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AN AVERAGING PRINCIPLE FOR STOCHASTIC 
EVOLUTION EQUATIONS 

JAN SEIDLER, Ivo VRKOC, Praha 

(Received March 4, 1988) 

Summary. In the present paper integral continuity theorems for solutions of stochastic partial 
differential equations of evolution type with small parameter are established. These equations 
are treated in the framework of the semigroup approach, the equations driven by a Wiener process 
with nuclear incremental covariance operator, those driven by a cylindrical process and the 
equations of DaPrato-Zabczyk's type being investigated parallelly. As a preliminary result. 
a fairly general existence theorem for the equations driven by the cylindrical Wiener process is 
established. 

AMS Classification: 60H15. 

Keywords: stochastic partial differential equations, infinite-dimensional Wiener process, 
integral continuity theorems. 

From the early sixties some attention was paid to extending the methods of 
averaging from the ordinary differential equations with a small parameter to the 
stochastic ones. The first theorem establishing convergence in quadratic mean 
appeared independently in the papers [5], [15]. An alternative approach concerned 
with weak convergence of processes was developed by Khas'minskii [6], [7], for 
recent results see e.g. [13]. 

The averaging of stochastic partial differential equations of hyperbolic type is 
dealt with in the paper [10], however, no proofs are included and the results given 
seem not to be general enough. In the present article, following methods from [15], 
we establish the method of averaging for semilinear stochastic evolution equations, 
which are treated in the framework of the semigroup approach to stochastic evolution 
equations. (See [1], [8].) 

Our methods can be applied both to equations driven by an infinite-dimensional 
Wiener process with nuclear incremental covariance (see [1], [8] for basic definitions) 
and to those driven by a cylindrical process (the theory of which can be found e.g. 
in [3], [16]). 

In the sequel we will adopt the following assumption: 
(I) Let H, Y be separable real Hilbert spaces; let (Q, 3F> (^t)9 P) be a stochastic 

basis; w(t) an ( j^-adapted Wiener process in Y with a nuclear incremental covari­
ance operator W; B(t) an («^*f)-adapted cylindrical Wiener process in Y. Let p ^ 2. 
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For any Banach space V, LP(Q, V) denotes the set of all Bochner measurable 
V-valued functions with a finite norm \\f\\p = (E[|/j|^)1/jP. The space of all V-valued 
continuous functions on the segment [0, T] will be denoted by ^([0, T] ; V). The 
norm of the space LP(Q) will be denoted by | - j p . An S£(Y, H)-valued function F, 
where S£(Y, H) denotes the space of all bounded linear operators from Y to H, 
will be called measurable if F(») y is Bochner measurable for each y e Y. We will 
make use of the following estimates. 

Lemma 1. Let G,: [0, T] x Q -> <£(Y,H), i = 1, 2, be (^t)-adapted and mea­
surable, G2 with Hilbert-Schmidt values. Then there exists a constant C(p), de-
pedning only on p, such that 

(i) ([8]; Prop. 1.9). If JJ | |G.(r)^dr < oo, then 

f G.(0 dw(0 < C(p) ( F\tr {G,(r) WGt(r)%/2 dr^"* 
Jo p \ J 0 J 

< C(p)(tr Wf'2 T'/^W rriG.(r)||;drN1/' 

(ii) ([3]; Prop. 1.3). If ft E[|G2(0||Ssd* < oo, then 

< 

G2(t) áB(t) Ф) (£|||G-(0|| HS\p/2 dt 
1/2 

where ||-||HS is the Hilbert-Schmidt norm of an operator, | |^[|HS = tr(AA*). 

Remark. In the quoted papers it is additionally supposed that p is an even integer, 
but this is unnecessary. 

We recall a result on the existence and uniqueness of a mild solution of the 
equation 

(1) dx(t) = (A x(t) + a(t, x(t))) dt + b(t, x(t)) dw(t) , 

x(0) = (p. 

Theorem 1 ([8]; Th. 2.1). Let the assumption (I) be fulfilled, let A: D(A) -+ H 
be an infinitesimal generator of a (C0)-semigroup S(t) on H, let a: [0, T] x H -+ H, 
b: [0, T] x H -> S£(Y,H) be measurable functions and let there exist K > 0 
such that for all t e [0, T] , x, y e H 

(2) 

(3) 

||a(r, x) - a(t, y)\ + \\b(t, x) - b(t, y)j < K\\x - y\\ , 

| |a(ř,0)| | + l K t , 0 ) | | < K . 

Let <p e LP(Q; H) be #'^-measurable. Then there exists a unique mild solution 
o/(l) in^([0,r] ;L p ( f3;H)). 
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Remark. A mild solution of (1) is an H-valued (^",)-adapted measurable process x 
with JJ ||*(r)||2 dt < oo a.s., satisfying 

x(t) = S(t) <p + S(t - s) a(s, x(s)) ds + S(t - s) b(s, x(s)) dw(s) 
Jo Jo 

a.s. for t e [0, T]. By uniqueness we mean that any two solutions xl, x2 are modi­
fications of each other, i.e. for every t e [0, T] we have xx(l) = x2(t) almost surely. 
We can easily deduce an estimate 

suP |KOL^C*(i + HIP)> 
te[0,T] 

where the constant C* depends only on K, T,p, t rWand sup {||S(t)||, 0 <: t ^ T } . 
Since an analogous existence theorem appropriate for our purposes for equations 

driven by a cylindrical Wiener process has not appeared (to our knowledge) in an 
article published to date, we prove it here. In the course of the proof we will need 
the following generalized Gronwall's inequality. 

Lemma 2 ([1]; Corollary 8,11). Suppose 

f(t)£h(t)+ [g(t-s)f(s)ds 

with h e L"([0, T]), g e L'([0, T]) both positive, q e [1, oo], fe V([0, T]). Then 
00 

f(t)^h(,) + Y(G"h)(t) 

where G is the Volterra operator given by G h(t) — J0 g(t — s) h(s) ds. The series 
on the right hand side converges in L*([0, T]) and there exists a constant L, de­
pending only on the function g, such that 

*T oo (*T f*T oo pT 

11 G" KOI* d í = L\ \h(f)\qdt. 
Jo" = l J'o 

In particular, if h = 0, then f = 0. 

Theorem 2. Let (I) be fulfilled, let A: D(A) -> H be an infinitesimal generator 
of a (C0)-semigroup S(t) on H such that JJ ||S(f)||HS dt < oo. Let a: [0, T] x 
x H -» H, b: [0, T] x H -> S£(Y, H) be measurable functions satisfying estimates 

(2), (3). Let cp e LP(Q; H) be 3F^-measurable. Then there exists a unique mild solu­
tion of 

dx(t) = (Ax(t) + a(t,x(t)))dt + b(t,x(t))dB(t) , 

x(0) = <p . 

