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114(1989) ČASOPIS PRO PĚSTOVÁNÍ MATEMATIKY No. 4, 337—342 

ON CONTRACTIONS IN Lx 

RADKO MESIAR, Bratislava 

(Received December 8, 1986) 

Summary. Let (X, Sfy m) be a c-finite measure space, T a contraction on L±(X\ fe LX(X). 
For a given nondecreasing sequence {an} of positive reals we study the pointwise convergence 
of Tn f\an. If the series Z \\an is convergent, then Tnf\an-> 0, a.e. For a divergent series £ \\an 

we establish a condition which enables us to construct a contraction F on Li((0, 1)) andfe 
e L!«0, 1)) such that lim sup Pnf\an = GO, a.e. 
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AMS Classification: 60F99. 

Let (X, Sf, m) be a tr-finite measure space, Lt(X) the Banach space of all classes 
of integrable real functions on (X, Sf°, m) with the usual norm ||"||. A necessary 
condition of the pointwise convergence of Cesaro or other general means of a linear 
operator T acting on Lt(X) is 

(&) ^(lim sup Tnf\an = co) = 0 for every f e LX(X). 

Here Tnfjan are the last therms of the means involved (e.g. in the case of Cesaro 
means we have an -= n). Of course, in the case Tnfjan -* 0, a.e., the condition (&) is 
fulfilled. 

The nonfulfillment of the condition (&) is usual tool for the construction of 
examples in which the pointwise convergence of the means considered does not hold, 
see e.g. [2] for the Cesaro means or [3, 4] for more general means. The validity of 
the condition (&) for mean bounded operators is studied in [1], 

In our paper we take into account only the linear contractions of the space LX(X). 
We propose to study the following problem: for a given nondecreasing sequence 
{an} of positive reals, how do the properties of the sequence {an} determine the 
fulfilling of the condition (&) (for every linear contraction)? 

Theorem 1. Let £ \\an < oo, i.e. {l/a„} e lx. Then for every linear contraction T 
on LX(X) and every f e Lt(X) we have 

-P/K-> 0 , a.e. 

Proof. It suffices to define a linear operator U = XTnjan. Then || U\\ ^ IJI-T"!/^ ^ 
^ £ \\an < oo, so that UfeLx(X), which implies the theorem. 
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Chacon in [2] has given an example of a positive contraction P of the space 
Lj(<0, 1)) and an integrable function f such that 

lim inf MJ = 0 , a.e. 

lim sup MJ = oo , a.e. 

Here Mn = l/n(/ + P + . . . + Pn~~x) are the Cesaro means. Of course then 
lim inf Pnf\n = 0, a.e. In Chacon's example the divergence of Mn is caused by the 
divergence of the last terms, when 

A(lim sup Pnf\n = oo) = 1 (A is the Lebesque measure) . 

It is easy to see that for any unbounded sequence {an} we get Mm inf Tnf\an = 0, 
a.e., for any contraction T a n d f e L ^ X ) . For convergent series X \\an Theorem 1 
implies also lim sup Pf/a,, = 0, a.e. Let I \ja„ be a dense divergent series, i.e. 
inf n\an = B > 0, see e.g. [5]. Then lim sup Pnf\an = B. lim sup Pnfjn, so that 
Chacon's example implies the existence of a contraction P on Lx(<0, 1)) and f e 
eL1(<0,1)) such that lim sup Pnf\an = oo, a.e. So it is sufficient to study the case 
of divergent series I \\an with inf n\an = 0. The next example shows that even in 
this case the condition (&) need not hold. 

Example 1. Let an = n In n, n = 2, 3 , . . . . We construct a positive contraction P 
on Lj(<0, 1)) so that for a convenient integrable function f e Lj(<0, 1)) we get 

lim sup = oo , a.e. 
n Ann 

We modify Chacon's construction, see [2]. P will be induced by an invertible non-
singular transformation t of <0,1) (with the Lebesque measure A), 

P / ( x ) = / ( r 1 x ) - ^ ^ for x e < 0 , l ) . 
dA 

We define the transformation r step by step. It always maps the intervals into 
intervals. Let e.g. <a, b) -> <c, d). Then we define 

d — c , x 

tx = c -\ [x — a) . 
b — a 

Let y e <c, d). Then 

rM-^fi' + j^to-cj). 
d — c \ d — c ) 

