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VECTOR FIELDS AND CONNECTIONS ON TM 

ANTON DEKRET, Zvolen 

(Received November 28, 1988) 

Summary. In this paper we describe the set Cf TMof all vector fields Z on TM which determine, 
by first order natural procedures, connections on TM. We construct all natural differential operators 
of the first order from Cf TM into the space of all connections on TM. 
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1. INTRODUCTION 

It is well known, see [3], [7], that every spray on a smooth manifold M determines 
a linear connection without torsion on TM. This fact was extended to the case of 
arbitrary differential equations of the second order on M, see [ l ; 8]. We have 
constructed all connections on TM (non linear in general), naturally associated in 
the first order with a differential equation of the second order. Now we study the 
problem of a geometrical construction of connections on TM by any vector field 
on TM. This is possible only in some cases. We characterize the set CpTM of such 
vector fields and construct all natural differential operators of the first order from 
CfTM into the space of all connections on TM. Our considerations are in the 
category C0 0. 

Let C°°Y denote the set of all smooth sections of a fibre manifold n: Y-> M. 
We recall some equivalent definitions of a connection F on Ythat we will use. 

1. Let JY be the space of all 1-jets of local sections of Y. A chart (x\ ya) on Y 
induces the chart (x\ y". /?) on JY. A connection on Y is a section F: Y-> J*Y, 
xl = x\ ya = y\ y" = r%x, y)- The local functions F? on TM on TM will be called 
the Christoffel functions of F. 

2. A connection F on (Yis given by a 1-form hr on Ywith values in TYsuch that 
hr(X) = 0 for X e VY and TTT(Z) = Tn hr(Z) for any Z e TY, where Tf denotes 
the tangent map of f: M -> N and VY is the space of vertical vectors on Y. Put 
vr: = I d r y — hr. The forms hr and vr are said to be the horizontal and vertical 
forms of F, respectively. In terms of coordinates, hr = dx' ® djdx1 + Fjdx-7 ® 
® djdy*. It is clear that hr can be interpreted as an element of C°°(T(TM) ® T*M -> 
->7M). 
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Since JY-> Yis an affine bundle associated with the vector bundle VY® T*M -• 
-> Y, we conclude that if T is a connection on Yand y e C°°(VY® T*M —> Y) then 
F + y is also a connection on Y. 

2. T(TM)-VALUED FORMS ON TM AND CONNECTIONS ON TM 

Let pM: TM -» M denote the tangent vector projection onto M. Let pMTM be 
the PM-pull-back of TM. Then C°°(TM ®T M T*M -> TM) carries the algebra struc­
ture of all vector bundle morphisms on pMTM over idTM, i.e. if a, b e C"°(TM ® 
® TMT*M ~> TM) then a . b denotes the composition of the maps a and b. We will 
use the identification CX(VTM ® T*M -> TM) = C*°(TM ® TMT*M -> TM), which 
is implied by the canonical identification VTM = TM x MTM = pMTM. 

A local chart (x1) on M induces the charts (x*, x\) on TM and (x\ x\, dx \ dxi) 
on pTM: TTM -> TM. In these charts the canonical involution i2 and the canonical 
morphism v on T(TM) are of the form i2(x\ x',, dx\ dxi) = (x\ dx\ xj , dx\) and 
v = dxl ® d\dx\. 

Denote by C*(T(TM) ® T*(TM) -> TM) the space of all T(TM) - valued 
forms A on TM such that the restriction of the map A: T(TM) -> T(TM) to VTM is 
a vector bundle morphism on VTM over idTM. In coordinates, A = aj(x, x t) dx j ® 
® djdx1 + (ej(x, x-) dx7' + fej(x, x,) dx{) ® d/dxj and then v . A = aj dx' ® d/dx'i, 
A . v = /?) dx j ® d\dx\. It means that v, v . A, A . v can be considered as elements 
of C°°(7M ® TMT*M -> TM). 

Let V, Wbe vector spaces. Let B e (W ® W*) ® (V® V*). Denote by B0 the linear 
map W® V* -> W® V* given by the tensor contraction of B ® K, X e W® V. 
We say that B is regular if B0 is regular. A form A e C*(T(TM) ® T*(TM) -> TM) 
is said to be connection admissible if a = idTM ® TMv . A - A . v ® TMidTM e 
G C°°((TM ® TMT*M) ® TM(TM ® TMT*M) -> TM) is regular. Obviously, the map 
oc0: C°°(7M ® TMT*M) -• C°°(TM ® TMT*M) is of the form 

(1) y j - ( ^ - h ^ ) y : . 