This mild solution lies in the space %>([0, T]; LP(Q; H)). There exists a constant C*, 
depending only on K, T, p, sup {||S(t)||, 0 ^ I ^ T} and on the function | |S(')||Hs : 
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(0, T] -* R + , such that 

suP|KOflp^C*(i + IM|P). 
0<\t<\ T 

Proof. We set M = sup {|[S(f)||, 0 = t = T}. Let # be the closed subspace 
in #([0, T]; LP(Q; H)) consisting of the (^-adapted functions, let [j-[|̂  be the 
norm in #(|f|[<* = sup {[[f(t)[[p, 0 = t = T}), let C, be constants depending only 
on K, T, M, p and on the functions [[-^(^[[HS- We introduce an operator 

Rx(t) = S(t) cp + J S(t - s) a(s, x(s)) ds + | S(f - s) b(s, x(s)) dB(s) , 
Jo Jo 

xetf. For each / e [0, T] we have ftx(f) e LP(Q; H), since 

I I M O l ^ Pit) vl + f ||-?(* - s) a(s, x(s))l ds + 
Jo 

+ C(p) ( J j \\S(t - s) b(s, x(s))\\HS \pl2 dsj2 < 

< M\<p\l + C.(l + \\xl) + 

+ C2(l + fl*||„) (!'\\S(t - s)\\2
HS dsX/2< oo . 

Obviously &x(*) is (J%)-adapted. To prove that $\x(*) is continuous we compute 
for h > 0 

ft + h 

Rx(t + h) - Stx(t) = [5(h) - I] ilx(f) + S(f + A - s). 

. a(s, x(s)) ds + S(t + h - s) b(s, x(s)) dB(s) = Ix + I2 + I3 . 

Using the strong continuity of S(t), the integrability of [[^(^[J^ and the Lebesgue 
dominated convergence theorem, we see that lim \\li\\p = 0; further \\l2Wp .= 
= MK(1 + [|jc||v)Aand ft"0 + 

IJ/3L ^ C(p)iC(l -+ ![x[|,) ^ | j f^(r) | | - s d r j 7 2 

and the term on the right hand side of the inequality tends to 0 as h —> 0 + . For the 
continuity from the left, we have (h > 0) 

Stx(t - h) - fljc(f) = [S(t - h) - 5(0] 9 + 

+ TI - S(h)~] S(t- h - s) a(s, x(s)) ds + 
ŕt-Һ 

[J - S(h)] S(t- h- s) a(s, x(s)) ds 

+ f [/ - S(h)] S(t - h- s) b(s, x(s)) dB(s) -
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-Í; 
S(ŕ - s) a(s, x(s)) ds -

Һ 

S(t - 5) b(s9 x(s)) dB(s) = /4 + ... + /8 . 
' t-h 

The terms /4, /7, /8 can be estimated in the same way as the analogous terms above; 
||/5||p ^ M JJ [|[/ — S(h)~\ a(s9 x(s))lpds and the dominated convergence theorem 
can be used. In order to estimate I6 we choose an orthonormal basis {et}^=l of H9 

concluding 

|/6«p = C ( p ) ( j j Í!b(s,x(s))* S(t-h- ,)* [/ -

-s(lo]*e,rud5)1/2
= 

= C(p)( r"| i(E|%x(s))*S(i - h - s)* [/ - S(h)]* ej')2/'ds) 

Now 

Í ' " Z | | % *(*))* S(t-h- s)* [/ - 5(h)]* ej\\2
p ds ^ 

o 1=i 

^C3(l + [|^)2f ||(/-5(h)*)eJ2 

1 = 1 

and for any J e N the right hand side term tends to 0 by the strong continuity of 
the dual semigroup (S(f)*). Furthermore, 

^ h £ 1 % *(*))* ( ' - S(h))* S(t - h - 5)* ej2 ds ^ 
j=j+i 

00 M-h 

І 
=C4(I + H,)2 1 rV(i-lt-s)*^ii2ds 

1='+iJo 

= C4(l + ||x||«)2 í l ||S(r)* e,.|
2 d, 

and this tends to 0 as J -> + 00. So we have shown that R maps ̂  into itself; further, 
for x9 y e <& arbitrary we consider the difference 

|]ftx(.) - %(0 | | , = J jS(f - s) \a(s, x(s)) - a(s, j(s))]flP ds + 

+ C(p) (J*J |S(f - s) [ % x(s)) - b(s, y(s)WHS\p/2 ds)1/2
 = 

= MK^jx(s) - Xs)|pds + C(p)x(flS0 - * HS) ~ 
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- y(s)\\p dsJ / 2
= MKjT^Hs) - y(s)\\2

p dsj'\ 

+ C(p)J_ ( j > ( / - s)\\2
HS |x(s) - Ks)||P

2 dsJ / 2 . 

thus 

(4) K*x(t) - Xy(t)il = C5£(l + |S(« - _)|£,) «x(s) - Xs)||2 ds • 

Set /(•) = c5(l + fls(-)||Hs)> t h e n fe Ll([°> TD a n d is positive; define iterated 
kernels 

fn(t)= f f( t-s)L_1(s)ds, n > l , 

Mt)=f(t). 
Now by induction we prove that 

(5) |iVx(.) - S?y(t)\l = j'fn(t - s) \\x(s) - y(s)\\l ds . 

For n = 1 this is true by (4). Supposing (5) is valid for n — 1 we have 

\srx{i) - Wy(t)l2
p = !'f(t - s)|| if-M-) - «"-V(s)IJ ds = 

= f /( ' - s) f7.-i(» " r) \\x(r) - y(r)\\l dr ds = 
Jo Jo 

= £(]"/(< - -)/.-.(- - 0 ds) Nr) ~ KOI2 dr = 

- £ (£~ f(< - »• - «0/.-iOO d») l*W - M E dt- = 

= £/„(. - r) \\x(r) - y(rWP dr . 

