Xy, using Theorem 7.4.2; p. 90 of Klein—Thompson [6], we have

o | Bt wn(t), V(an)(£) = G(t) € Pype(X)
n>1

and clearly t — G(¢) is a measurable multifunction, with |G(¢)| = sup{||z| : z €
G(t)} < ¢(t) a.e. So invoking once again Proposition 3.1 of [10], we get that S}, €
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Pue(LY(X)). Since {fn}n>1 C Sé, from the Eberlein—Smulian theorem and by

passing to a subsequence if necessary, we may assume that f, Z fin Ll(X ). Using
Theorem 3.1 of [11] we have

f(t) € convw — lim{ fu(t) }n>1
C eonvw — lim F(t,zn(t), V(zn)(t))
C E(t,z(t),V(x)(t)) a.e.

the last inclusion following from the fact that F'(,-,-) is u.s.c. from X x X into
Xy, is convex-valued and z,, > z,V () > V(z) in C(T, X). Hence

t
t):xo—i—/o f(s)ds

for allt € T and with f € S Thus [z, y] € GrR; i.e. R(-) has a closed

graph in W x W.

Apply Theorem 4.1 of Tarafdar—Vyborny [17], to get € R(x). Then as in the
beginning of the proof, using the definition of F' (t,z,y) and Pachpatte’s inequality
(Theorem 1 in [9]), we get that ||z(t)|| < Ma, [|[V(2)(t)|| < M3 for all t € T and
so F(t,z(t),V(x)(t)) = F(t,x(t),V(x)(t)). Hence x(-) € C(T,X) is the desired
solution of (x). O

F(a(),V(@)()

Now we will prove the “nonconvex” analog of Theorem 3.2. For this we will need
the following hypothesis on the orientor field F(t,z,y).
H(F)a: F:T x X x X — Py(X) is a multifunction s.t.

(1) (t,z,y) — F(t,z,y) is graph measurable,
(2) (z,y) — F(t,z,y) is Ls.c.,
(3) B(F(t, B1,B2)) < k(t)[B(B1) + B(Bz2)] a.e. for all By, By € X nonempty,

bounded and with k(-) € L1,
(4) |F(t,z,y)| = sup{||z|| : z € F(t,z,y)} < a(t) + b(t)(||lz]| + |ly|) a.e. with
a’()ub() € L+’
Theorem 4.3. If hypothesis H(F')o holds, then (*) admits a solution.

PROOF: As in the beginning of the proof of Theorem 3.2, we can get that for
every solution z(-) € C(T,X) of (x), we have ||z(t)|| < Ma and ||V (2)(®)| < M3
for all t € T. As before, define F(t,z,y) = F(t,par, (2), s (y)). Again we can
easily check that ﬁ'(, -,+) is graph measurable, ﬁ'(t, ) is Ls.c., ﬁ(ﬁ'(t, B1,Bg)) <
k() [B(B1) + B(B2)] a.e. and|F(t, z,y)| = sup{||z|| : z € F(t,z,y)} < @(t) a.e. with
o(-) € LY. Set

t
W—{yGC(TvX):y(t)—CCO‘F/O f(s)ds, teT, | f@B)] < ¢(t)ae.}.
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Then W is a closed, convex, bounded and equicontinuous subset in C(7T, X). Let
R:W — 2L'(X) be defined by

1
) = Sh a0 v
Note that for every x € W, the map n, : T'x X — T3<X><X><Xde—
fined by ne(t,v) = (¢, (t),V(2)(t),v) is measurable. Then GrF'(-,z(-),V(2)()) =
~1(GrF) € B(T) x B(X) since F'(-,-,-) is graph measurable. So t — F(t x(t),
V(w)(t)) is measurable for the Lebesgue o-field on 7. Thus 5’1( () (@)( ;é 0

and in fact it belongs in Py (LY(X)) and is decomposable (see Section 2). Hence
R:W — Pf(Ll(X)) and from Theorem 4.1 of [11], we know that it is l.s.c. So we

can apply Theorem 3 of Bressan—Colombo [2] and get v : W — L!(X) continuous
map s.t.v(z) € R(x) for all z € W. Then define u: W — W by

t
u(z)(t) = zg —l—/o v(z)(s)ds, teT.

Let B C W be nonempty and closed. We have
Blu(B)(t) < 6] /O tv(wnxs) ds:n>1] < /0 tﬁ(v(sm)(s) in>1)ds
< [ 50t B VBN s < [ M) + 50 (B)6)] ds
< [ KB + VBB ds.

0

t
As in the proof of Theorem 3.2, set ¢(B) = supteT[e_)‘fo k(s)ds g(B(t))], which
is a sublinear measure of noncompactness on the nonempty subsets of W. Then, as

before, we get
1 M
v((B) < ==L u(B)

If we choose A > (1 + rMy), we get that u(-) is a ¢-contraction. Clearly u(-) is
continuous, since v(-) is. Hence Theorem 4.1 of Tarafdar—Vyborny [17] tells us that
u(-) has a fixed point; i.e. there exists z € W s.t. © = u(z). Using the definition
of F(t,z,y) and Pachpatte’s inequality, we can easily check that ||z(t)|| < Mo and
|V (z)(t)]] < Mz forallt € T. So F(t,z(t), V(z)(t)) = F(t,2(t),V(x)(t)). Therefore
z(-) € O(T, X) solves (). O

Remark. If F': T x X x X — Py(X) is a multifunction s.t. (z,y) — F(t,z,y)
is h-continuous, then (z,y) — bdF(t,x,y) is h-continuous, too (here bd[F'(t,z,y)
denotes the boundary of F(¢,z,y)). Thus if F(-,-,-) satisfies also H(F)a (1), (3)
and (4), we deduce that the integrodifferential inclusion @(t) € bdF (¢, z(t), V (z)(t)),
x(0) = z has a solution. Such results are useful in control theory, in connection
with the maximum principle.
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