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VECTOR FIELDS AND CONNECTIONS ON TM
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Summary. In this paper we describe the set C* TM of all vector fields Z on TM which determine,
by first order natural procedures, connections on TM. We construct all natural differential operators
of the first order from C TM into the space of all connections on TM.
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1. INTRODUCTION

It is well known, see [3], [7], that every spray on a smooth manifold M determines
a linear connection without torsion on TM. This fact was extended to the case of
arbitrary differential equations of the second order on M, see [1; 8]. We have
constructed all connections on TM (non linear in general), naturally associated in
the first order with a differential equation of the second order. Now we study the
problem of a geometrical construction of connections on TM by any vector field
on TM. This is possible only in some cases. We characterize the set CfTM of such
vector fields and construct all natural differential operators of the first order from
CFTM into the space of all connections on TM. Our considerations are in the
category C®.

Let C®Y denote the set of all-smooth sections of a fibre manifold n: Y — M.
We recall some equivalent definitions of a connection I' on Y that we will use.

1. Let JY be the space of all I-jets of local sections of Y. A chart (x/, y*) on Y
induces the chart (x, y* y%) on JY. A connection on Y is a section I': Y- J'Y,
X=xLy =y, 5= I{(x, y). The local functions I'f on TM on TM will be called
the Christoffel functions of I'.

2. A connection I' on Yis given by a 1-form Ay on Y with values in TY such that
h(X) = 0 for X € VY and Tr(Z) = Tr h(Z) for any Ze TY, where Tf denotes
the tangent map of f: M — N and VY is the space of vertical vectors on Y. Put
vr: = Id;y — hp. The forms hy and v, are said to be the horizontal and vertical
forms of TI', respectively. In terms of coordinates, hr = dx' ® 9/ox' + I'jdx’ @
® 6/6 y® It is clear that hy can be interpreted as an element of C*(T(TM) ® T*M —
- TM).
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Since JY — Yis an aifine bundle associated with the vector bundle VY ® T*M —
— Y, we conclude that if I" is a connection on Yand y € C°°(VY® T*M - Y) then
I' + yis also a connection on Y.

2. T(TM)-VALUED FORMS ON TM AND CONNECTIONS ON TM

Let py: TM — M denote the tangent vector projection onto M. Let pyTM be
the py-pull-back of TM. Then C”(TM Qru T*M — TM) carries the algebra struc-
ture of all vector bundle morphisms on pyTM over idyy, i.e. if a,be C*(TM ®
® rMT*M — TM) then a . b denotes the composition of the maps a and b. We will
use the identification C*(VTM ® T*M — TM) = C*(TM ® 4, T*M — TM), which
is implied by the canonical identification VIM = TM x ,TM = p5TM.

A local chart (x') on M induces the charts(x%, x{)on TM and (x', x{, dx’, dx})
on pray: TTM — TM. In these charts the canonical involution i, and the canonical
morphism v on T(TM) are of the form i(x', x|, dx'. dx}) = (x', dx". x{, dx{) and
v =dx' ® dox].

Denote by CY(T(TM) ® T*(TM) — TM) the space of all T(TM) — valued
forms A on TM such that the restriction of the map A: T(TM) — T(TM) to VTM is
a vector bundle morphism on VTM over idyy. In coordinates, A = a}(x. x1)dx! ®
® dfox' + (ei(x, x;)dx’/ + hi(x, x,) dx{) ® 0/0x{ and then v. A = adx’ ® /0x},
A.v = hidx’ @ d/ox|. It means that v, v. A. A.v can be considered as elements
of CHTM @ 7y, T*M — TM).

Let V, W be vector spaces. Let Be (W ® W*) ® (V ® V*). Denote by B, the linear
map W® V*¥ > W® V* given by the tensor contraction of B@ X, Xe W® V.
We say that B is regular if B, is regular. A form 4 e C;(T(TM) ® T*(TM) — TM)
is said to be connection admissible if o =idpy ® ;ut. 4 — 4.0 @ ppyidry €
€ C*((TM @ 14 T*M) @ 7m(TM ® 1) T*M) — TM) is regular. Obviously, the map
%y: C(TM ® 744 T*M) » C*(TM ® 1, T*M) is of the form

(1) Ji=(8la4 — hisY) y;.