Let US choose j8 > 0 such that JJ e~ f̂(s) ds = Q < 1. It follows that 
jo Q~fisfn(s) ds _S Q" (this can be easily seen by induction or found in [1], Lemma 
8.10). Thus we have 

||Sr*(0 - R»y(t)H = fe-^/n(t - s) \\x(s) - y(s)H ds = 
Jo 

= e/>« ['_-/>(<-*>/„(. - 5) ||x(s) - y(s)\\2
p ds = 
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š e ' J Y « ' - 5 > / B ( f - s ) d s | x - j , | > , 

that means ||5Vx - S<ny\l = epTQn\x - y\*. 
Fix an arbitrary x0e^, then the sequence {Stnx0}™=i is Cauchy in #. Let x e 

e %>([0, T]; LP(.G; H)) be its limit, then x is an (j^-adapted process satisfying 

x(t) = S(t) cp + J S(t - s) a(s, x(s)) ds + j S(f - s) b(s, x(s)) dB(s) , 
Jo Jo 

thus being the desired mild solution. 
The uniqueness of the mild solution follows easily by Lemma 2. Finally, we can 

easily obtain the inequality 

(i + \\x(t)iy ^ c6 ((i + HI,)2 + JV(* - 5) (i + |K*)||PY ds 

and Lemma 2 yields the estimate for sup ||x(f)||p' Q-E.D. 
Following Gikhman's observation [4] we deduce the theorem on averaging from 

an "integral continuity theorem". First, we will treat the case of the Wiener process 
the incremental covariance operator of which is nuclear. We denote by ^(Q, P) the 
set of all closed operators A: D(A) •-» H, cl(D(A)) = H, the resolvent R(A, £) of 
which is defined for all f > P and fulfils the estimate \R(A, £)j\ = Q(£ - p)'J for 
all; G f\J and £ > p. Each operator in ^(Q, P) is an infinitesimal generator of a (C0)-
semigroup. Let us adopt the following assumptions. 

(II) Let Aae%?(Q, P) for ae [0, 1]; let Sa(t) be the semigroup generated by Aa. 
Suppose that there exists zeW, Re z > /?, such that Urn R(Aa, z) x = R(A0, z) x 

a-+0 + 

for all xeH. 
Note that according to Kato's theorem ([9]; Th. IX. 2.16) the hypothesis (II) 

implies lim Sa(t) x = S0(t) x for each xe H uniformly in t from compact intervals. 
0E-+O + 

(III) Let aa:U+ x H ^ H, ba:R+ x H --> Se(Y,H), ae [0 , 1], be measurable 
functions satisfying the Lipschitz condition: there exists K > 0 such that for all 
x, y e H, a e [0, 1], t e R + 

(6) \aa(t, x) - aa(t, y)\ + \ba(t, x) - ba(t, y)\ = K\\x - y|| , 

(7) \\aa(t,0)\ + \ba(t,0)\^K. 

(IV) Let <pa e LP(Q; H) be ^-measurable, a e [0, 1]. 
(V) Suppose that there exists A0 > 0 such that for all xeH and ti912 e U+ 

such that 0 ^ tx ^ t2 g ti + A0 we have 

(8) lim Sa(t2 - s) [aa(s, x) - a0(s, x)] ds = 0 , 
«->0+Jfi 

(9) lim P(tr {[ba(s, x) - b0(s, x)] W[ba(s, x) - b0(s, x)]*})p>2 ds = 0 . 
«-°+ Jn 
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Theorem 3. Let the assumptions (I), (II), (III), (IV), (V) be fulfilled. Suppose 
that lim ||<pa — <p0\\p = 0. Denote by xx the mild solutions of the equations 

a->0 + 

(10) dxx(t) = (Ax xx(t) + ax(t, xx(t))) dt + bx(t, xx(t)) dw(t) , 

**(0) = 9a . 

Then for every T > 0, 

lim sup \\xx(t) - x0(f)||, = 0 . 
a->0+ re[0,T] 

Remark. If T is fixed a priori we may assume that (6), (7) are fulfilled only for 
t G [0, T] and (8), (9) for 0 ^ t1 ^ t2 ^ T, t2 - tx < A0. 

Proof. Fix T > 0, r\ > 0. Set C4- for constants depending only on K, T, p, X.xW, 
<p0 and on M = sup {||Sx(t)||, a G [0, 1], * G [ 0 , T]}. (Obviously M < oo since 

IWOII = e*".) 
If xa is a mild solution of the problem 

dxx(t) = (Ax xx(t) + ax(t, xx(t))) dt + bx(t, xx(t)) dw(t) , 

**(0) = <Po > 
then 

*«(t) - *«(t) = Sa(t) [<p0 - q>x] + 

+ s«(t - s) [ax(s, xx(s)) - ax(s, x,(s))] ds + 

+ !'sx(t - s) [bx(s, xx(s)) - bx(s, x,(s))] dw(s) , 16 [0, T] , 

hence using (6) we have 

l*.(0 - *.(0I5 ^ c i (lk« - nil + f !*.(*) - *M',ds); 

applying Gronwall's inequality we obtain 

lim sup \\xx(t) - xa(t)||p = 0 , 
a->0+ fe[0,T] 

so we may (and will) assume that cpx = <p0, a > 0. 
Theorem 1 implies that x0 e ^([0, T] ; LP(Q; H)). Using this uniform continuity we 

can choose a partition {T,}f=0 of the interval [0, T] such that for i = 1, . . . ,N and 
te [ T , - ! , T J we have 

(11) \\x0(t)- x0(Ti-1)lP<r1. 

We may further assume that max {T^ — T ^ , i = 1, ...,N} ^ min (rj, A0). Set 
-c(t) = max {i, Tj ^ f}5 cr(r) = Tt(r). We have 
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xa(t) - x0(t) = (Sa(t) - S0(t)) cp0 + 

+ \sa(t - s) ax(s, xx(s)) - S0(t - s) a0(s, x0(s))} ds + 

+ J {Sa(t - s) ba(s, xa(s)) - S0(t - s) b0(s, x0(s))} dw(s) = 

= Rx + R2 + fl3 . 

As we have remarked, the hypothesis (II) implies 

lim sup ||[Sa(0 - S0(t)] <p0((o)l = 0 for almost 
. a-+0+ fe[0,r] 

every coe Q, hence the Lebesgue dominated convergence theorem ensures the exis­
tence of ax > 0 such that 

sup[ | [5 a (0-S o (0]<?>o | ip^^ for all a e ( 0 , a i ] . 
fe[0,r] 

Further, 

R2 = {Sa(t - s) aa(s, xa(s)) - S0(t - s) a0(s, x0(s))} ds + 
Jo(t) 

r<t) 
+ sXl - s) K(s , xa(s)) - a£s, x0(s))] ds + 

T(0 /»T, 

+ Z Sa( ' - S) [aa(s, X0(s)) - aa(s, X ^ T ^ ) ) ] ds + 
' - I J T , - I 

T(0 ru 

+ Z 5«(* - s) K(5> *o(*i-i)) - «o(s, *O(T*-I) ) ] ds + 

T ( 0 /»T, 

+ Z [5«(' - s) - S0(f - s)] a0(s, X^Ti-J) ds + 

T(0 t»T, 

+ Z 5 o( ' - s) [<>o(s, *OOT-I ) ) - a0(s, x0(s))] ds = J- + .. . + / 6 . 
' - O T , - ! 

