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Summary. As a very particular application of the theory of infinite prolongations of partial
differential equations (diffieties), a method for solving the ancient Monge problem (~ 1780) is
proposed. The original problem is whether the general solution of an underdetermined system
of ordinary differential equations (the number of unknown functions exceeds the number of
equations) can be expressed by explicit formulae containing some arbitrary ‘‘parametric’’
functions. The proposed method is even more powerful and yields a deep insight into the structure
of the considered equations.

Keywords: underdetermined system, infinite prolongation, Pfaffian system, Monge problem,
explicit solvability.
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Continuing the previous part [1], we should like to establish some interrelations
between our approach and the common one. However, the variety of actual topics
proves to be so immense that it is not possible to cope with this imposition at the
first attempt. So we shall deal only with the particular case n = 1, the case of ordinary
differential equations, through the main body of the present article.

In classical terms, our intentions are as follows: we shall deal with local theory of
quite arbitrary smooth systems of ordinary differential equations near the generic
points. If the number of unknown functions is equal to the number of equations,
the system can be transformed into dy’/dx = 0 (j = 1,...,m) which is a trivial
object, of course. Similar conclusions can be drawn if the number of equations
exceeds the number of unknown functions. However, the remaining underdetermined
case deserves more attention. For instance, the famous Monge equation
f(x,y,z,dy[dx,dz[dx) = 0 for two unknown functions y = y(x), z = z(x) has
been thoroughly studied for a long time. Already Euler (in a particular case) and
Monge found the interesting general solution of the type

x=x(&), y=3&), z=2z&) (& = (¢, u(t), du(r)/dt, d%u(r)/dt?)),
with certain fixed functions X, y, Z of the argument & and an arbitrary u(t). Since
then, the problem of resolving an underdetermined system by means of analogous

formulae with a generalized argument & possibly involving some arbitrary constants
and higher order derivatives of several arbitrary functions is called the Monge
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problem. We can mention only two achievements here and refer to [2] for more
information. It was Hilbert who first succeded in finding a negative result, namely
that dz/dx = (d?y/dx?)* cannot be resolved in this manner. Shortly after, E. Cartan
gave a complete discussion of the particular case of m — 1 equations with m unknown
functions but with a pessimistic remark (rather unusual in his scientific work) con-
cerning the possible development of these result, cf. [3]. In fact, to the best of our
knowledge, no essential progress followed although the underdetermined systems
became very popular owing to the optimal control theory; see also [4] and the
references therein.

We would like to have more space (and patience) to present the solution of the
Monge problem in full generality here but only the cases of m — 1 and m — 2
equations for m unknown functions can be analyzed in more detail. We believe,
however, that these particular cases are sufficient to demonstrate the universality
of the method. Instead, for compensation, we shall look at some modifications of
the problem if certain quadratures in the argument & are permitted. It is to be noted
that the approach proposed yields a deep insight into the structure of the differential
equations under consideration not fully exploited here. For instance, all explicitly
solvable systems admit a large group of symmetries so that some links to the dif-
ferential Galois theory surely exist. Nevertheless, the necessary tool, an intrinsical
and easily manageable pseudogroup theory, is still lacking.

The present paper is made independent (to a large extent) of the preceding part
[1]. (Added in proof: see the errata to [1] and some comments at the end of the
present article.)

COMPLEMENTS TO THE GENERAL THEORY

1. Review of fundamental concepts from [1, Sections 1—3, 5, 12]. For the con-
venience of exposition, we recall some needful facts slightly modifying the notation
and terminology. The underlying spaces for all considerations will be the inverse
limits J = liminv J', where J' (I = 0, 1, ...) are certain (smooth, Hausdorff, with
countable basis, real) manifolds of finite dimensions n' (but n' — oo in all interesting
cases) and the resulting limit arises from certain given surjective submersions
i It = J¥ (1 = k) satisfying j} o ji = ji. Only the final result J is important for us,
not the specific determination by the data J' and j;. Since the pullbacks j,* identify
every space P¥] of exterior differential s-forms on J* with a subspace of the analogous
space P11, the space ¥, = U of differential s-forms on J can be easily introduced.
In particular, ¥ = U¥§ = C*(J) are functions and ¥ = @ ¥, are all differential
forms on J. The concept of the exterior derivative d is familiar and the vector
fields X, Y, ... on the space J, the inner products X 1* y € ¥ (where Y € ¥), the

*) For typographical reasons the author’s symbol _l was replaced by 7] throughout the paper.
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Lie derivatives £y =dX 71 +X 71d, and the Lie brackets [X,Y] = XY — YX
can be employed and satisfy the common rules.

According to the definition of the inverse limit, a point p € J is represented by an
array p° p',...,, where p'e J', ji(p') = p*. We denote j, = lim j;: J — J*, hence
p' = ji(p). A coordinate system at a point p € J consists of a sequence f*, 2, ...€ ¥,
such that every piece f*,...,f" (I = 0, 1,...) belongs already to ¥4 = C*(J') and
provides a coordinate system on J' near the point p'. A differential form can be
expressed by a finite number of coordinates but a vector field X may be only identified
with a formal sum X = Zg’ 0[of/, where g/ = Xf“. Values at a point p € J of various
objects will be often denoted by subscripts, e.g., f(p) = f,e R (fe ¥,), X, e T,J is
a tangent vector at p, (Tl)p = T, J is the cotangent space. We shall often deal with
various ¥y-modules = and the relevant R-linear spaces Z,. The dimension of the
space =, will be denoted by ¢(E,). We shall prefer the regular case when ¢(Z,)
is a (finite) constant for all g € J lying near the given point p under consideration.
Then the ¥)-module Z is locally free near the point p and #(Z)) is the number of
(local) generators; we shall abbreviate it (a little inaccurately) by #(Z) omitting the
point p. If £ < ¥, is an arbitrary submodule of the ¥,-module ¥,, then Z* denotes
the ¥o-module of all vector fields X on J satisfying X 1 ¢ =0 ((e€Z). If Z* is
regular, then £ € E is characterized by the property X 71 ¢ = 0 (X € £4)

The main object of our investigations will be the so called diffieties. The last term
was invented to denote a special type of submodules Q = ¥, satisfying certain
axioms Loe, Dim, €fos and Fis specified below. (The diffieties represent the
infinite prolongations of general systems of partial differential equations in a very
concise, intrinsical and self-contained manner eliminating all accidental and mis-
leading features, as we shall soon see.) The axiom Zoc means that a form Yy e ¥,
belongs to a given diffiety Q if y belongs to Q locally (that is, if for every p € J there
exists f € ¥, with f(p) * 0, fY € Q). The axiom D¢ requires the ¥o-module ¥,/Q
to be locally free with dimensions ¢((¥,/),) = n(£) independent of p e J. (More
explicitly, for every pe J there exist forms y?,...,y" € ¥y (n = n(Q)) such that
there are unique decompositions ¥ = Zf'y' + o (f'e ¥y, we Q) of every form
¥ € ¥, near the point p. One can then see that ¥, ..., Yj is a basis of (¥/Q),.)
Let us denote o = #(Q) = Q*; clearly s is a regular module and /(#) = n.
The axiom %/es is expressed by [, #]| < A or, equivalently, by Z,Q < Q
(thatis, £xw e Q for any X € # and w € Q). The axiom & ¢» postulates the existence
of filtrations

(1) Q*:QOCQ‘c...CQ'c...CQ=uQ'

(for technical reasons we occasionally put Q! — {O} if I < 0) by finitely generated
submodules Q' = Q satisfying