Let CT(TTM ® T*TM) denote the space of all connection admissible forms. We 
will prove that the connection admissible T(TM)-valued 1-forms on TM determine 
connections on TM. First, we will construct a connection by means of a connection 
admissible form A. Denote A: = A ® TMidTM — idTTM ® v . A = 
= (a)d\ - d)ak

s) dxj ® d\dxl ® dxs ® d\dxk + effi dxj ® d\dx\ ® dx* ® d\dxk + 
+ (hffi - 5)ak^)dx{ ® d\dx\ ® dxs ® d\dxk. Then for the coordinate form of 
A0: T(TM) ® T*M -> T(TM) ® T*M we have 

z[ = (a)dk
s - 5)ak^ z(, Z\ = e)b\z{ + (h)b\ - b)ak

s) Z{ . 

Obviously, there exists a unique Z0 e C°°(T(TM) ® TMT*M -> TM) such that 
v . Z0 = idp*MTM and A0(Z0) = 0. The coordinate equations of Z0 = (z^, Z£) are 
as follows: 
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(2) zl =81, 

(5ft - h>5s) Z{ = e's. 

Since a0 is regular, therefore the components Zl
k of Z0 are equal to those of a0 *(£), 

where E is a local (1, 1)-tensor determined by the components (e's). By virtue of 
the property v . Z0 = ldPM*TM, Z0 is the horizontal form of a connection on TM 
that will be denoted by T A. IT $JJ are local components of (XQ1 then Fj = <j>s

qe5
q are 

the ChristolTel functions of F^. 
As v, v . A, A.ve C*(TM ® TMT*M -> TM) we have for example cp = Cxv + 

+ C2v . A + C3A . v + C4(v . A). (v . A) + C5(A . v). (v . A) G C™(TM ® 
® TMT*M -> TM) and consequently TA + cp is a connection on TM. In general 
the following proposition holds 

Proposition 1. Let A e C?(T(TM) ® T*TM -• TM). Then the map A h-> TA + 
+ cp(v . A, A . v), where cp is a natural operator of zero order from ^(TM ® 
® TMT*M x TMTM ® TMT*M -» TM) into C*(TM ® TMT*M -» TM), is a natural 
operator of zero order from CT(TTM ® T*TM) into the space TTM of all con­
nections on TM. 

It is possible to prove that every natural operator of zero order from 
C*(TTM ® T*TM) into TTM is of the form Av^TA + cp(v . A, A . v). 

3. CONNECTIONS DETERMINED BY VECTOR FIELDS ON TM 

For further use we introduce the notation f: = dfjdx1 andf*: = dfjdx\ for a func­
tion / on TM. 

Let Z = c'(x, Xj) djdx1 + b'(x, xx) djdx[ be a vector field on TM, that is a section 
Z: TM -> T(TM), Z(x\ x[) = (x', x[, c\ b'). Then TZ(x\ x[, dx', dx[) = (x', x\, c\ 
b\ dx\ dxj, cj[ dxfe + c'l dx\, b'l dxk + b£dxfe). 

Therefore 

TZ . v(x\ x[,dx\ dx[) = (x\ xi , c\ b\ 0, dx[, c{ dxfe, b\ dxk). 

On the other hand, using the T-prolongation of the canonical involution i2 we get 

Ti2 . TZ(x\ x'i, dx', dxi) = (x', c\ x[, b\ dxj, c[ dxk + c£ dx^ , 

dx[,b[dxk + b^dxj). 

Let v{: T(TTM) -> T(TTM) be the canonical morphism on T(TM). Then Ti2 . vt . 
. Ti2 . TZ(x\ xl dx\ dxi) = (x', x j , c\ b'\ 0, dx', 0, c'l dxk + c{dx\). 

In the case of a vector bundle n: E -> M let pr..: VE -^ E denote the canonical 
projection on the second factor, pr,, (x', j ; a , 0, dya) = (x', dya). Then 

PrPTM -(TZ.v- Ti2 . v, . Ti2 . TZ) . (x\ xj , dx', dxi) = 

= ( x ' , x i , c j d x ^ , ( b i ~ c i ) d x f e - c i d x f e ) . 
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It means that pr„TM .(TZ . v - Ti2 . r- . Ti2 . TZ) = c) dxj ® O7OV + 
+ [(bl - c/Jdx* - fjdx{] ® fl/dxi belongs to CX(T(TM) ® T*TM -> FM). By 
a direct coordinate calculus we obtain 

Lemma I. Let Lz{v) be the Lie 'derivative of the canonical morphism v by Z. Then 

Lzv = -P^TM • (TZ • v - Ti2 • "i • Ti2 . TZ) . 