Now, using (7) and the estimate stated after Theorem 1, we obtain 

ll/.fl, ^ M f (\\at(s,xa(s))l + Ia0(s,x0(s))IP)ds ^ 
•MO 

^ 2MX P (1 + ||x0(5)!.. + flxa(s)fp) ds £ C2(l + 
J<r(0 <r(í) 

+ t<Pol)(t-<r(t))žC3t1; 

\\I21 Z cr(ty-»»(^St(t - s) [aa(s, xx(s)) -
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\ l / p 
--.(s.*o(s))] | | ;dsj ^ 

g T<>-»»MK( P |X . (S ) - x0(s) \\>pdsX!P. 

According to (11) we can estimate 

t(0 rrt 

lllsflp __ E \\Sx(t - s) [ax(s, x0(s)) - „.(s,xo(T,_0)]||Pds 5. 
i = 1

 JT,- , 

g MK £ f" ||x0(s) - XO(T,_0| | , ds _. C4^ ; 

by analogy ||/6||_ _2 C ^ . 

Further, 
T(0 /«t( 

N | P ^ Z 1[S„0 - s) - S0(. - s)] ao(s, xo(T,_0)||p ds g 
'"Or,-, 

t(0 ru 
= 1 I suP II \Sjr) - _?0(r)] a0(s, XO(T,_0)1 | , ds ; 

'=1 J T , - , relO.Ti 

but for any s e [T , - ! , T,] and almost every a> e Q 

lim sup |[S.(r) - S0(r)] a0(s, XO(T,_0 (a>))fl = 0 , 
a->0 + re[0,T] 

and we use again the dominated convergence theorem of Lebesgue to obtain a2 > 0 
such that for a e (0, a2] we have [|/5[j_, < r\. Finally, 

P4P = M^\\\ S«(T<' - s) W s ' *o(*i-i)) - a0(s, x0(*i-i))] ds , 

hence, using the assumption (8) and the Lebesgue dominated convergence theorem, 
we can find a3 > 0 such that ||/4||p g r\ for a e (0, a3]. Now we need to estimate the 
term R3. 

R3 = I {Sa(t - s) ba(s, xa(s)) - S0(* - s) fe0(s, x0(s))} dw(s) + 
J (7(0 

/• f f(t) 

+ S„(t - s) [6a(s, xa(s)) - &a(s, x0(s))] dw(s) + 
Jo 
/•<r(0 

+ {Sa(t - s) &a(s, x0(s)) - s0(r - s) b0(s, x0(s))} dw(s) = 

= Kt + K2 + K3 . 

Employing Lemma 1 we can easily deduce 
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lK1l^C(p)(trWy2(t-a(t)y'2-1"-. 

. f f ' |S.(. - s) bx(s, xx(s)) - S0(t - s) b0(s, x0(s))H dsY" = 

g C 5 ( ( - o ( ( ) r ^ / 2 ; 

i^iP_.C6(riws)-^(s)iPdsy/p. 

Set now Z(s) = Sjt — s) ba(s, x0(s)) — S0(f — s) b0(s, x0(s)); using the estimate (7) 
we can easily prove sup {||Z(s)||p, 0 = s = t = T) = C7, where the constant C7 

does not depend on a. We have, by Lemma 1, 

/ /•»(-) \ l / 2 
1*3,1- = C(P) M ^ |tr {Z(s) WZ(s)*}\pl2 ds j = 

/ T (0 fT, 

^ C ( p ) ( £ |tr{S.(f-s)|>.(s,x0(s))-
V-U. . - , 

-6.(s,x0(T(_1))]^Z(s)*}|p/2ds + 
T(r) f-Tt 

+ X |tr {S_(t - s) [6_(s, X0(T(_ 0) -
' ' -Ot , . , 

-.>0(s,x0(T(_1))]^Z(s)*}|p/2ds + 
T(r) / n . 

+ E |tr {[S.(< - s) - S0(r - s)] b0(s, x^.,)) WZ(s)*}|p/2 ds + 
, = 1 J T ( - , 
T(r) /«i ( 

+ __ |tr {S0(t ~ s) [b0(s, X0(T(_ .)) -
' = 1 J . ( - , 

\ l / 2 
-fc0(s,x0(s))]WZ(s)*}|p/2dsj = 

_-c(p)(J1 + ... + / 4 ) 1 / 2 . 

We now proceed to estimate the terms Jl9..., J4. 

T(0 fT. 

J. = trWY, | |S„(« - s) [_•.(_, x0(s)) -
' - i j . . - . 

-b.(s,x0(T i_1))]|lZ(s)| | |p /2ds = 

T(f) f t * 

= trWZ \\Sx(t - s) [bx(s, x0(s)) - bx(s, xolj,..,))]!,, |Z(s)|p ds = 

' - - J . , - . 
T(0 /r ( 

= tiWMKC, £ |x0(s) - x^Tj-OI, ds = c8f/, 
' - - J . , - , 
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analogously J4 ^ Csrj. Let {e„}"=l be an orthonormal basis of Y consisting of 
00 

eigenvectors of the covariance operator W, i.e. W -= £ A,̂ - ® e,. Then relying on the 
i = i 

formula tr(UVS*) = tr(S*UV) valid for any S,Ue &(Y, H) and Ve JS?(y), Vnuclear, 
we obtain 

T ( 0 fTi CO 

•/3 = Z |£<Z(s)*[S_(.-s)-S0( .-s)] . 
' - ' J . , - , - ' - 1 

. b0(s, X0(T,__)) We,-, e,->|p/2 ds __ 
t ( ( ) />T| 00 

^ £ X|<Z(s)*[S_(.-s)-S0(.-s)]. 

. _»0(s, X0(T___)) We,-, e,->|p/2 ds 5_ 
t ( r ) /«t, oo 

--S I^| [s_( t-s)-s0( /-s)] . 
' •= l j t . - . ;= l 

. b0(s, X O (T ,_0) e,.|p ||Z(s) - J . ds __ 

= C7 £ f £ A,||[S_(. - s) - S0(. - s)] _0(s, X0(T._,)) - J , ds . 

For arbitrary i = 1, ...,N 

S *.|D--( ' - s) - S0(' " s)] -0(s, X0(T,__)) e,.||p ds __ Í * i - l 

J 
< 

1=1 

£ Ay P | sup || [S.(r) - S0{ry] b0{s, ^ ( r ^ ) ) *J |, ds , 
j = l J-.^reLO.T] 

and for arbitrary J eN the term on the right hand side of the inequality tends to 0 
as a -> 0-K Further, 

f A, P ||[Sa(* - s) - S0(t - s)] ft0(s, X ^ T ^ ) ) ej\\P
 d* = C9 £ A, , 

1='+i Jn-i 1=J+1 

and this is arbitrarily small for J sufficiently large. But this means that there exists 
a4 > 0 such that a e (0, a4] implies J3 < r). 