(21,2 Qo QM+ 2,0 (alll), Q+1_ Q'+ £,0' (Ilarge enough) ;

these are the good filtrations of Q.
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We shall mention one simple result of the theory. Let Q& = ¥y ® # @
DA OHK)D(HX OH OH)D ... be the free commutative ¥,-algebra over
the ¥o-module #. Then the graded ¥,-module ¥ = @ ¢' (¢' = Q'/Q'"") turns
into a © #-module with the multiplication

X = (Zx0)" =(X 1dw)* %' (Xet, weQ, de¥),

where the hats indicate the relevant classes in 4. Suppose regularity of all modules %'
at a point p € J. One can then see that the relation @, = 0 implies (X&), = 0 and it
follows that the rule ‘

X,.0,=(X0), (X,e#, dec%)

defines a well-founded © 5 ,-module structure on the graded R-linear space ¥, =
=@ ?:,. Owing to the Z¢»: axiom, we have a Noetherian module. So we find
ourselves in the realm of the classical commutative algebra and in particular, we
may consider the familiar Hilbert polynomial

(90D ...0%G,)=0(Q) = (%, ) =pnl’ +(...)

(the equality is true for large I and the dots denote some lower degree terms), where
= pu,p)>0, v=yvQ p) =0 are certain integers independent of the choice
of the filtration (1). (The trivial case @ = {0} is omitted to ensure p >-0.)

2. Morphisms of diffieties. Turning to new concepts, we shall consider a quite
another diffiety beside the given @, and then the notation will be as follows: the
underlying space for the other diffiety @ will be I = lim inv I' arising from certain
surjective submersions if: I' — I* between manifolds. The spaces of differential forms
on I' or I will be denoted #L'? or @, and ® = UP,. The diffiety O is a submodule
of the &,-module &, satisfying the relevant axioms, of course. In order not to fall
into deep water, we shall always tacitly suppose the equality n(Q) = n = n(@),
hence /(#(Q)) = n = £(#(0)).

We begin with the concept of a mapping ¢: I — J between the underlying spaces.
Such a mapping is represented by a limit ¢ = lim ¢V, where 4": *® - J' (0 <
< k(0) < k(1) £ ..., k(I) > ) are certain mappings between the usual finite-
dimensional manifolds satisfying the commutativity law o i{{{7 " = ji*' o ¢
(1=0,1,...). The mapping ¢ is also determined by the relations j, o t = §© o iz,
(recall that j, = lim ji: J > J' and i, = lim jj: I - I'). However, the above concept
is too wide for the common practice. Surjective submersions onto the submanifolds

(3 GO0 5 gt (FD(IMY) < Jb is an embedded submanifold)

are preferable. In particular, surjective submersions ¢*” onto the whole manifold J*
are tacitly employed if the resulting mapping ¢ is surjective. The point is that in this
case the pullbacks *: ¥ — @, L:Z ¥, — &, are fair injections. (Undoubtedly, these
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measures are in reality excessively strong and can be weakened by Sard’s theorem;
however, the lure wjll be ignored.)

The above mapping ¢ is called a morphism between the diffieties 2 and 0, if the
conditions

(4)1.2 *Qc O, *Y +0 =09,

are satisfied. (Equivalently and more geometrically, every space #/(@), is bijectively
projected onto #(Q),(,, by the tangent mapping (¢*),: T,I = T,,J.) If moreover ¢
is injective, then @ is called a subdiffiety of Q, and if ¢ is a surjection, then Q is called
a factordiffiety of ©. An isomorphism or automorphism is obtained for bijective ¢,
of course.

A large supply of deep problems is coming on: decide whether given diffieties are
isomorphic, find whether a given diffiety is a factordiffiety or subdiffiety of another
diffiety, find whether there exists a common factordiffiety of two given diffieties,
investigate automorphisms and infinitesimal automorphisms of a given diffiety, and
so on. Connections to some actual topics and to several traditional areas (cf. the
Bicklund transformations, the equivalence problem, the Monge problem, the Lie
and Lie-Béacklund infinitesimal symmetries, and so on) are obvious and some of them
will be discussed in what follows.

3. From differential equations to diffieties, see [5, 6]. We intend to outline this
way as briefly as possible so that only the local theory is presented without any speci-
fication of the geometric contents. Let B be a manifold with coordinates ¢!,..., "
and E another manifold with coordinates t!,...,#", u!,...,u™ and the obvious
surjection n: E — B identifying some of the coordinates: n*t' = t' (i = 1,..., n).
We introduce the jet space J(n) where the coordinates are

i .. . s L. .
(5) thul o (i, .nig=1..,nm i S...Sigj=1,..,ms=0,1..).

Clearly J(n) = lim inv J'(n), where J(n) (I = 0,1,...) is parametrized by the co-
ordinates (5) with s constrained only to the values 0, ..., I. In particular J°(z) = E.
The inverse limit arises from the obvious surjections ji(n): J'(n) —» JY(x) (k = 1)
omitting the coordinates (5) with s = k + 1,..., l. The relevant spaces of differential
forms on the spaces J'(r) or J will be denoted by ¥!'}(n) or ¥(r), and ¥(n) = UY¥,(m).
The notation can be simplified by the multi-index abbreviation S = i, ... i, |J l =35,
and by the convention u, = u’, if the nondecreasing multiindex S = i, ... i
(iy £...Zi,) is only a permutation of S’ =ij...i;. Owing to this conven-
tion, we have the familiar contact forms wj(n) = duy — Zub, dt'e ¥ )(n)
< ¥,(m). Then the Cartan diffiety Q(m) is defined as the ¥o(n)-module consisting
of all forms Zf} w)(n) with arbitrary f’ € ¥,(n). On can easily verify all axioms
Poc, ..., Fin. In particular, the relevant module #(n) = #(Q(r)) is freely gene-
rated by the well-known formal derivatives

0; = ofot' + Zuk; 0loul (i=1,...,n)
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and we have the so called standard filtration
(6) Qn)*: Qn)° = Q) = ... = Qn)! = ... = Q) = L)',

where Q(n)" is the submodule of @(r) generated by all contact forms w)(n) with
lf | £ 1. (From the common point of view, the above spaces J'(n) and Q(r)" are
considered for intrinsical objects preserved by all reasonable automorphisms.
However, we take only the resulting J(n) and Q(n) to be meaningful and quite
other filtrations than (6) are permitted as well.)

The diffiety Q(r) corresponds to the very special system of nm equations u/[ot’ =
= u} containing (n + 1) m unknown functions u’,u} or better, to the infinite
prolongation 6uf,/6ti = u/),; thereof. An arbitrary system of partial differential
equations appears if certain additional relations among the variables (5) are taken
into account.

Having this in mind, let {f*; k€ K} = ¥y(n) be a set of functions labelled by x
varying in an (in general infinite) index set K. Let J = J(n) be the subset consisting
of all points pe J that satisfy f*(p) = 0 (x € K). We wish to restrict the diffiety
Q(m) to the subset J to obtain a new diffiety corresponding to the system

() .t 0%or",..) =0 (keK);

the derivatives stand at the places of the variables u’. In order to derive this result
without much effort, the functions f* will be submitted to strong restriction F¢/
(filtration) and P.as (passivity).