Let C7(TTM ® T*TM) denote the space of all connection admissible forms. We
will prove that the connection admissible T(TM)-valued 1-forms on TM determine
connections on TM. First, we will construct a connection by means of a connection
admissible form A. Denote A: = A @ rpidyy — idrpy @ v. A =

= (ajof — 8la}) dx! ® 8/ox' ® dx* ® d)ox* + eldkdx/ ® 0/ox| ® dx* ® 8[ox* +

+ (hjo% — 8ia%) dx{ @ 8/ox}| ® dx* ® 0/dx*. Then for the coordinate form of
Ay: T(TM) @ T*M - T(TM) ® T*M we have

S __ igk i k J i __ isk_j ick i k J
z, = (ajof — 6jay) zi, Z; = ejdszi + (hj0 — 8iak) Z{ .

Obviously, there exists a unique Z,e C*(T(TM) ® 1, T*M — TM) such that
v.Zy =idye, sy and Ay(Z,) = 0. The coordinate equations of Z, = (z/, Z}) are
as follows:
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@ =l
(8ial — hid%) Z] = ef.

Since ay is regular, therefore the components Z; of Z, are equal to those of x5 '(E),
where E is a local (1, 1)-tensor determined by the components (e;). By virtue of
the property v.Z, = id,, «rm, Zo is the horizontal form of a connection on TM
that will be denoted by I',. If ¢4 are local components of ag ' then I'} = ¢i%e; are
the Christoffel functions of I' .

Asv,v. A, A.ve C*(TM ® 1, T*M — TM) we have ior example ¢ = C,v +
+ Cw. A+ CiA. v+ Cyv.A).(v.A) + C5(A4.0).(v. A) e C*(TM ®
® ruT*M — TM) and consequently I'y + ¢ is a connection on TM. In general
the following proposition holds

Proposition 1. Let A e C;(T(TM) @ T*TM — TM). Then the map AT  +
+ o(v. A4, A. v), where ¢ is a natural operator of zero order from C°°(TM ®
® ruT*M x 1yTM @ 1y T*M — TM) into C*(TM ® 1) T*M — TM),is a natural
operator of zero order from CF(TTM ® T*TM) into the space I'TM of all con-
nections on TM.

It is possible to prove that every natural operator of zero order from
C>(TTM ® T*TM) into I'TM is of the form AT, + ¢(v. A, A.v).

3. CONNECTIONS DETERMINED BY VECTOR FIELDS ON TM

For further use we introduce the notation f: = 0f|ox and fz: = of[ox} for a func-
tion f on TM.

Let Z = c(x, x,) 8ox" + bi(x, x,) 8/0x} be a vector field on TM, that is a section
Z: TM - T(TM), Z(x', x}) = (x%, x}, ¢!, b’). Then TZ(x', x}, dx’, dx}) = (x', x{, ¢,
b, dx', dxi, cf dx* + ¢ dx¥, b} dx* + bidx¥).

Therefore

TZ . o(x', xi, dx', dxi) = (x, x{, ¢, b', 0, dxi, cf dx*, by dx*).
On the other hand, using the T-prolongation of the canonical involution i, we get
Tiy . TZ(x', xi, dx, dx}) = (x', ¢/, x{, b', dx/, cf dx* + cfdxi,
dxi, b dx* + bjdx}).
Let v,: T(TTM) — T(TTM) be the canonical morphism on T(TM). Then Ti, . v, .
. Tiy . TZ(x', x{, dx', dx{) = (¥, x{, ¢, %, 0, dx", 0, ¢} dx* + cf dx}).