Set e,(s) = Sa(t - s) [fca(s, X0(T /_1)) - b0(s, x^r ,^ ) ) ] ; the estimate sup {[]Qi(s)|], 
i = 1,..., N; s e [T ; _I , TJ} ^ C10 can be easily checked. Now 

T(0 /T| 
J2 = __ l t r { G.(S) **TS«(< ~ S) fc_(s, X0(s)) -

'-0.,-, 
- S 0 ( . -s)b0(s,x0(s))]*}|p/2ds__ 

T(0 /••! 

= __ |tr {Q,(s) W[Sx(t - s) [6_(s, x0(s)) -

'-J.,-, 
- bB(s,x0(T,__))]]*}|p/2ds + 
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T(0 fTi 

Z \tv{Qi(s)WQi(s)*}\pl2ds + 

X | tr{e ; ( S )^[[S,(ř-s)-S 0 (ř-s)] 
т(ř) fт 

+ 

• b0(six0(ri.l))]*}\p/2ds + 
T(0 f t * 

+ E |tr {Qt(s) W[S0(t - s) [b0(s, Xofr.O) -

- 60(s, x0(s))]]*}|p/2 ds = J5 + ... + J8 . 

As before we can obtain J5 + J8 _̂  Cl1Lrj and there exists a5 > 0 such that J7 ^ rj 
whenever a e (0, a 5 ]. 

Further, setting Ut(s) = ba(s, X ^ T ^ ) ) — fe0(
s> xo(Ti-i))> w e n a v e 

J6 = M 2 ^ P |tr {Uf(s) WU,-(s)*}|p/2 ds S 
- O T , - , 

N / /»t| \2/p 

S M2 £ (T, - Ti_1)(p"2)/P ( E (tr {Uf(s) WUf(s)*})*/2 ds 1 = 

N / ru \2/p 
^ M2T{p~2)lp Z ( E (tr {Ut(s) WUt(s)*})pl2 ds 1 

By the assumption (9) for all i = 1, ..., N and almost all co e Q 

lim P' (tr {Uf(s) (co) WUt(s) (co)*})W2 ds = 0 , 
«-*0 +JT4 .1 

hence applying the dominated convergence theorem we obtain a6 > 0 such that 
J6 = *1 f°r every a e (0, a6]. 

Combining all the deduced estimates, we have for a small enough 

i - l > \ 

:|K3|U c12 (,»/- + (jj*^) - * « d s ) 

The proof is complete, for we have found a constant C13 depending only on T9 M, K, 
trW5p, \\(p0\\p such that for an arbitrary r\ > 0 there exists a0 > 0 such that for 
a G (0, a0] 

W O - *O(0IIP -̂  c i 3 6? + n112 + ( f IKCO - Xo(s)||j, d 5 ) ^ 

It remains only to use Gronwall's lemma. Q.E.D. 
With Theorem 3 available we can establish the averaging theorem without any 

difficulties. We will need the following assumptions. 
(Ha) Let A: D(A) -> H be an infinitesimal generator of a (C0)-semigroup S(t) 

in <£(H). 



(Ilia) Let a: R+ x H -> H, b:R+ x /f->if(Y,H) be measurable functions 
satisfying the estimates (2), (3) whenever t = 0, x, >• e H. 

(Va) Suppose that there exist Lipschitz functions a: H -> H, B: H -+ 3?(Y9 H) 
such that for some A0 > 0 and all % e H and f t, t2 e U+ such that 0 _ rt = r2 = 

= i*! + A0 we have 

(12) lim f 2S(t2 - r) |"a ( - > * ) - 3(") 1 dr = 0 , 

(13) lim - f(tr {[b(r, x) - "(*)] W[b(r, x) - ~(x)]*})p/2 dr = 0 . 
" -« ~Jo 

Set w£(f) = 8~1/2 w(eit), w£(f) is also a Wiener process with the incremental 
covariance operator W. 

Theorem 4. Suppose that the assumptions (1), (Ha), (Ilia), (IV), (Va) are fulfilled. 

Let xe(r), s > 0, be the mild solutions of the equations 

dxE(t) = e(A xe(t) + a(t9 xE(t))) dr + e1,2b(t, xE(t)) dw£(f) , 

* e ( 0 ) = <Pe -

Let y(t) denote a mild solution of 

dy(t) = (Ay(t) + a(y(t))) dt + b(y(t)) dw(t) , 

y(0) =<Po-

If lim ||<pe - (p0jp = 0 then for any T> 0 

lim sup 
c-*0+ tє[0,T] 

x,Q-,W = 0 , 

Proof. The operator zA is the infinitesimal generator of the semigroup {S(zt), 
t _ 0}, hence 

x- U = (í) = S(єt) ęe + є S(є(t - s)) a(s, xe(s)) ds 

f S(є(í - s)) b(s, xe(s)) dwe(s) . + fi^2 

Setting xe(t) = x£(t/e) we obtain 

xe(t) = S(ť) <p£ + {'s(t - s) a (-* , *„(s)\ ds + 

+ Ps(ť-*)*>(-*> * .(s)Ws), 
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i.e. x£(t) is a mild solution of 

dx,(i) = (AXC(I) + "(-, xe(t))) &t + bU, x,(f)) dw(t) , 

*.(0) = % 

It follows that we can estimate \\xe(t) — y(t)\\p using Theorem 3, if we set ae(t9 x) = 
= a(tjs, x); b£(r, x) = b(l/e, x), e > 0, and a0(t, x) = a(x), b0(t9 x) = b(x). It 
remains to show that under the hypothesis (13) the assumption (9) is fulfilled, but 
we have 

f2 (tr I btt, x) - 5(x)~l W \b (i , x) - 5(*)T}Y /2 dt = 

= (t 2 i ) — ^ - Г(tr{[b(v,x)-Б(x)] 
Һ ~ Һ J ti/E 

. W[b(v, x) - h(x)]*})p/2 dv , 

further, (13) implies 
rPT + T i rßT+T 

lim - (tr {[b(s, x) - b(x)] W[b(s, x) - b(x)]*})p/2 ds = 0 
r->oo TjßT 
T-

for each /? g: 0 and the result follows. Q.E.D. 