The first assumption F ¢/ ensures the existence of a filtration K° < K* c ...
... @ K = UK' by finite subsets with the property that every set of functions
{f*; ke K'} is a subset of ¥§(n) and may be completed to a coordinate system on
the space J'(n). It follows that J' = j(n) (J) (where j(r) = lim j§(n)) are embedded
submanifolds of the space JY(n), and J = liminv J' with respect to the obvious
mappings ji: J* > J' induced by ji(r). If we denote by «(n) = lim j(n): J » J(n)
the natural inclusion, then ¥, = ¢(n)* ¥(n) are the spaces of exterior s-forms on J.

The second assumption P4 requires for every fixed f e ¥o(m) that if the identity
f(p) = 0 (peJ) is satisfied, then 9,f(p) = 0 (pe J; i = 1,...,n), hence X f(p) = 0
(pe J, X e #). Consequently, every vector field X € #(n) induces a well-defined
operator X’ on the space ¥, by the rule X’g = (n)* Xf (g = dn)* [, f € ¥o(n)).
Clearly X’ is a vector field on J and we shall abbreviate the notation by identifying
X = X, in particular 8, = 9,. We usually denote ¢n)* t = x', (n)* u = yJ and
Yn)* w¥(n) = o' for more clarity.

At this stage, one can easily verify that Q = «(n)* Q(r) is a diffiety on the under-
lying space J. For instance, D¢z follows from

df = Z0,fdt’ + Z of[ouly wh(n) (fe ¥Po(n))

after applying «(n)*, 6/os is trivial since (roughly speaking) #/(Q) = H#/(2(n))
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along the subspace J < J(n), and Fen follows from the (so called standard)
filtration of Q consisting of the terms Q' = «(n)* Q(x)!, by definition.

(A few words about the realization of the above assumptions #¢¢ and Pas
should be useful. One usually starts with a finite set f*, ..., f° € ¥o(n) which is suc-
cessively completed by adding the derivatives 0,17, 8,0;, f/, ... that are functionally
independent of the previously calculated functions. The resulting set is filtered
according to the norms If | of the variables u); effectively appearing in the functions.
If necessary, some exceptional points of the space J(n) must be left out to ensure the
functional independence. If the final space J consisting of all points p e J(n) which
satisfy f/(p) = 0,/(p) = 0:0;, fi(p) =...=0 is nonempty (the compatibility
condition), we are done. Careful analysis of the procedure proves to be rather tedious
(but relatively easy in all current cases) and since we are interested only in the final
result,itisnot important to us. If necessary, the reader is referred to extensive literature
[5—10] with other references and many examples.)

4. Module structure related to the standard filtrations can be made very explicit.
Since the ¥o(n)-modules %(n)! = Q(r)'/Q(n)'~* are freely generated by the classes
@%() of contact forms, and the localizations (&%(n)), (|.#| = 1) yield a basis of the
space ¥(n),, we obtain the © #(n),-module structure on ¥(r), by taking the values
at p:

X, 0%(n), = (X 11 dwj(n)); =Zg'(p) D), (X =Zg'd).
As the subdiffiety Q = o(n)* Q(r) is concerned, let w € Q(n)" and assume ((n)* w); =
= 0 for the corresponding class (¢(n)* w)" € ". It follows that

w=nhe +y + Zg“df* (h,g"e ¥(n); e Qn), yeQrn)?)
with h(p) = 0. But Xf* = 0 and «(n)* df* = 0 so that

(X(dn)* )"), = ((n)* XB), = ((n)* (X 71 dw)"), = ((n)* (X 1 hdg)")), =0
and the © 4 ,-module structure on %, is well-founded. Moreover, as follows from
the above formulae, the © #,-module ¥, is a factormodule of the © #/(n),(,y-
module %(n),.,, with respect to the submodule of %(r),,, generated by the family
of the classes of differentials df* (K € K), for all points p e J.

5. From diffieties to differential equations. Analogously as in Section 3, we should
like to present here only the most essential information employing some local
arguments. So, let Q be an arbitrary diffiety, let (1) be good filtration satisfying the
equality (2), for I 2 c. Since the ¥,-module Q€ is finitely generated and the generators
can be expressed by a finite number of functions, there exist a certain m and functions
¥y, ..., y™€ ¥, such that every form lying in Q¢ can be expressed by a sum Zg/ dy’
with appropriate functions g!, ..., g" € ¥,. Now, according to D¢, there are local
formulae of the type

(8) dy/ = ZzlY' + o' (yieW,, 0’ € Q)
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near the point p e J under consideration, where Y',...,y" (n = n(2)) are certain
fixed forms. But one can easily see that these forms can be chosen to be of special
type ¥ = dx’, where x!, ..., x" are appropriate sufficiently general functions (i.e.,
satisfying dx' A ... A dx" & 0 on the subspace #/(Q),).

Passing to the crucial point of the construction, let 2° be the submodule of Q
generated by the above forms ', ..., @™, and let us put inductively Q'*! = Q! +
+ Z,8' (1 =0,1,...). According to (8), every form of the type £g’ dy’ lying in Q
necessarily is a linear combination of w', ..., @™, that is, it lies in Q°. Consequently
Q° < Q°% hence Q°*! = Q° 4 L0 < Q° + #,0° = O, and in general Q°** <
c O for every k = 0, 1, ..., by a similar argument. It follows that

) 0 cQc..cQc...cQ=uvd
is a good filtration. '
Let the vector fields X, ...,X,€ # be (locally) defined by the requirements

X' = 0(i #j), X;x* = 1. Then the ¥,-module @' is clearly generated by the forms
of the type

= Lyiy ... Ly 0 = dyly — Tyh,; dx'! Wy =X,.. Xy s=0,.., 0.

Now, let us recall the diffiety Q(n) of Section 3 on the underlying space with the
coordinates t',u}. Then the formulae ¢*t' = x, t*u) = y} determine a (local)
injection ¢: J — J(=), and Q turns into a subdiffiety of Q(=) since clearly ¢* w)(n) =
= w). Speaking more expressively, if f(...,t,....,u},..) =0 (keK) are all
interrelations among the functions t', u’, then the diffiety Q corresponds to the system
(7) of partial differential equations.

_ORDINARY DIFFERENTIAL EQUATIONS

6. Introduction. From now on we shall restrict ourselves to the particular case
n =1 = dim s, without further explicit warning. Then the notation can be sim-
plified: the variables t', x* (where i = 1) and u, y’; (where & = 1... 1 with s equal
terms) will be abbreviated to t, x and ul, y!, respectively. (We occasionally write
ul = u/, yi = y') Quite analogously, we have the contact forms wi(n) =
= dul — ul,, dt which generate the diffiety Q(n) and the vector field 0 =
== 0/0t + Zul, 8/oul which generates the module ().

Let us mention the correspondence between (ordinary) differential equations and
diffieties in more detail. Clearly, the diffiety &(n) corresponds to the underdetermined
system du}[dt = u} of m differential equations involving 2m unknown functions
ud, ..., g, yi,...,u" and one independent variable t. According to Section 3, an
arbitrary system of ordinary differential equations may be represented as a subdif-
fiety Q of Q(n) with appropriate m. This may be achieved in various manners,
however, all subdiffieties corresponding to the same system are mutually isomorphic.
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If one follows the approach of Section 3 rather closely, the given system is filtered
according to the order of the derivatives involved. First, there may be equations of
order zero:

(10)o [ (t,ugy ..., ug) =0  (keK°),

where the regularity (i.e., the maximum possible rank of the Jacobian (0f*/0u})) is
supposed. Secondly, there are equations of order one:

(10), et ugy s ug, Ui, oo uf) =0 (k€K' — K° uf = du/[dr),
again with the regularity (i.e., the maximum rank of (9f*/du?)). Thirtly, there are
equations of the second order:
(10), F(tul, ..., u3) =0 (keK?—K', ul = du/|dt, u} = d*u/[dr?)
with the regularity, and so on. Then the condition &#¢¢ is a consequence of the
presumed regularity, and P«ass is satisfied if, for instance, every relation
dre(t, ..., d%ul[de, .. )[dt = of*(t,...,ul,..) =0
(xeK'— K'1, ul = d%![dr)

of equations of order I is included into the next group (10),, ;.