In the case of a vector bundle n: E — M let pr,: VE — E denote the canonical

projection on the second factor, pr, (x’, y% 0, dy®) = (x, dy*). Then
Plyrne - (TZ . v — Tiy . vy . Tip . TZ) . (x', xi, dx', dx}) =

= (x%, x{, cidx/, (b — c}) dx* — cidx}).
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It means that pr,,,, . (TZ.v — Tiy.v,. Tiy. TZ) = c;dx! ® d[ox" +
+ [(bf — ¢f) dx* — cfdx}] ® d[ox| belongs to C*(T(TM)® T*TM — TM . By
a dircct coordinate calculus we obtain

Lemma 1. Let L,(¢) be the Lie derivative of the canonical morphism v by Z. Then
Lo = —pry,, (TZ.v—Tiy.v,.Ti,.TZ).

A vector field Z on TM will be said to be connection admissible if — L v is a con-
nection admissible T(TM)-form on TM. In coordinates, v.(—Lz) = Ly .v =
= ¢{dx* ® ¢/¢x|. Thercfore Z is connection admissible if and only if

idry ® rm0 . (=Lzv0) = 0. Lzo @ gpidyy = (Och + ci0y)
is regular.

Lemma 2. A vector field Z on TM is connection admissible if and only if there
is only the zero solution x = 0 of the equation

(v.Lyp).x = —x.(v.Ly)
in the algebra TM ® ryT*M.

i

Proof. The map %o: ¥ = (8icf + cidf) x5 = xicp + cix} is regular if and only
if the equation xic* + cix} = 0 has only the zero solution. This completes our proof.

Corollary. If v. L,v is regular then Z is connection admissible if and only if the
linear operator x — (v. Lyv)™ "' . x(v. L) in algebra TM ® 1y, T*M does not have
the eigenvalue —1.

Remark. If Z is a differential equation of the second order on M, ¢’ = xi, then
—v. Lz = id,, +yy. Therefore in virtue of Lemma 2 every differential equation
of the second order is connection admissible.

If Z is connection admissible then the connection I'_;,, determined by the con-
nection admissible form —L,v will be shortly denoted by I',. Let CFTM be the
space of all connection admissible vector field on TM. With regard to Proposition 1
we obtain

Proposition 2. Let Ze CFTM. Then any map Z v+ I'y + @(v. Lyv), where ¢ is
a natural differential operator of zero order from C*(TM ® 1 T*M — TM) into
itself, is a natural operator of the first order from CPTM into the space I'TM of
all connections on TM.

Now, we will prove that every natural differential operator of the first order from
CPTM into I'TM over idry is of the form Z — I'y + ¢(v. Lyv).

Let Tf: TM - TN, TTf: TTM - TTN, JTf: JTM - JTN, JT(Tf): J(T(TM)~
— TM) - J(T(TN) — TN) be the local diffeomorphisms determined by the tangent
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prolongation functor T and by the first-jet prolongation functor J applied to a local
diffeomorphism f: M — N. If X or I' is a vector field or a connection on TM then
TTf(X) or JTf(T) is a vector field or a connection on TN, respectively. Recall that
the condition foran operator 4 from C*TM into I'TM to be natural is

AMTTI(X)) = JTf(4u(X))

for any local diffcomorphism f from M into N and every vector field X on TM.
Then A is of the first order if

(jaX 1 = j2X3) = (AX,(h) = AX,(h))

for any X,, X, € C*TM, he TM.

By the theory of natural functors and operators, see [2], [4], [6], [8], the set of
all natural operators of the first order from C®TM into I'TM over TM is in a bijection
with the space of all natural transformations @ from J(T(TM) — TM) into JTM
over idry. Recall that @ is a family of maps from JT(TM) into JTM such that
JTf. &y = @y . JT(Tf) for any local diffeomorhism f from M into N.

We will need the coordinate forms of JT(Tf) and JTY. Let (x', x}), (x', xi, ¢/, b),
(x%, x§, x5), (x, xi, ¢, b, cf, cf, bj, b) be local charts on TM, TTM, JTM, JT(TM),
respectively. Then X' = f/(x’) and

(3) X = fix
are the equations of Tf. Adding the equations
(@ F =g, B = e sy

to those of Tf we get the local expression of TTJ.