Remark. If dim H < oo and w(t) is a standard Wiener process in H then the 
assumption (13) is equivalent to the assumption 

(14) 
1 ÇT 

lim - ||b(t, x) - b(x)||2 dt = 0 , x є H , 
T-oo Т j o 

which was adopted in [5], [15]. For H infinite-dimensional, however, (14) is stronger 
then (13), as the following trivial example shows: H = *f2, b(t, x) = Bn for te 
e[n — 1, n) and arbitrary x e H, where 

BH:S2^f2, ( y l 9 y 2 , . . . ) ^ ( 0 , ...,0, yw+1,yn + 2, . . . ) . 
OO 

Let w(t) be a Wiener process in /2 with a nuclear covariance operator W = £ knen ® 
n = l 

® e,„ where {e„}*=1 is the standard orthonormal basis of/2. Setting 5 E Owe have 
for N e N 

1 f 1 «• 
- tr {Ь(t, x) WЬ(t, x)*} àt = - У tr {BŕWß*} = 
Vj 0 Ni=i N 

| N oo 

= ү(k-i)ik+ Xh, 
JM k=l k = N+l 

the first term converging to 0 according to Kronecker's lemma, the second as a re-
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mainder of a convergent series. On the other hand, 

,x)\\2dt= 1 . 
1 C^u 

Ålв{'-: 

It is worth noticing that in the papers [5], [15] the authors have shown that it does 

not suffice to assume only 

1 Cт 

lim - b(î, x) át = b(x). 
Г-ao T j 0 

Analogously to the averaging theorems for both the ordinary differential equations 
and the stochastic ones in a finite-dimensional space one would like to replace the 
assumption (12) by a more natural hypothesis 

1 Cт 

(15) lim — a(t, x) át = ã(x) , xєH 
T-oo Т j 0 

(See [15].) If dim H < oo then (12) and (15) are equivalent as can be easily shown 
by integrating by parts. The following lemma states that for a wide class of equations 
(roughly speaking, for parabolic ones) this equivalence holds also in the infinite-
dimensional case. 

Lemma 3. Let H be a separable Hilbert space over U. Let a: U+ x H -> H be 
a function such that for any x e H 

(i) a{.,x)eLlJ[0,co);H); 

sup {||a(s, x)||, s e (0, oo)} = Kx < oo , 

i r _ 
(16) (ii) lim — a(s, x) ds = a(x) exists. T-+00 T Jo 

If S(t) is a holomorphic semigroup in 3?(H), then for any x e H and tv,t2e\ 
such that 0 = tt _" t2 < oo we have 

lim S(ř2 — s) a l- , x\ — a(x) \ds = 0 . 

Proof. We may assume a = 0 without loss of generality. Let us choose x e H, 
0 ^ t 1 ^ t 2 _ ^ T < o o arbitrary. By the holomorphicity of the semigroup S(t) we 
have S(-) G #°°((0, T] ; £?(H)), moreover there exists a constant Q such that 
||(d/ds) S(s)(| ^ Qs~\ s e (0 , T]. (For the definition and basic properties of holo­
morphic semigroups see e.g. [9], § IX.L6.) Set 

A(t, x) = J a(s, x) ds ; M = sup {||S(*)||, 0 ^ t ^ T} . 
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Under the hypothesis (16) 

(17) lim eA I - , x j = lim e a(s, x) ds = 0 
E-o+ \e J £-o + J 0 

for each t _ 0. Let 5 > 0. Setting c = t2 — fj_ we have 

P s ( f 2 - s) a (- , x̂ \ ds = [\\ - s*) S(s) a(e~1(t2 - s), x) ds + 

+ s3 S(s) a(e~1(t2 - s), x) ds = Jx + J2 . 

Now || J! || = MX, ft (1 - s3) ds = MKxc(l - (5 + l ) " 1 c*), and so Jx tends to 0 
as 8 -> 0'+. The proof will be complete if we show that lim J2 = 0 for arbitrary 

£-•0 + 

S > 0. In order to see this we first realize that the function s -> s3S(s) A(e~ i(t2 — s), x) 
is absolutely continuous on \g, c] for every g > 0 (this fact can be easily checked 
by using the definition of the absolute continuity). Consequently 

(18) [/ S(s) A(e~\t2 - s), x)X = f l (s* S(s) A(e~1(t2 - s), x)) ds 
Jgds 

Furthermore, for almost all s e (0, c] 
d 
ds 

(ćSфA^-Қti - s),> 0) = «sÄ s ( » ) | -a(e Ҷ í2 - s),x) 
e 

+ ôs^^S^ + s^S^s) 
ds I A(e~l(t2 - s), x)\\ = - csMKx + 

e 

+ -cKx(SM + Q)s3-1 . 

The term on the right hand side of this inequality is integrable, and thus (18) holds 
for g = 0 as well. So we may compute J2 integrating by parts, obtaining 

J2= -c3 S(c) [fiAOT1*!, x)] + f — (s3 S(s)) [BA^1^ - s), x)] ds . 
jods 

Using now (17) together with the fact that the function under the integral sign is 
bounded by const, s^"1 (the constant independent of e!) we have the desired equality 
lim J2 = 0. Q.E.D. 

£-•0 + 

Remark. If we treat the equation (10) with the operator Ax independent of a and 
generating a holomorphic semigroup we can obviously weaken the assumption (8) 
in the way just mentioned, i.e. we may assume only 

lim [aa(ř, x) - a0(t, x)] dř = 0 , xeH, 0 = 

--o+j . , 
ít = t2 = ř. + á0. 
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If Aa depends on a we must realize that the constant Qa in the estimate ||d/dt Sa(t)\ ^ 
= Qj *> te(Q, I ] , depends on the domain of analyticity of Sa(*). In order to for­
mulate an appropriate analogue of Lemma 3 we must assume in addition that there 
exists y > 0 independent of a and such that all Sa(«) have a holomorphic extension 
i n { £ e C , R e £ > 0 , |arg£| = y < TU/2}. 

Up to now we have dealt with the Wiener process with a nuclear covariance 
operator. However, as we have already mentioned in the introduction, the situation 
for the cylindrical Wiener process does not differ substantially. Let us adopt the 
following assumptions. 

(lie) Let A: D(A) -> H be a generator of a (C0)-semigroup S(t) on H such that 
ti\\S(t)\\2

HSdt<K. 
(Vc) Let there exist A0 > 0 such that for all x e H and tu t2e [0, T] such that 

t2 — tl = A0 we have 

lim S(t2 — s) [aa(s, x) — a0(s, xj] ds = 0 , 
«-°+ J ři 

lim \\ba(s, x) - b0(s, x)\\p ds = 0 . 
* - + 0 + J ř l 

Theorem 5. Suppose that the assumptions (I), (He), (III), (IV), (Vc) are fulfilled. 
Denote by xa(t) the mild solutions of the equations 

dxa(t) = (A xa(t) + aa(t, xa(t))) dt + ba(t, xa(t)) dB(t), 

*a(0) = <P*. 