In practise, however, the matters turn to be much simpler. One usually starts
with a given finite system fX(¢,...,d°w/[d#,...) =0 (k =1, ...,c) which may be
replaced by an equivalent first order system by introducing new variables for the

higher order derivatives involved. Then, in the regular case, the arising first order
system can be resolved with respect to some derivatives, e.g.,

(11) duk[dt = gh(t,u, ..., u™, dutt[dt, ..., du"[dt) (k=1,...,¢c).

If new variables u™*! = du°*'[dt, ..., u*™ = du™/dt are introduced, an equivalent
but formally simpler system

(12) du¥fdt = gMt,u', .. u™) (k= 1,...,0)

is obtained (the meaning of ¢, m was changed) without reducing the generality of
results. The system (12) corresponds to the system (10), above, (10), is now empty.
In order to fulfil Zags, we take

d*u*[de* = dg*[ot + = du![dt. dg*[oui(=0g%) (k=1,...,¢)
for (10),, then d*u*[dt* = 92g* for (10)s, and so on. So we have functions
(13) ff=ui—o'g* (keK = UK,
where the index set K' consists of all pairs ¥ = (k,s) with k= 1,...,s and 5 =

=1,..., 1. Let J = J(n) be the set of all pe J(r) such that f*(p) = 0, as usual.
According to (13), the functions

ct+1 c+1 m

(14) X, Vor e Ve ¥ Ly, LY
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(where x = ¢(n)* t, i = u(n)* ul) may serve as coordinates on J, and the diffiety
Q = «(n)* Q(n) is freely generated by the forms

(15) dys — gtdx (k=1,...,¢),
dy) — yl 1 dx (=c+l,..omys= 0,1,...).

7. Involutiveness. Passing to the general theory, let Q be a diffiety with a good
filtration (1) Since © 2, are polynomials of one variable, the degree v of the Hilbert
polynomial x(%,, 1) is at most 1. The case v = 0 clearly implies Q = Q' for all I
large enough so that the space J is of finite dimension and we deal with a determined
system of ordinary differential equations, a system locally expressible by du’ /dt =0
( i=1,.., m), and therefore uninteresting from our point of view. For this reason,
we shall assume v = 1, x(@”p, l) = ul + const. (_u > 0) unless otherwise stated.

Since ¥, is a finitely generated module, the multiplication X,: 4, - 4}*'
(X, e #,, X, =+ 0) is surjective for I large enough. But the dimension ¢(%,) = p
is constant for I large; then the multiplication is even a bijection. We speak of an
involutive case if the above multiplication is surjective whenever I = 0 and bijective
for 1 2 1 (compare with [1, Section 34]). We shall also need the so called semi-
involutive case (a new concept); then the above multiplication is supposed bijective
forl > 1. .

The involutiveness can be easily achieved by a simple modification of the original
filtration (1), if necessary. For instance, one can use the so called c-normal prolonga-
tion of (1). This is the filtration

= = c Q=M. cQ'=0"c...cQ=0D",

cf. [1, Section 18]. As follows from the above reasoning, given an arbittary good
filtration (1), @**¢ is involutive for all ¢ large enough. But even the involutive filtra-
tions are rather unpleasant and of little use in subtler investigations.

8. Examples. (i) Looking at the standard filtration (6) in the particular case n = 1,
one can check that p((n)) = m. The diffiety Q(n) corresponds to the system du}/dt =
= u} of m differential equations involving 2m unknown functions and the dif-
ference 2m — m (the number of “arbitrary functions”) is exactly m = p(Q(r)).
On the other hand, every term Q(n)' (I 2 0) is freely generated by certain m(I + 1)
differential forms expressible just by m(I + 2) + 1 variables. The difference between
these numbers diminished by 1 (due to the presence of the independent variable 1)
ism(l +2)+1—=m(l+1)=m= p(Qn)) as before.

(ii) The diffiety Q@ = «(n)* Q(n) of Section 6 is filtered by the modules Q' =
= i(n)* Q(n) and the existence of generators (15) implies p(Q) = m — c. It cor-
responds to the system (12) of ¢ equations involving m unknown functions, the dif-
ference m — ¢ = p agrees. The modules Q' are freely generated by the forms (15)
with s = 0,...,1 in the total number of m + (m — ¢)1, and expressible just by
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I+ m+ (m—c)(l +1) variables. The difference of these numbers diminished
by 1 equals m — ¢ = p(Q).

(iii) Let us consider the space J with coordinates ¢, ug, vg, 4, vy, ... and the vector
field :
ofot + (uy + (v,)?) 8]ouy + vy 8dvy + uy 00u, + vy 00vy + ... .

This field determines a module #(Q) of a diffiety Q corresponding to the system
duofdt = u; + (v,)%, dvof[dt = v, dv,/dt = v, of three differential equations
involving five unknown functions, hence 5 — 3 = 2 = p(Q). The modules ' (I = 0)
freely generated by the forms

dug — uydt — v, doy, dug — ug, (dt + v, ,dvy — v, dog, (s=1,...,1),

do, — v, ,dt (s=0,...,10)

determine an involutive filtration of Q. There are 2l generators of Q' expressible
just by 21 + 4 variables (cf. the next section for the proof) and the difference di-
minished by 1 equals 2/ + 4 — 2 — 1 = 3 > p(Q). The discrepancy may be inter-
preted as the presence of certain ““parasite variables” in the generators of Q'

9. Adjoint variables. Let us made a digression to some general concepts of the
general theory of exterior systems (cf. [11]) suitably adapted for our needs. Dealing
as usual with the space J, let & < ¥, be a regular submodule and Adj & < ¥, the
submodule consisting of all forms of the type X 71 d¢ with X € £ and £ € E. One
can successively verify that the inclusion Ye (Adj Z)* is equivalent to any of the fol-
loving conditions:

() YIX1d=-X1Y1dé=0forall XeZt ek,
(ii) Y1 dEeZ forall (€5,
(i) Y1 d(f&) = Y. & — Y £.df + fY 1 dEeE forall fe ¥, €,
(iv) YeZ* and Y 1déeZ forall (€&,
(v) YeE* and ZyéeE forall (€5,
(Vi) Lyl =fLyE+ YN(df A E)eZ forall feW,, (€&,
(vil) X 1 &yE =0 forall XeE, feW,, (k.
In virtue of the rule 0= L, y(X &) =[fY,X] 1¢+ X 1 Ly, we may
continue with
(viii) [fY,X] e E* for all fe ¥,, X € E*,
(ix) Ye E* and [Y,X]eE* forall deZt.
Always = = Adj Z and (according to (ix)) the case #£(Adj Z) — ¢(Z) = 1 cannot
occur. Moreover, Adj(Adj E) = Adj £ or, equivalently, [X, Y] e Adj E* for every
X, Ye Adj E* (use (ix) and the Jacobi identity, or (iv) and the rule &y y; = Lx &Ly —
— Yy¥%x). Note that a submodule £ < ¥, is called completely integrable if
[E4, B*] = E%; it follows that Adj E is completely integrable. In general, complete
integrability of a regular submodule £ = ¥, is equivalent to any of the conditions
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AdJE=E, X 1déeE (XeZ!, EeE), 4= = Z(XeE") as follows from the
points (ix), (ii) and (v) above.