It is obvious that P is a positive linear contraction of Li(<c, d)) into Lx(<a, b)). 
Denote 1} = <0, £), I2 = <i, 1). By induction we construct a disjoint partition 

'i> -2̂  • • -? lNnof the unit interval <0, 1). The transformation t should map the interval I" 
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into the interval l"+1. Hence in the n-th step t should be well defined on the unit 
interval <0,1) except the last interval l̂ n. Similarly the inverse transformation should 
be well defined except on the first interval I". Our construction implies I" \ , X(V\) -» 0, 
and similarly \Nn\, X(\Nn) -• 0, so that both t and t'1 should be defined on the whole 
interval <0,1) except a set of measure zero. 

Let the n-th partition I", I2,... , \Nn be defined. To get the (n + l)-st partition we 
cut the intervals I" into Kn disjoint subintervals \nj such that 

Kn~l 

U '/j = Iji > for which xe\n
ij9 ys\n

iJ+1 always implies x < y . 
j=o 

We suppose ^\n
u) = bnJ A(IJ) for all i e {l , 2 , . . . , NH}9 j e {0, 1 , . . . , Kn - 1}. Then 

Nn + 1=NnKn. 

Here bnJ are positive constants independent of /, _]&„,, = 1. 
j 

The divergence of the series _£ ( l / i . In /) implies for each natural n, Nn the existence 
*«2 

of a real positive constant cn and a natural Kn > 1 such that 

1) crl<(2".4n.Nn.lniVn)-1, 
Kn-1 

2) 0 < 1 - (2-" + cn £ ( l / i . In i) < 2~n. 
i = 2 

Note that the constant 4 in the first inequality may be replaced by an arbitrary 
constant A satisfying 

\npr 
A = sup 

p-zi (In p) . In r . 
r = 2 

Now, we are able to define the constants bnj: 

K,o = 2"", 

c 

(I + 1) . In (I + 1) , 
Kn-2 

K,Kn-l = - - Z bnJ. 
1 = 0 

It is obvious that Z^-j = *> V o > bn,j > ° f o r I > 0- T l i e (n + l)"st partition 
j 

should consist of the interval \nj. We order them to preserve the transformation t, 
i n + l __ in i n + 1 __ in f 

' 0 ~~ ' l , 0 9 ' 1 ~~ ' 2 , 0 5 C U " 

In general \nj*Nn+i = \n
ij9 i = 1,...,N„, j = 0, ...,.£,._!. We extend the preserved 

definition of t on the n-th partition in a natural way, i.e., t should map \n*Nn = 
= \Nnj-i into l"-.jvn+i = -i,y-

Recurrency implies A(ll+1) = A(l?+1) for all i e {1, . . . , N n + 1 } . 
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Let f(x) = 1 on <0, 1) and x e IJ+J, where N„ = fc = (Kn - \)Nn - 1, i.e. 
k = rNn + s, r e {1,2, . . . ,K n - 2}, 5 e {0, 1,...,JV„ - 1}. Then 

pkf(x\ = 1 ( l * + V - i / ( r u = =

 A ( ' " + ) /-ff-M = A ( ' " + ) 
/ ( ) ^ + » y( j '" m\v{ m+

+\y 
so that 

pkf(x) = m,o) = i-.w) > 

fc.lnfc A(l s V r ).fc.lnfc c. .urs+l)..kAnk 
( r + l ) . l n ( r + l ) V s + U 

> (4"-iV„.lnNn).(r+ l ) . l n ( r + l ) > ^ 

( r + l ) . N „ . l n ( ( r + 1). JV„) 

Denote 

A„ = ( U Г X U i;+ 1) ( f o r x є Ą , 
kйNn k>(Kn-í).Nn 

we have not introduced the last inequality). Then 

X(An) = 6„t0A«0, 1)) + &„,K„-i^(<°, ! ) ) < - • 2~"> s ° that A(U^) < oo . 
n 

From the Borel-Cantelli lemma we get that for a.e. x and for infinite number of n 
the inequality 

Pf(X) > n for ke{Nn,...,(Kn - 1)N„ - 1} holds. 
k . Ink 

Hence 

Pkf lim sup = oo , a.e. 
k k . In k 

The construction of Example 1 is a modification of that of Chacon. It can be used 
with advantage for sequences {a„}, £ ija„ = oo, with no "big jumps", which is 
expressed by the condition 

(&&) there exists infinite numbers of natural m such that for each m there exists 
a positive constant dm for which 

Bm = sup - r-^= < oo . 