If lim \\(pa - <p0\p = 0 then 
a ^ 0 + 

lim sup \\xa(t) - x0(t)\p = 0 . 
a->0+ te[0,T] 

Proof. We can repeat the proof of Theorem 3 almost step by step, so we point 
out only the differences. We adopt the same notation as in that proof; now the 
constants Ct may also depend on | |-5(') |HS-

Again we may assume that cpa = cp0, a > 0, relying on Lemma 2 instead of 
GronwalPs inequality. We choose a partition {Tf}f=1 fine enough to ensure 
IS | |S(0I |HS & < n2, where h = max {T, - r^u i = 1, . . . ,N} . 

The bounds for the terms Rl9 R2 remain valid, I2 being the only term to be 
estimated in a different manner: 

INIP ^ f lS(f - s) W s> x«(s)) - a«(s> XO(S))1P ds = 

< MK$'\\xx(s) - x0(s)lPds g C 1 4 (r |x .(s) - x0(s)\\2
pds\m . 
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We obtain a constant a7 > 0 such that for a e (0, a7J 

flR.J, + ||R2||P ^ C15 ( , + ( £ l l ^ ( s ) " x0(s)flp
2ds 

Further, we split R3 = Kt + K2 + -̂ 3 a s before and estimate 

1/2 

I^L = c(p) lS(ť-s)[fc-(s,*-(s))-
<т(í) 

fc0(s,x0(s))]i[2

s|p/2dsj iS 

ař-<r(0 \ l / 2 

||S(s)||žs dsj ^ C17.- ; 

llK.l, _í C(p)( r ° | ||S(t - s)[bx(s,xx(s)) - K(s,x0(s))l BSSIP/2 d. 

^ KC(p)(P[|S(t - _)||*s lx.(s) - x0(s)\ pd5 

1/2 
s l íŞ 

For the term K3 we have 
/ T ( 0 ru 

IN|p = C(p)(£ |||S(r-s)[^(s,x0(s))-
v-O..-. 

-fc0(s,x0(s))]||2s|p/2d5j1/2_;V3C(p). 

• ( i T ' I ls(< - s)[bx(s,x0(s)) - 6_(S,X0(T.-.))]||£S|P/2 ds + 

t(0 ru 
+ I I lS(< - s) Ws> *O(T,-I)) - h(s, X0(T.-I))]||£S|-/2 ds + 

' - ' J t , - . 

+ I f' I ||S(' - s) [*«,(«, X0(T,_,)) - b0 (s,x0(s))]||2s|p/2 ds) = 
' • - ' J . , - , / 

= s/3C(p)(J1 + J2 + j3y
2. 

It can be easily shown that Ji + J3 __. C18rj2. Moreover, if{ei}f=l is an orthonormal 
basis of H, then 

Ji = 2 f" I t ![*-(-. X0(T,-I)) ~!>o (s, X0(T,_ .)))]*. 
' - I J t . - . ^ - l 

•S( ' -s)%|2Uds_? 

= f P I I 1 [-«-(*. X0(T,- 1)) - 60(s, X0(T,_ ,))]* • 
•l T i - 1 j 

.S(t-s)*e , . | |2 |p/2ds. 
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Now for an arbitrary J e 

í | ||ГA(s, x0(т,-,)) - b0(s, Xo(т,-,))]* S(t - s)* Єj\\2l/2 ds <£ I 
S -lM2 P ^.(s.xo^-,)) - M - . * O ( T , - , ) ) 1 , ds g 

£ JM2T1-2"'E P fl^s,^,-,)) - 6o(-.*o(T«-,))||'ds)2" 
J T i - l 

and the Lebesgue dominated convergence theorem together with the assumption 
(Vc) yields that this term tends to 0 as a -> 0 + . Further, 

f t I lL>.(-» *O(T,-,)) - K(s, X 0 (T, - , ) ) ] * S(. - s)* e,l2|p/2 ds g 

f t i oo 

= I \\S(t ~ s)* e,||
2 |[6B(s, X0 (T,- , ) ) - i0(s, ^O(T,-,))12 ds £ 

J t , - , ^ ^ 1 

= c , 8 r f us(t - s)* e /p ds 

and this term is arbitrarily small for J sufficiently large; that is, we can find a8 > 0 
such that J2 g t\2 for a e (0, <x8]. Combining all the estimates we obtain 

\\R3\l £ C 1 9 ( , + ( j > ( t - s)| |2
s \\xx(s) - x 0 ( s ) l 2 ds) 1 / 2 ) , 

hence 

\\xx(t) - x0(t)\\
2
p ^ C20 ft,2 + [f(t - s)\\ xx(s) - x0(s)\\p ds) , 

where fe L*([0, T]) and is positive, thus using Lemma 2 we complete the proof. 
Q.E.D. 

The "cylindrical version" of Theorem 4 is a consequence of Theorem 5 just in the 
same way as Theorem 4 follows from Theorem 3. 

As the last topic we will briefly consider an interesting and important modification 
of the theory of semilinear equations driven by a cylindrical Wiener process sug­
gested by G. DaPrato and J. Zabczyk ([2], see also [14], [17], [18]). They investi­
gated the problem 

(19) dx(f) = (A x(t) + f(t, x(t))) At + 6B(t) , 

x(0) = cp , 

where the state space V, on which the nonlinear coefficientf is defined, is not identical 
with the Hilbert space H on which the cylindrical process B(t) is defined. To be more 
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correct, let us formulate this problem in the following precise form. First, let us 
introduce some assumptions: 

(Zl) Let H be a real separable Hilbert space, Va Banach space embedded con­
tinuously and as a Borel subset into H. Let A: D(A) -> V, D(A) ^ V, define a (C0)-
semigroup S(t) on V, extendable to a (C0)-semigroup S0(t) on H with the infinitesimal 
generator A0. Let B(t) be an (J\)-adapted cylindrical Wiener process in H, defined 
on a stochastic basis (Q, J% (i%), P). 

(Z2) Let A0: D(A0) -> H be self-adjoint and negative definite. Suppose that the 
operator A0

l is nuclear and that the Gaussian measure N(0, — \A0 *) (with the 
mean 0 and the covariance operator —\A0

X) on H is supported by V. 

The nuclearity of A0

l implies JJ | |SO(0| |HS dt < CO for any T > 0, thus the process 
^ ( 0 = Jo So{t — s) dB(s) is defined correctly. Let us further assume: 

(Z3) The process 2(t) has an (^)-adapted modification Z(t) with V-continuous 
trajectories. 

First we mention a simple existence result for the equation (19). 