Adj E is clearly a finitely generated module. Assume moreover Adj = to be regular
with I(Adj E) = a. Then, applying the Frobenius theorem near a fixed point p e J,
one can find a coordinate system f, f2, ... at the point p such that the differentials
df?, ..., df* may serve as (local) free generators of the module AdjZ. Moreover,
there exist local free generators of the ¥-module E expressible only in terms of
the functions f*, ..., f° (Proof: Since AdjZE < E, every form lying in Z can be
represented by a sum Zg'df’ with appropriate g, ..., g€ ¥,. We conclude (using
the Gauss elimination method and some redesignation of variables) that there exist
local free generators of Z of the type

(16) df* —=hidf! (k=1,...,c; sumover j=c+1,...,a).

Then point (iii) gives Y 71 dh% =0 (Ye Adj Z*), that is, dhlje Adj Z and hj are
functions of f1,...,f%) .

The functions f!, ..., f* will be called adjoint variables to the module Z at the
point p. (More accurately, every composed function f(f?,...,f*) may be called
an adjoint variable which may be adapted to a global concept. Nonetheless, we
prefer the former (ancient) terminology.) We already know that appropriate gen-
erators of = can be expressed in terms of them. Conversely, if some generators of =
can be expressed by certain functions g',..., g% € ¥,, then already the adjoint
variables f, ..., f* are functions of g',..., g*. (Hint: If Xg/ = 0, then X e Adj &4,
hence Xf/ = 0.) It follows that the adjoint variables are the most economical
family in this respect.

10. Cartan filtrations. A semi-involutive filtration (1) is called a Cartan filtration if
(17) Q'= 0N AdQ°.

Assume Adj Q° = Q for a moment. Then Adj Q° = Q! by (17), hence £ Q! = Q!
(we use # = Q" < Q'* and the complete integrability of Q' = Adj Q°), hence
QP =Q' + 2,0' = Q' (we use the semi-involutiveness). Quite analogously,
Q2 =0%=...=uQ" = Q and, consequently, J is of finite dimension. Omitting
this trivial case, we have AdjQ° # Q', hence /(Adj Q°) = £(Q") + 1 according
to Désm and (17).

Our next aim is to find a fair family of local free generators to the terms Q' of
a Cartan filtration. Let f2, ..., f* be the adjoint variables to the module Q°, where
df! ¢ Q. We may assume the existence of local free generators of the type (16) to the
module Q°. And, introducing (a little artificial) notation of variables x = f1, yi =
=f% ..,y =70 (hence m = a — 1), the formulae (16) can be rewitten as

(18)° dy} — Zhtdyl — ho dx (k=1,..,c;sumover j=c+1,...,m),

k . .
where hj, hy, .| are functions of the variables x, y!, ..., y™. Now, the sense of the
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notation is clarified by looking at Q!. Indeed, according to (17), there are certain
free generators of the type

(18) dy} — yidx, ..., dyT — y7dx

to the module Q', where y4 € ¥, are appropriate functions. Let X € # be normalized
by Xx = 1. Then, if we employ the semi-involutiveness (in particular, the equality
(2),), the forms (18)" together with

(18)° dy! — yleidx (j=1,....m; ylys = Xpl),

wheres = 2, ..., [, generate the module Q' (l > 2). But we do not have free generators
since there are only pu(Q) = /(Q'/Q°) = m — ¢ forms in every family (18)° that
are independent of the previous (18)' U ... U (18)~'. However, the free generators
can be easily found. In virtue of (18)° and (18)' the relations y% = g* hold (¢* =
= Zhiyl + h*1) and it follows that

(19) dyf —gtdx (k=1,...¢c),
dyl —yliydx (j=c+ 1,.omis=1,..,1)

are the desired generators to Q' (/I 2 1). Note that the functions

(20) X ey st Yy STy et
may serve for local coordinates on the space J.

Using the generator 8/dx + Zg* 0/dy} + Zyl,, 0/dy! of thc module #/(R), one can
easily verify that normal 1-prolongations of our Cartan filtrations are involutive.
Moreover, as follows from the explicit expressions of the generators given above,
QN Adj Q' = @'*! (so that the c-prolongations are Cartan filtrations, too) and
/(Adj Q) — £(Q") = (@@ + 1 =m — ¢ + | = p(Q) + 1 (so that the “para-
site variables” in the sense of the last example of Section 8 do not appear).

11. Theorem. The first term Q° of a Cartan filtration (1) permits 1o reconstruct
the whole filtration (1), hence the diffiety Q. For any regular submodule = < &,
there exists a diffiety Q on an appropriate underlying space J and a Cartan
filtration (1) such that Q° = Z.

Proof. Using the notation of Section 10, let x = f*, y{ = f2,..., ¥ = f* be the
adjoint variables to the module Q°, where df' ¢ Q. Moreover, let (18)° be the local
generators to €2°. Then the relevant functions g* needful for the reconstruction
of the remaining generators (19) are known; this concludes the proof of the first
assertion.

To prove the second assertion, we begin with another underlying space I for
technical reasons. Then the proof runs as follows: Let (18)° be local generators of Z,

—

where x, yi, ..., V7 € ®, are the adjoint variables to the module =. Introducing
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a new underlying space J with coordinates denoted by x, y}, ..., y™ (and lying in &)
and additional coordinates

(21) yc2'+l’.'.’y';,yg+l’""J";,yi-*l,."""
(not lying in &,), the desired diffiety is generated by the forms (19).

12. Existence of a Cartan filtration for an arbitrary diffiety was already established
in Section S if one chooses n = 1. Let us recall the construction: Starting with
afiltration (1), let /%, ..., f* be the adjoint variables to the module Q°. We may assume
f'¢ Q. Then, if we denote x = f!, ' = f2,...,y" = f* (m = a — 1), there are
forms w) = dy’ — yi dx € Q and the filtration (9) with terms Q' generated by the
forms

wh=dy! = yldx, o] =dyl —yliidx (Yl=Xyls=1,...1),

where the vector field X € # normalized by Xx = 1 is used. If the arising filtration is
involutive, we are done. If not, we turn to an appropriate normal prolongation.
This concludes the construction.

THE MONGE PROBLEM AND ITS GENERALIZATIONS

13. Cartan’s case. We ask whether the “general solution” of a system of certain
m — 1 ordinary differential equations for m unknown functions y!,..., y" of an
independent variable x can be represented by formulae of the type

(22) x=%&), y =& (=1...m &=(tu(t),...,du(t)dr))

where X, j/ are certain fixed functions of the argument & involving the ‘“‘arbitrary”
function u(t). (One can then easily derive analogous formulae for the derivatives
d*y’[dx®.)

Without discussing the rather vague concepts of a ‘‘general solution” and ‘‘ar-
bitrary function u(f)”, we shall substitute the following more precise setting for the
above mentioned classical problem: Instead of the original system (not specified
above), we introduce its infinite prolongation, that is, the relevant diffiety Q on an
underlying space J with the coordinates x, y = y/, I (j =1,...,m; s =1,2,..),
where y! stand for the derivatives d*y’/dx°. Let moreover © = Q(r) be the diffiety
generated by all contact forms du; — u;,, dt (i = 051, ...) on the underlying space
I= J(n) of the coordinates ¢, ugy, Uy, ... . The problem is whether Q can be represented
as a factordiffiety of ©. If this is the case, then the relevant surjection ¢: I — J yields
the formulae (22) provided we put X = ¢*x, j/ = v*y/.