Let f: N > M be the inverse map to f. Let ge J(T(TM) - TM), g =
= ja(ur> o(u)) = jé (W, u D (uhul, yi(u,uy), Bi(u, uy) Theng = JT(Tf)(9) =
= jid - TTf. o(Tf () = je 2@, @y) > (@, i, fI(F (@) v/(f(5), fi(@) a}),

wW(J(@) fim) aty* (f(a), 7e@@)ad) + Fi(f@) y'(f (@), fo(@)iif)). After some cal-
culation we obtain
(5) & =T3¢ + 15 + fiThfext

& = ficaf% s

5; = ;ksf;x‘llck +f;k.ffjfs'x ct +qux1( oS5 it

+ cafpif0x3) + ful b + b3 + bquJ foxi)

be = foufic + foxiciTi + fib4T
where fif; = 6% and fLf3f¥ + fift; = 0. It means that the map JT(TY) is locally
determi‘nec.l by (3), (4), (5). It remains to derive the coordinate form of JTJf. Let
h = (x, x}, x}) = jx((u") — (4, 0'(u))) e JTM. Then h = JTf(h) = j@) -
- (@, fi(J(@) o'(7(@)), i.e.
(6) xj = fruijxl ,x:f; .
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This equation together with (3) yields JTf.

Let h = (x', x{, ¢!, b', ¢l cf, bi, bf) = jio € J(T(TM) - TM). Being a local vector
field on TM, o locally determines v.(—L,v). Denote v.(—L,)(u): = hy, hy =
= cjdx* ® 0/0x' € TM ® 1, T*M. We will say that h is a connection element if

idrppom @ rhr + e @ ruidr, oM

is regular. A vector field Z on TM is connection admissible if its jet prolongation JZ
states a connection element JZ(u) at every u € TM.

It is easy to see that JT(TM) — M is a fibred manifold associated with the principle
fibre bundle (H*M, L?) of all frames of the third order on M the structure group of
which is the group L} of all 3-jets j2 f of all local diffeomorphisms f from R™ into R™
such that f(0) = 0. The action of L;, on the type fibre (JT(TR™)), is given by (3),
(4). 5).

Quite anologously, JTM is associated with (H*M, L?) and the action of L2 on
(JTR™), is described by the equations (3) and (6).

There is a bijection between the space of all natural transformations & from
JT(TM) into JTM over idyy and the set of all L)-equivariant maps Y from
(JT(TR™)), into (JTR™), over idygm, such that n3f . = ¢ . f for all fe L3, where
n3: L) — L2 is the group homomorphism determined by the projection of a 3-jet
onto its 2-subjet. This means that our goal consists in finding all functions I‘j. =
= Y(x§, ¢?, b, cf, ¢}, b}, b) such that

(7) Tlixt + fiLjy = vi(xs, &, b2, ¢, ¢, bE, b)
where X%, ¢?, b”, ¢f, ¢&, b?, b? are given by (3), (4), (5).
For any homothety (ké}, f}, = 0, f},, = 0) € L, the relation (7) is of the form
Wi(xD. P, b2, T, ¢, bE, bp) = @i(kx?, ke, kb, cf, B, b, bf) .
It implies that the functions ll/} do not depend on x%, ¢?, b”. Now, (7) is satisfied

for every f = (fi = 6% fi =0, fi,)eKern3 if and only if yi(cf, cf, b}, bf) =

; i ernz
= Yi(cl, cb, fluxic' + bE, bP). Therefore ¥} are independent of bf. Let n}: L) — L,

be the group homomorphism under which 73(f) is the L-subjet of a 3-jet f. With
respectto f = (f} = o8I, fi,, f4,) € Ker o and for x{ = 0 the equation of equivariance
is of the form

Vilck, cf, bR) = yj(ck + 1}, ¢k bR + 17), 1f = fRct.
Consequently i = yi(d?, cf), df = ¢f — b}. Now, for f € Ket n we have
8 Jixi + Vi(d, cp) = Yi(dR — c2fixi — fhxied, cf) .