Lemma 4. Let (Zl), (Z2), (Z3) be fulfilled. Let the function f: [0, T] x V-> V 
satisfy 

sup sup IJC - y\\-l \\f(t, x) - f(t, y)jv < co , 
fe[0,T] x,yeV 

S U P | | / ( r , 0 ) | | l r < CO. 
re[0,T] 

Let* cp e LP(Q; V) be #0-measurable. Then there exists a unique V-valued mild 
solution of (19) in #([0, T ] ; LP(Q; V)). 

Remark. Much more general existence results (for the autonomous case) can be 
found in the papers quoted above. The last assertion of our lemma, however, seems 
not to have appeared explicitly yet. 

Proof. The proof is standard and resembles e.g. that of Theorem 1, so we only 
sketch it. We define an operator 

Яx(ř) = S(í) ę+\ S(t- s)f(s, x(s)) ds + Z(t) 

wanting to prove that this operator maps the subspace of the (J%)-adapted functions 
in ^([0, T ] ; LP(Q; V)) into itself and is contractive if that subspace is endowed with 
an equivalent norm ||y | | = sup {e" a f(E||j(t)| |^)1 / p, t e [0, T]}, a > 0 sufficiently 
large. The only difficulty appears when checking that 5bc(*) is continuous, because 
we need to show that Z(-) e #([0, T] ; LP(Q; V)). To this end, we choose r e [0, T] 
and a sequence {hn} of real numbers with the limit 0 arbitrarily and realize that Z(r + 
+ hn) — Z(r) is Gaussian in V. Indeed, in [17], Prop. 3, it is proved that if the assump­
tions (Zl), (Z2) hold then there exists a sequence TIn e £?(H, H) of self-adjoint op-
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erators with finite-dimensional ranges Rng II,. c j / such that lim \\TInx - x\\v = Ofor 
n-Kx> 

arbitrary x e V. K(r, k) = Z(r + hk) — Z(r) is Gaussian in H, i.e. <K(r, k), /z> is 
a real Gaussian random variable for each heH (<.,.> denotes the scalar product 
in H). Let x* e V* be arbitrary. Since dim Rng TIn < co, x* e (Rng IIn, |*| f l)*, hence 
there exists yn e H such that x*(y) = <y, yn} for all y e Rng TI„, so x*(nnK(r, k)) = 
= (JInK(r, k), yny = <K(r, k), nny„}, i.e. x*(n„K(r, k)) are Gaussian and tend to 
x*(K(r, k)) a.s. as n -> oo, hence in L2(Q) (see [12], Th.IA). Consequently, x*(K(r, k)) 
is Gaussian. By the assumption (Z3) 

(20) lim ||K(r, k)||r = 0 a.s. . 

The random variables K(r, k) are Gaussian and centered, which together with (20) 
yields the existence of a > 0 such that 

sup E exp (a[|K(r, k)\v) < oo 
keN 

(this strengthening of the theorem of Fernique is proved e.g. in [11], p. 148; we 
may also apply Prop. 1 in [14]), so the functions |K(r , k)\\v are uniformly integrable 
and we obtain K(r, k) -> 0, k -> oo, in LP(Q; V). Q.E.D. 

Having checked that the mild solution of the equation (19) lies in ^([0, T ] ; 
LP(Q; V)) we see that the proof of Theorem 3 can be easily modified to work also 
for the equations of DaPrato-Zabczyk's type; the modified version of Theorem 3 
reads as follows: 

Theorem 6. Assume that the hypotheses (Zl), (Z2), (Z3) hold. Letfa: U+ x V-» V, 
OLE [0 ,1] , be measurable functions and suppose that there exists K > 0 such that 
for all x,yeV, t = 0, a e [0, 1] 

\L(t>x)-Ut,y)\v = K\x-y\v, 

\L(t,o)\v=^K. 

Let <pa e LP(Q; V) be fF0-measurable. Denote by xa(t) the mild solutions of the 
equations 

dxa(t) = (A xy{t) + fa(t, xa(t))) At + dB(t) , 

Suppose that for some A0 > 0 and each xeH, tu t2 e M+ such that 0 = tt = t2 ^ 

g t1 + A0 < °° we nave 

lim C2S(t2 - s) [fa(s, x) - f0(s, x)] ds = 0 . 
«-o+J r i 

If lim q>a = <p0 in LP(Q; V) then for allT> 0 
a-+0 + 

lim xa = x0 in ^([0, T] ; LP(Q; V)). 
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S o u h r n 

M E T O D A P R Ů M Ě R Ů P R O S T O C H A S T I C K É E V O L U Č N Í ROVNICE 

JAN SEIDLER, Ivo V R K O Č 

Ve stati jsou dokázány věty o integrální spojitosti řešení stochastických parciálních diferenciál­
ních rovnic evolučního typu podle parametru. Tyto rovnice jsou vyšetřovány v rámci semi-
grupového přístupu jako rovnice v Hilbertově prostoru, přičemž je paralelně uvažován případ 
rovnic s Wienerovým procesem s nukleárním kovariančním operátorem, rovnic s cylindrickým 
Wienerovým procesem a rovnic DaPrato-Zabczykova typu. Jako pomocný výsledek je dokázána 
dosti obecná existenční věta pro rovnice s cylindrickým Wienerovým procesem. 

Pe3K)Me 

METOA y C P E / J H E H H J I flJLfl CTOXACTHHECKMX 
3BOJIK)HHOHHI>IX y P A B H E H H H 

JAN SEIDLER, Ivo VRKOČ 

B craTbe ycTaHOBJíeHbi TeopeMM 06 HHTerpajibHoří HenpepbiBHOCTH no napaMeipy peiueiiHM 
CTOxacruHecKHx ^H^(J)epeHnHaJibHbix ypaBHeHHň B nacTHbix npoH3BOAHbix 3BOJiicHHOHHoro Tnna. 
3 r n ypaBHeHHH HCcueAyioTCH MeTOAaMH TeopHH nojiyrpynn KaK ypaBHeHHH B rHJib6epTOBOM 
npOCTpaHCTBe, napaJIJiejIbHO H3yHaK>TCSI ypaBHeHH5í C npOHSCCOM BHHepa C HAepHblM KOBapHaHHOH-
HbiM onepaTOpoM, ypaBHeHHK c HHJiHH/jpH êcKHM nponeccoM BnHepa H ypaBHeHHH Twna flanpa-
Ta-3a6nHKa. noAroTOBHTejibHO ;iOKa3aHa AOBOJIBHO OGHIUH TeopeMa o cyuiecTBOBaHHH pemeHHH 
ypaBHeHHH c HHJiHimpHHecKHM nponeccoM BHHepa. 

Authors' address: Matematický ústav ČSAV, Žitná 25, 115 67 Praha I. 
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