In fact, E. Cartan investigated the more general case when the argument & may
also depend on some arbitrary constants c;, ..., ¢,. In terms of diffieties, the problem
consists in representing a given diffiety Q as a factordiffiety of another diffiety @
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generated by the preceding contact forms du; — u;4+ dt together with forms dv!, ...
..., dv?, differentials of certain additional functions. The relevant underlying space I
has the coordinates ¢, v', ..., v%, ug, u,, ... . We shall see, however, that this gener-
alization does not bring too many difficulties.

14. True generalizations are easy to formulate. For instance, one might be interested
in the case of the argument

& = (t,u(t), o(t), ..., d*u(t)[dr*, d%(t)dt?)

involving two arbitrary functions u(t), v(f). Then the given diffiety Qs to be expressed
as a factordiffiety of the diffiety © generated by two series of contact forms du; —
— Uy, dt, do; — v, dt (i=0,1,...) on the underlying space I with the co-
ordinates t, u,, vy, Uy, Uy, ... . A little more generally, some constants may be permit-
ted in &, too, but we shall not deal with this problem. Instead, we shall consider the
case when a quarature is present:

& = (t,u(t), ..., d°u(t)[de, fh(t, u(?), ..., du(1)/dt®) di) .

Then the relevant diffiety @ involves the form dv — h(t, uo, ..., u,) dt and the under-
lying space involves the additional coordinate function v.

15. Determination of factordiffieties. Let Q be a factordiffiety of a diffiety O,
let ¢:I — J be the relevant surjection of the underlying spaces. Let (1) be a good
filtration. Recalling the definition of morphisms of diffieties, one can verify the com-
mutative diagram

(23) Ly *Q° > Q' 5 *Q2 > ... (X e #(0))
I 1
Ly Q> Q' 5 Q2 5. (Y=0XeH(Q)

with c-related vector fields X, Y. Since ¢* is injective, the inequality u(Q) < u(O)
follows by a simple argument employing the multiplication by X and Yin the modules
® 0'[6'"* and ¢' = @ Q'[Q'"1, respectively, and the relevant Hilbert polynomials.
If (1) is involutive, then the equality (2), is valid for every ! = 0 and the mapping
t*: Q > O can be reconstructed already from the left vertical arrow ¢*: Q° —» @
of the diagram (23). If moreover (1) is a Cartan filtration, then the diffiety Q can be
reconstructed from the first term Q° (cf. Theorem 11), hence (up to an isomorphism)
from the module ¢*Q° (since ¢* is injective). It follows that the knowledge of the
submodule *Q° < © permits to determine all the other data.

In more detail, let ® be a diffiety and let a regular submodule & = @ be given.
Our aim is to identify Z with the above mentioned submodule of the kind ¢*Q°
for a certain factordiffiety 2 of @ not yet known. The method proposed is quite
clear: according to Theorem 11, there exists a diffiety Q with Q° = Z the first term
of a Cartan filtration. Then, recalling the notation from the proof, we observe that
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the generators (18)° are expressed by the functions x, i, ..., yT lying in both spaces
@, and ¥, so that they must be identified by the sought morphism ¢: I — J. As the
remaining variables (22) are concerned, we may employ the diagram (23) which gives

249 x=x, Spi=yl (=1L...m), "y =Lyl = Ly
(k=c+1,...,m;s=1.2,...; Xe #(0), Ye #(Q), Xx = Yx = 1).

Clearly *Q° = E = © and in general *Q' = (%)'E = O, by induction. Con-
sequently, (4), is satisfied. The condition (4), is satisfied if, e.g., * Adj Q° = Adj E ¢
¢ 0, which will be assumed. So we have a morphism of diffieties.

However, we are interested in a surjective morphis , that is, in the case of the
injective pull-back ¢* when the images in (3) are not proper submanifolds. This is
ensured, at least locally, if the family of forms

dx = *dx, dyl =*dy], *dyt
=1..mk=c+1,...m;s=2,3,..)
is linearly independent at every point or, equivalently, if the forms
(25) dyf = e*yhdx, (dys — yis1dx)
=1..mk=c+1,...,m;s=2,3,..)

lying in @ are linearly independent. (The differential dx is omitted since we assume
Adj Z ¢ O, hence we may also assume dx = df* ¢ ©.) But

c(dys — My dx) = (Zx)° (dy] — *y)dx)
according to (24), so that the forms (25) with s restricted to 2, 3, ..., | generate the

module & + ZxE + ... + (&x)' E. It follows that the last independence condition
may be expressed without any use of coordinates by

(26) HE+ LHE+ ...+ (ZH)'E)=c+(m—c)] (I1=0,1,..).

(Besides, note that this seemingly complicated condition will be trivially satisfied
in all examples below.) In view of m — ¢ = p(Q) < p(O), the above results may be
expressed as follows:

16. Theorem. Let £ = O be a regular submodule freely generated by certain c
differential forms expressible by just m + 1 variable and satisfying Adj E ¢ ©
and (26). Let (1) be a Cartan filtration of a diffiety Q with Q° = E. Then Q is
a factordiffiety of ©@ and m — ¢ = p(Q) < u(O).

17. Solution of the Monge problem to be examined in the present paper is based
on Theorem 16. We ask whether a given diffiety 2 may be represented as a factor-
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diffiety of another given diffiety ©@. Then the proposed way is as follows: All sub-
modules £ < @ satisfying the conditions of Theorem 16 are to be determined
(which seems to be the most difficult step). Then, a Cartan filtration (1) to the given
diffiety Q can be (as a rule) easily found and, since the relevant morphism ¢: 1 - J
is determined already by the (bijective) portion *: Q° — E of the pullback t*: ¥, —
— @,, the concluding step consists in identifying the first term Q° of the filtration
(1) with one of the found submodules Z. This is already the common classical equi-
valence problem (which may lead, however, to lengthy discussions).

We continue this paper by applying the method proposed to particular problems
already mentioned in Sections 13 and 14. We begin with the instructive and relatively
easy primary problem of Section 13 for then the procedure can be developed without
any auxiliary technical rearrangements. In addition to the results known already to
Cartan, some new (and promising) details can be picked up. Then the other problems
are analyzed following the same schema of reasoning. Nonetheless, some modifica-
tions (specific to every problem) clarifying some further generalizations and shortening
the exposition (but unfortunately, obscuring a little the basic idea) prove to be necessary
and are employed.

EXPLICIT SOLVABILITY WITH ONE FUNCTION

18. Preliminaries. We begin with the primary problem of Section 13. In the course
of exposition, some useful abbreviations and conventiones will be introduced. We
shall (tacitly) use only regular finite generated modules which means that some
nowhere dense subsets must be left out from the spaces under consideration. More-
over, following the experience of old masters of analysis, we will omit some ‘“‘degen-
erate” subcases in the concluding Sections 28 and 29 in order not do enlarge the
exposition.