Differentating by d% we deduce that dy}/0d} does not depend on df, ie. Y=
= &¥%(cp) d5 + ¢i(c}). Now (8) implies

fiy = —®cs0h + 85ck) fu, .
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It means that the functions ¢!(ct) are defined at h e (JT(TR™)), if and only if &
is a connection element. In this case ¢4 are the components of the tensor @ which is
_determined by the inverse map to o, = (idg* @ /iy + hy ® idgw)o. It establishes
an L,-equivariant map hp+> @ from R™ @ R™ into (R™ ® R™) @ (R™ @ R™*),

i.e. we have
PU(fichx) = fa@lu(ch) Jefi e

Consequently, the equivariance with respect to the subgroup L
equation

' < L3 leads to the

m m

Tl Ji = o fiedi)
This implies that if an L,
then it is of the form I'j = ®(c} — b}) + ¢i(cp), where @}is an L

from R™ ® R™ into itself. We have proved

-equivariant map from (JT(TR™)), into (JTR™), cxists
i _equivariant map

m

Propesition 2. Only in the case of a connection admissible vector field Z on TM
there is a connection I'; on TM naturally associated with Z in the first order.
Every natural differential operator of the first order from CFTM into I'TM is
of the form Z+—TI'; + ¢(v.L,v), where ¢ is a natural zero-order operator on
C*(TM ® 1y T*M) over idyy.

Remarks. 1. Let Z be a projectable vector field on TM, ¢' = ¢/(x). Then v . Lv =
= 0. Thereforc Z is not connection admissible.

2. Let Z be a vector field on TM such that v. L, is a homothety on pyTM.
v. L = g(x, x;) 51': dx’ @ ¢/éx'. Then  idpy @ v. Ly + v. Ly @ idpy =
= (—2¢(x, x,) 68%). Thereforc Z is connection admissible ifl g(x, x;) # 0. Then
o = —(1/(g(x, x,))) 618% and I'f = —(1/(29(x. x,))) (¢} — bi) + o(x. x,) & where
¢(x, x;) is an element of the space {g(x, x;)) of all real functions on TM generated
by g(x, x,). If Z is a differential equation of the second order on M, ¢’ = xi,
g(x, x;) = 1, then I} = 1bi + ¢§}, ce R, see [1].

3. Let C = x! 8/8):'; be the Liouville field on TM. Let Z be a homogeneous field
on TM; [C,Z] = Z, ¢ = ci(x) x}, b’ = 1bj(x) xIx}. Then v.Lzv is projectable
and it is easy to see that if Z is also connection admissible then the connection I,
is lirear.

4. In this paper we have dealt with operators of the first order. Our considerations
about the connecticn admissible forms on TM offer metheds for constructicn of
connections associated in higher orders with the vector cn TM. We will intreduce
an example of the second order. Let Z = ¢' 8/ox" + b’ ¢/¢x| be a vector field on TM.
Then  Ly(—v.L,) = —clefdx* ® 9/ox’ + [(cle} + cie® + cish® — bicy) dx* +
+ ciczdx}] ® 9/oxi is a T(TM)-valued I-form on TM. By (1) it is connection
admissible if and only if (yeei + cuy%) i = 0 implies y, = 0. This is true if det (cl) *
#+ 0. It means that if v. L,v is regular then the map Z + [, .L,0) IS @N Operator
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of the second order from C*(T(TM) — TM) into I'TM. Let us note that if Z is
a differential equation of the second order then —v. Lyv = v.
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Suhrn

VEKTOROVE POLIA A KONEXIE NA TM

ANTON DEKRET

V praci je charakterizovana mnozina C§ TM vSetkych vektorovych poli na TM, ktoré urluji
konexie na TM. St zostrojené vSetka prirodzené operatory prvého radu z CFTM do priestoru
vSetkych konexii na TM.

Pe3ome

BEKTOPHBIE [MTOJIAA U CBA3HOCTU HA T™

ANTON DEKRET

B HacToszH CTaThe XapaKTepu3yeTcsa MHOXECTBO C° TM Tex BexTOpHbIX nosieit Ha TM, koTopsie
ONIPSAEASIOT CBA3ZHOCTH Ha mpocTpaHcTBe TM. TMocTpozHbl Bce HaTypanbhbie auddepeHuranthbie
onepartopsl nepsoro knacca U3 CF TM B MHOXECTBO BCEX CBA3HOCTel Ha TM.
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