" anam(Y,M^-dm 

i=l 

Note that if the condition (&&) is fulfilled, then for all natural k there exists a positive 
constant dk for which the supremum Bk is finite. 
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Theorem 2. Let £ l/a„ = oo and 'ef {a„} satisfy the condition (&&). The/2 there 
exist a positive linear contraction P on Lj(<0, 1)) and an integrable function 
feL^O, I)) such that 

lim sup P"fjan = oo , a.e. 
n 

Proof. We repeat the construction of Example 1, only we take such constants 
cn, Kn for which the following inequalities hold: 

1) c. < (2"naN/£1l/"D1~'V)""1 B»t 
1 = 1 

2) 0 < 1 - ( 2 - + c. "f 1/a,) < 2"". 
i = 2 

The existence of cn, Kn follows from the divergence of £ ljan. 

Example 2. Let ax = 1, an = 22 ' for 2 2 " 1
 = n < 2 2 \ / = 1 ,2 , . . . . Then 

EiЯ = i + Z 
2 2 ' - 2 2 i " 

Г 2 2 ' 
= 00 

Let m e {2, 3,...}. Then for n = 2 2 ' — 1 we have 

"Xi/^< i + i. 
1=1 

For an arbitrary positive constant dm we get 
2 2 ' + 1 22i 

anam( Z I / * / " * " 22<am(i + 1) am(/ + 1) ' 

It follows that the sequence {an} does not satisfy the condition (&&). 
Example 2 shows that our problem for general divergent series ]T \\an remains 

open. 
A similar problem for mean bounded linear operators is solved in [1]. There 

the convergence of the series ]T \\an is the best possible condition to ensure the 
pointwise convergence of Tnfja„ to zero. If the series £ \\an is divergent, then we 
can construct (on a convenient measure space) a mean bounded linear operator T 
and an integrable function f such that ^(lim sup Tnfjan = oo) > 0, so that the con­
dition (&) is not fulfilled. 

References 

[1] /. Assani, R. Mesiar: On the a.e. convergence of Tnfjan in L^-space. Circ. Mat. di Palermo, 
Ser. Ы, No. 10(1985), 57-61. 

[2] R. V. Chacôn: A class of linear tгansformation. Pгoc. of Amer. Math. Soc. 15 (1964), 560— 564. 

341 



[3] Y. Deniel: Convergence des moyennes ergodiques au sens de Cesaгo ďordre a. Thesis, ľUBO 
Bгest, 1986. 

[4] R. lrmisch: Punktweise Ergodensätze für (C, a)-Verfahren, 0 < a < 1. Thesis, T. H. 
Darmstadt, 1980. 

[5] R. Mesiar: Diveгgent series. Proc. of SvF SVŠT, Bratislava, 1988. 

Súhrn 

O KONTRAKCIÁCH V Lt 

RADKO MESIAR 

Nech (X, Sřy m) je ťr-konečný priestor s mierou ***, T kontrakcia na Lt(X) a/integrovatelná 
funkcia z LX(X). Pre danú postupnosť {an} kladných neklesajúcich reálných čísiel rozoberáme 
bodovú konvergenciu výrazov Tnf/an. Ak rad 2 í/an konverguje, potom Tnf/an->0, s.v. V pří­
pade divergentných radov 2. \/an sme našli podmienku, ktorej splnenie zaručuje existenciu takej 
kontrakcie P na L!«0, 1)) a/G L!«0, 1)), že lim sup Pnf/an = oo, s.v. 

Резюме 

О СЖИМАЮЩИХ ОПЕРАТОРАХ В ^1 

ЮОЖО МЕ31АК 

Пусть (X, 5?9 т) —• пространство с с - конечной мерой, Т— сжимающий оператор в ^1(X) 
и/е ^1(X). В статье изучается поточечная сходимость для Тп//а„9 где {ап} — неубываю­
щая последовательность положительных вещественных чисел. 

АшНог'з аййгезз: Калека та*етаШсу 8Vр 8V8Т, ЯасШпзкеЬо 11, 613 68 Вга115^а. 
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