So we are going to study factordiffieties of the diffiety ©@ = {du; — u;,, dt;
i =0,1,...}, i.e., the diffiety generated by the above mentioned forms 9, = du; —
— u;4, dt on the underlying space I with the coordinates ¢, uqy, uq,.... Clearly
#(©) = 1 and H#(O) is generated by 0 = /0t + Zu;,, 0/ou;. We temporarily intro-
duce the notation 6f = Z 9f[du;. 9; (f € ®,), hence df = of. dt + 6f and

(27 ¢ =dt AX(f71 + 0f) 9 + Zof A 9 (E=2S19).

According to Theorem 16, we wish to determine submodules £ <= @ with ¢(Z) = ¢
and /(Adj E) = m + 1, wherem — ¢ < p(@) = 1,hencem < ¢ + 1 and ¢(Adj &) <
=< ¢ + 2. The other requirements of Theorem 16 will be automatically satisfied
and need not be taken into account.

19. The hierarchy of generators. Let £, € = be a nonvanishing form with the lowest
9;-order. In more explicit terms, we assume

76



(29), b= Y A0e3 () +0)

near a point p € J under consideration and suppose that the integer n appearing
in (28), is the lowest possible one. According to (27), we have
n+1

$1=01de = X(fi”" + 3fo) % = Lf1%i€ Adj 2

and if even &, € =, we may continue with ¢, = d 11 d¢; € Adj =, and so on. As a final
result, there appears a certain chain of forms

. . n+j .
(28), & =071dEy =2(fii + 9fj-0) 9 =;0f,'.sies (Gi=1,...N—1)

with &y = 0 1 déy_, € Adj Z, but &y ¢ =. Obviously fo = ... = "V and we can

normalize f0 = ... = fi*" = 1, at least locally. Let us now look at the formula
n+j

(29) dé; =dt A &4y +.205f}/\ % (j=0,...,N-1)

for the case j = N — 1. Since ¢y ¢ =, there exists X € 2% with X T &y = 1. It
follows that

T =X 1déy_; = dt + (linear combination of 8, ..., 9, y-1) € Adj E

but 7 ¢ =. So we have two forms &y, T € Adj E not lying in =, and another linearly
independent form of this property cannot exist.

It follows easily from the last sentence that (31) are generators of the module =
(hence N = ¢ = ¢(&)) since another form independent of them cannot exist in Z.
Indeed, the 3;-order of such a form would be at least n + N and by applying the
above procedure, a third essentially new form lying in Adj = but not in Z could be
derived, which is impossible. '

20. Structural formulae. We shall analyse the formula (29) using the new family of
generators dt, 9¢,...,8,_1, &, ..., Eny Snins1> Snsn+2, ... Of the module &,. Ac-
cording to the common rules of exterior algebra, (29) can be rewritten as

Jj n—1 .
(30) d€j=tj/\£j+1 +-Z:Oa}/\éi+-20ﬂ}/\9i (j=0,...,N'—'1),

where 1, a,’-, ﬂ; are forms of certain special type:

(31)1,2,3 tyedt + {9}, oje{allexceptdt}, Bie{& 1< <n}-

This (a little unusual but useful) notation means that t; is a sum of dt and a linear
combination of 9, ..., 3,_,, then oc} is a linear combination of all forms of the new
family of generators except dt, and [3} is a linear combination of &;,,, ..., ¢y—1.
(More complicated situations will appear later.)
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Existence of such a formula (30) can be established as follows: First, the second
summand at the right hand side (29) is expressed by the new generators. Secondly,
all terms of this summand which involve the factors &, ..., §; are separated, which
determines aj-. Thirdly, terms with the factor ;,, determine 7;. At last, all the
remaining terms of the second summand of (29) are already of the kind Z8j A 9,
withi =0,...,n — 1,but [3; can involve neither 3¢, ..., $u—1, Ens Ena Nt 1> Ena Nt 2s oo+
(look at Adj E), nor &, ..., &4+, (due to the second and the third step above), so that
(31); is true.

21. Reduction procedure. According to (31)3 we have Bi_, = 0. Then, using the
identities

(32) 0=d%; =dt; A &4y +
+ T A (Tyeg A &g + Zafug A G+ 1 A %) +
+Zdop A&+ Zaf A (T A Gy + 2 AEH I A YY)+
+ZdBi A8, +ZBiAdt A Sy, (1=0,...,N—2)

and the congruences (31), we shall prove B} = 0 by a descending induction argument:
Assume By_; = ... = B,y =0 but g} + 0. If f&, is a nontrivial summand of f;
with maximum J (necessarily j + 1 < J < N), then the term dBj A 9; appearing
in the last line of (32) contains the summand fdt A &4 A 9; and, using (31) with
the maximum property of J and the induction argument, one can check that it cannot
be cancelled by any other summand of (32), which is a contradiction. So we conclude
B} = 0, and looking at (32) again, one sees that the products t; A 7,4, identically
vanish. Hence 7, = ... = 1ty = 7€ Adj E and

J
(33)f dfj=‘CA€j+l+Za;/\f, (j=0,...,N'—‘1)
i=0

is valid which simplifies considerably the primary structure equations.

22. The canonical formulae. If we consider the module {£,} with the single genera-
tor &, (33), implies Adj{&o} = {r, &, &;}. It follows that there exists another
generator f&, (f + 0) expressible by exactly three variables, f&, = dy, — y, dx
(the Darboux theorem). Then, if the primary generator &, is replaced by the new one
f&o, the structural equations (33) are not disturbed provided ¢, ..., éy—; and o
are slightly corrected. After the change, (33), simplifies to dé, = 7 A &; + ad A
A & + dx A dy,. Since dx¢ Z, we have dy; — y, dxe E for an appropriate
3 € @, (the D¢m axiom). Moreover, &, € Adj {&} = {dx, dy,, dy,} = {dx, &, dy,}
so that the next generator &, can be replaced by the form dy; — y, dx. (The forms
&5y ...y Ey—y and of must be slightly corrected.) After the change, (33), turns into
dé, =1 Aé +ad Aéy+al A& =dx Ady,, and continuing similarly as
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above, a certain form dy, — y; dx we may substitute for ¢,, and so on. As the final
result we obtain new generators

(34); ¢ =dy; — yyurdx (j=0,...,N—1)

of the module Z. In particular, we have

23. Theorem. Every factordiffiety of the diffiety © from Section 18 is isomorphic
to the diffiety O itself.

24. The cross-section method by non-adjoint variables can be alternatively
employed to derive the generators (34) without any use of the Darboux theorem.
It will be also useful in other situations to appear later on. It is based on the formulae
(28), (33) and runs as follows: Since the generators &,, ..., &y of £ can be expressed
in terms of the adjoint variables to Z, we may consider (28), (33) under the family
of constraints

Ug = o5 ..oy Up—15, UN+1 = AN+15> UN+2 = ANt2y -

(where a; are constants), which do not introduce any interrelations among the adjoint
variables. Let us denote by tildes the results of constraining (whenever necessary
for more clarity). Then (28), turns into '

Eo = du, — (“n+1 +f3_1“n +f3_2an—1 + ... +f8a,) dt =dy, — y, dx

with the notation y, = u,, y; = Ups1 + ... + foa;, x = t. This is exactly (34),.
Clearly Adj {&,} = (%, &, &} = {dt, du,, du,.,}, but at the same time Adj {&,} =
= {dx,dyo, dyl}. 1t follows that u,,, can be expressed by t, y,, ¥;. Then (28)1
turns into the formula

El = dun+1 +f;.l dun - (un+2 +f:+lun+l +f;un +f:—1an—1 + ... +f(1)a0)dx =
= f(dy; — y2df) + g(dy, — y, di)

with certain functions f, g, y,. Necessarily f # 0 so that the next form (34); has
appeared. Continuing in this way, one can obtain the whole family of generators (34).