A vector field Z on TM will be said to be connection admissible if — Lzv is a con­
nection admissible T(TM)-form on TM. In coordinates, v . ( — Lzv) = Lzv . v = 
= Cj. dxk ® djcx\. Therefore Z is connection admissible if and only if 

idTAf ® TMv . ( - Lzv) - v . Lzv ® TM\dTM = (Sl4 + c^jj) 

is regular. 

Lemma 2. A vector field Z on TM is connection admissible if and only if there 
is only the zero solution x = 0 of the equation 

(v . Lzv).x = -x . (v . Lzv) 

in the algebra TM ® TMT*M. 

Proof. The map a0: yl
k = (5jc'j + c[5u

k) xu = xl
ucl + cl

ax
u

k is regular if and only 
if the equation x.'.c^ + ĉ .xjj = 0 has only the zero solution. This completes our proof. 

Corollary. / / v . Lzv is regular then Z is connection admissible if and only if the 
linear operator x \—> (v . Lzv)~ l . x(v . Lzv) in algebra TM ® TMT*M does not have 
the eigenvalue — 1. 

Remark. If Z is a differential equation of the second order on M, c' = x\, then 
— v.Lzv = idPM*TM. Therefore in virtue of Lemma 2 every differential equation 
of the second order is connection admissible. 

If Z is connection admissible then the connection T_LzV determined by the con­
nection admissible form — Lzv will be shortly denoted by Fz. Let CTTM be the 
space of all connection admissible vector field on TM. With regard to Proposition I 
we obtain 

Proposition 2. Let Z e CfTM. Then any map Z \-> Fz + (p(v . Lzv), where cp is 
a natural differential operator of zero order from C°°(TM ® TMT*M -> TM) into 
itself, is a natural operator of the first order from CTTM into the space TTM of 
all connections on TM. 

Now, we will prove that every natural differential operator of the first order from 
CTTM into TTM over \dTM is of the form Z H* Fz + cp(v . Lzv). 

Let Tf: TM - TN, TTf: TTM -> TTN, JTf: JTM -> JTN, JT(Tf): J(T(TM)-> 
-> TM) -> J(T(TN) -> TN) be the local diffeomorphisms determined by the tangent 
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prolongation functor Tand by the first-jet prolongation functor J applied to a local 
diffeomorphism / : M -> N. If X or F is a vector field or a connection on TM then 
TTf(X) or JTf(T) is a vector field or a connection on TN, respectively. Recall that 
the condition for'an operator A from C°°TM into FTM to be natural is 

AN(TTf(X)) = JTf(AM(X)) 

for any local diffeomorphism / from M into N and every vector field X on TM. 
Then A is of the first order if 

(jl
hXi=j1

hX2)=>(AXl(h) = AX2(h)) 

for any Xl9 X2 e C°°TM, h e TM. 
By the theory of natural functors and operators, see [2], [4], [6], [8], the set of 

all natural operators of the first order from C°°TM into FTM over TM is in a bijection 
with the space of all natural transformations <P from J(T(TM) -> TM) into JTM 
over id r M . Recall that <P is a family of maps from JT(TM) into JTM such that 
JT/. <pM = 0K . JT(T/) for any local diffeomorhism / from M into N. 

We will need the coordinate forms of JF(7f) and J7f Let (x\ jc',), (x\ x[9 c\ b% 
(x\ x[9 xj), (x\ x\9 c\ b\ c[9 cl b[9 b\) be local charts on TM, TTM, JTM, JT(TM)9 

respectively. Then xl = f'(xj) and 

(3) * } = / > { 
are the equations of 7f. Adding the equations 

(4) c ' - = j y , V = fjkx{ck + f)V 

to those of Tj we get the local expression of TTf. 
Let J:N-+M be the inverse map to j . Let g e J(T(TM) -> TM), a = 

= fh(u H> <T(M)) = jl
iXiXl)((u\ «i) i - («'', u[, f(u,«,), /?'(", «,)). Then £ = JT(Tj) (a) = 

= j\(u h-> TT/. o(r/(S)) = j(
l
X;Xl)(i/, SO H> (", t7„/j(j(i7)) y'(/(«), / » «{), 

//*(/(*•))/!?(«-) sSA/Cff), //(*•) wf) + JXJ(")) v'(/(s)» /?(") °7))- Af ter s o m e caN 

culation we obtain 

(5) c) = fs„lpjcs + fffij +fA~fWqx\ , 

ci=f,cJh 
Vj =fqJ}xlck +fjtjfsx\ck + fkx\(ckJ) + 

+ ckjyix\) +fqj"jb" +f(b^ + bfrjx), 
Ki=fqJlcs+Jqsx\cJu

k+fM 
where fj) = 5) and fuJ

sjfu
k + }ju

k} = 0. It means that the map JT(Tf) is locally 
determined by (3), (4), (5). It remains to derive the coordinate form of JTf. Let 
h = (x\ x\, x'j) = jl

x((u
l) i-> (u\ a'(u))) e JTM. Then K = JTf(h) = jx(ii) t-> 

H,(u',/;(/(u)) f f ' (/(«))),i-e. 

(6) *wu>;+/&/;• 
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This equation together with (3) yields J7f. 
Let h = (x\ x\, c\ b\ ck\ c[, b[, b{) = j\G e J(T(TM) -> TM). Being a local vector 

field on TM, a locally determines v.( — Lav). Denote v . ( — Lav) (u): = hr, hr = 
= c^dxk ® 3/OV e TM ® TMT*M. We will say that h is a connection element if 

l&TpM(u)M ® TM^T + hr ® TMX^TPM(U)M 

is regular. A vector field Z on TM is connection admissible if its jet prolongation JZ 
states a connection element JZ(u) at every u e TM. 

It is easy to see that JT(TM) -> M is a fibred manifold associated with the principle 
fibre bundle (H3M, L3) of all frames of the third order on M the structure group of 
which is the group L 3 of all 3-jets j0f of all local diffeomorphismsffrom Rm into Rm 

such thatf(O) = 0. The action of L3 on the type fibre (JT(TRm))0 is given by (3), 

(4), (5). 
Quite anologously, J7M is associated with (H2M, Lm) and the action of Lm on 

(JTRm)0 is described by the equations (3) and (6). 
There is a bijection between the space of all natural transformations <P from 

JT(TM) into JTM over id r M and the set of all L3-equivariant maps xj/ from 
(JT(TRm))0 into (JTRm)0 over \dTRmQ such that n\f. ij/ = i> . f for a l l f e L 3 , where 
n\: Lm -> Lm is the group homomorphism determined by the projection of a 3-jet 
onto its 2-subjet. This means that our goal consists in finding all functions T) = 
= \l/)(xp, cp, bp, cp, c\, bp, b\) such that 

(7) fUW + fty'Jj = *j(x?, cp, bp, cp, cl, bp, bl), 

where xp, cp, bp, cp, cf, bp, b\ are given by (3), (4), (5). 
For any homothety (kS),fl

jp = 0,f)kt = 0) e L3 the relation (7) is of the form 

ifrfal cp, bp, cp
k, cl, bp, bl) = 0)(kxp, kcp, kbp, cp

k, cl, bp
k, bl). 

It implies that the functions \j/) do not depend on xp, cp, bp. Now, (7) is satisfied 
for every f = (f) = 6), f)k = 0, f)ks) e Ker n\ if and only if i/,j(c£, cp

n, b
p
k, bl) = 

= Vj(cL cUP
qtkAct + K, bl)- Therefore \jj) are independent of bp

k. Let n]: Lm -+ Lm 

be the group homomorphism under which 7r3(f) is the 1-subjet of a 3-jet f. With 
respect tof = (f) = <>),fjk,f)ks) e Ker n\ and for x\ = 0 the equation of equivariance 
is of the form 

¥K ci bD = rki + tp, ci, bi + tp), tp = fp
kC". 

Consequently t/<j = \l/'Jdp, rf), dp = cp - bl Now, f o r / e Ket n\ we have 

(8) fljxl + Vj{dp, cl) = V&l - cprktx\ - fp
qx

pcl cl). 

Differentating by dk we deduce that d\j/)\ddk does not depend on d\, i.e. \\f) = 
= * M d\ + <p)(cl). Now (8) implies 

/.y=-*Í5W +W/řr-
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It means that the functions 0$(c£) are defined at h e (JT(TRm))0 if and only if h 
is a connection element. In this case 4>l£ are the components of the tensor <P which is 
determined by t.he inverse map to a0 = (idjR* ® hr + hr ® idK,„)0. It establishes 
an L^-equivariant map hr i-> <P from Rm ® Km* into (Rm ® Km*) ® (Rm ® Kw*), 
i.e. we have 

Consequently, the equivariance with respect to the subgroup L,J, c L^ leads to the 
equation 

This implies that if an L^-equivariant map from (JT(TRm))0 into (JTRm)0 exists 
then it is of the form Fj = 4>lqj(cs

q — bs
q) + (p)(c%), where r/>j is an L,',requivariant map 

from Rm ® Km* into itself. We have proved 

Proposition 2. Only in the case of a connection admissible vector field Z on TM 
there is a connection Fz On TM naturally associated with Z in the first order. 
Every natural differential operator of the first order from CTTM into TTM is 
of the form Z \—> Fz + cp(v . Lzv), where (p is a natural zero-order operator on 
C°°(TM ® TMT*M) over \dTM. 

Remarks . 1. Let Z be a projectable vector field on TM, c' = c'(x). Then v . Lzv = 
= 0. Therefore Z is not connection admissible. 

2. Let Z be a vector field on TM such that v . Lzv is a homothety on pMTM, 
v . Lzv = g(x, x t) Slj dxJ ® djdx1. Then idTM ® v . Lzv + v . Lzv ® idriW = 
= ( — 2g(x,xl)d

l
sd'j). Therefore Z is connection admissible iff g(x,x{) + 0. Then 

* 3 = - ( l / ( a ( x , x , ) j ) ^ and r ( = - ( l / (2 0 (x , x ,)))W - K) + cp(x, x.) d'k where 
</?(x, Xi) is an element of the space <g(x, Xj)> of all real functions on TM generated 
by g(x, Xj). If Z is a differential equation of the second order on M, c' = x\, 
g(x,x,) = 1, then F; = ib± + cdl

k, c e R, see [ l ] . 
3. Let C = x\ d\dx\ be the Liouville field on TM. Let Z be a homogeneous field 

on TM; [C, Z] = Z, c'' = c](x) x{, b'1 = ifejfc(x)rjxj. Then v. Lzv is projectable 
and it is easy to see that if Z is also connection admissible then the connection Fz 

is linear. 
4. In this paper we have dealt with operators of the first order. Our considerations 

about the connection admissible forms on TM offer methods for construction of 
connections associated in higher orders with the vector on TM. We will introduce 
an example of the second order. Let Z = c[ djdx1 + b'1 djdx\ be a vector field on TM. 
Then L z ( - v . Lz) = -c& dxk ® djdx1 + [(c& + c^cs + c\Jf - b^c|) dx* + 
+ cic|dxj] ®djdx\ is a T(TM)-valued 1-form on TM. By (1) it is connection 
admissible if and only if (y{cl + c^y") c\ = 0 implies yq = 0. This is true if det (c|) #= 
4= 0. It means that if v . Lzv is regular then the map Z i-> rLz(v.Lzv) i s a n operator 
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of the second order from C°°(T(TM) -> TM) into TTM. Let us note that if Z is 
a differential equation of the second order then — v . Lzv = v. 
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Súhrn 

VEKTOROVÉ POLIA A KONEXIE NA TM 

ANTON DEKRET 

V práci je charakterizovaná množina CfTM všetkých vektorových polí na TA/, ktoré určujú 
konexie na TM. Sú zostrojené všetka prirodzené operátory prvého rádu z CfTM do priestoru 
všetkých konexií na TM. 

Pe3K>Me 

BEKTOPHbIE nOJlf l H CBJI3HOCTM HA TM 

ANTON DEKRET 

B HacToameň craTbe xapiKTepH3yeTCH MHOHCCCTBO CpTMrex BeKTOpHbix nojieň Ha TM, KOTOpbie 
onpeflejiHiOT CBH3HOCTH Ha npocTpaHCTBe TM. nocTpoeHbi Bce HaTypajTbHbie ,iiM(|)(j)epeHUKajibHbie 
onepaTOpbi nepBoro Knacca H3 Cf TM B MHOKCCTBO Bcex CBJttHOCTeíí Ha TM. 
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