25. The derived modules. All submodules = < O satisfying the assumptions of
Theorem 16 are determined and, following the instructions of Section 17, we have
to find a criterion whether a given module Q° can be identified with some of these
modules Z. In our particular case, this equivalence problem can be easily resolved
by a method due to Cartan, and the relevant background will be derived here. We

- shall use the notation from Section 9 for a moment since both topics are closely
related.

So we are in the space J and a submodule £ < ¥, is considered. Let us introduce
the submodule Der £ < ¥, consisting of all forms ¢ that satisfy any of the following
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equivalent conditions:

(i) ¢e = and X*1dEe = for all X e Zt,
(il) Lyt Z forall XeZE,
(iii) Y1 %4 =0 forall X, YeE4,
(iv) [X,Y] 1 ¢ =0 forall X, Ye ="

(Note that (ii) = (i) follows from the rule £ x& = fLx& + X 1 & df under the
regularity of Z, (iii) <> (iv) follows from 0 = Zx(Y 1 &) = [X, Y] 71 & + Y 11 Zy¢,
and other implications are easy.) Clearly £ > Der £ o Der? £ > ... and &’ =
= (Y Der' Z is the greatest completely integrable submodule of Z. In particular,
Z is completely integrable if & = Der E, and in this case £ = Adj &E. Using (ix)
Section 9 and the above point (iv), one can also verify the inclusion (Adj Der Z)* o
o (Adj £)*, that is, AdjDer £ = Adj Z.

We shall look at the “nearly completely integrable case’” when
(35) ((E)=¢(DerE) + 1 =..={(Der’E) + e =

={(Der'Z)+e (I=e);

here e = e(Z, p) = 0 is an integer independent of p e J. We shall need only the
particular case when = = QO is the initial term of a Cartan filtration of Q with
(Q) = 1. Then £(2'/Q°) = p(Q) = 1, hence

(36) ¢(Adj E) = £(Adj Q°) = £(Q") + 1 =£(Q°) + 2 = £(E) + 2.

So we shall suppose £(Adj £) = ¢(E) + 2 for the module =.
Under this assumption, let us look at Der Z. Either ¢ = 0 and £ = Der = is
completely integrable, or e = 1. In the latter case clearly

(37)° AdjE* < B < Der =t

Let X, Y be vector fields generating together with Adj Z* the module 5+, that is,
E* = {X, Y, Adj £*}. Then Der 5* = {X, Y, [X, Y], Adj E*} and (as follows from
/(Der E) — ¢(Der? Z) = 1) there exists a vector field Z = fX + gY such that

[Z,[X, Y]] € Der E*. Consequently Z e Adj Der 4, hence Adj Der Z* =
= {Z, Adj '} and we have the inclusions

BN Adj Der Z* < Der E* < Der? =

analogous to (37)°. One can also easily verify #(Adj Der &) = ¢(Der Z) + 2.

So we may look at Der? E. Either ¢ = 1 and Der & = Der? £ is completely
integrable, or e = 2. In the latter case, the above procedure may be repeated with
(37)! instead of (37)°, and so on, up to the completely integrable module Der® & =
= Der®*! Z. Let us also mention the relations

(38) ¢(AdjDer' E) = ¢/(Der'E) +2 (1=0,...,e—1),
(39) AdjDer'Z o Der'™' = (I=1,..,e),
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appearing in the course of the reasoning, cf. the role of the vector fields X, Y, Z
above in the first step I = 1.

The relations (38) and (39) permit to determine some fair generators of the mod-
ule =.

Denoting 4(Z) = c as usual, (35) clearly implies #(Der £) = ¢ — e. Since Der® &
is completely integrable, the Frobenius theorem gives Der® Z = {dv',...,dv" "¢},
at least locally, with appropriate functions v', ..., v°"¢ € ¥,. Since ¢(Der’ £) = ¢ — 1
(1=0,...,¢), we have

(40), Der! 2 = {dv,...,dv" % 51,y ccos fle—i=q} (1=10,...,€)

with appropriate forms 7, ..., ,—; € ¥;. These forms can be chosen to be of
a certain very special type. We begin with the form 5, (which is more advantageous
in some examples, but an alternative way starting with #;_; may be also useful, cf.
Section 45). Relation (38) gives /(Adj Der®™! £) = ¢ — e + 3 so that the form 7,
first appearing in (40),, is expressible by v', ..., v°~° and three additional variables.
Applying the Darboux theorem, we may even assume 7, = dy, — y; dx where
X, Yo, V1 are the additional variables, dx ¢ Der®~! Z. We continue with the form #,
first appearing in (40),—,. Relation (38) gives ¢(AdjDer*"2Z) =c — e + 4 so
that n, depends on one additional variable y, € ¥,. According to (39), we have
1, € Adj Der*~* =, hence 1, may be assumed a linear combination of dx and dy,,
hence 7, = dy; — y, dx (the Darboux theorem is not needed!). A quite analogous
reasoning gives the remaining generators #s,...,%,—; of the kind #n; = dy; —
— yj+1 dx. Hence

(41) E={dv,....,dv" " dy, — yy dx,...,dy.—y — y.dx}.

Not only this final result, but also the method is of independent interest since it
must be applied if we deal with applications, cf. Sections 28, 29 and the papers
[3,12].

26. The equivalence problem. Let us return to the Monge problem. We begin with
assuming Q to be a factordiffiety of @ with ¢: J — I the relevant surjection. We
know that the submodule Z = 1*Q° < O possesses the generators (34), that is,

(42) g = {d}’o = y14dx, ..., dyy-1 — Yy dx} s

which is a particular case ¢ = e of (41). One can then explicitly verify the property
(35) with ¢ = e = N = #(E) and, by virtue of the obvious equalities

(43) Der! £ = Der! *Q° = ¢* Der' Q°

and the injectivity of ¢*, the same property

(44) £(2°) = ¢(Der Q%) + 1 = ... = £{(Der* Q°) + ¢ (c = £(Q°)
holds for the module Q°.
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Let conversely Q be a diffiety admitting a Cartan filtration (1) with the first term Q°
satisfying (44), that is, (35) rewritten for Q° instead of Z. It follows that there are
generators (41) with lacking terms dv* for the module Q°. According to Theorem 11,
the diffiety © is ‘even isomorphic to © (not a mere factordiffiety of ©), which is in
full agreement with Theorem 23. However, the main result of reasoning may be
formulated as follows:

27. Theorem. The initial term Q° of a Cartan filtration (1) of a diffiety Q fulfils
(44) if and only if Q is a factordiffiety of the diffiety © from Section 18.

28. Example. In this and the next section we shall proceed in the spirit of the
matematical analysis of the past century, and the notation and terminology will be
slightly adapted to the geometrical contents. We commence with the Monge problem
for the system of ordinary differential equations

dx/dt = x', dy[dt =)', dz/dt =z
with two relations

(45) ft,x,y,z,x,y,2)=0, g(t,x,y,z,x,y,2)=0

between the variables involved; the Jacobian of f, g with respect to x', y’,z' is
supposed to be of rank two. According to Section 6, diffieties can be called for help.
So we introduce the diffiety Q where the first term Q° of the Cartan filtration is
generated by the forms

E=dx —x'dt, n=dy —y'dt, {=dz— z'dt

with relations (45) between the variables. Abbreviating the notation, the partial
derivatives will be temporarily indicated by subscripts so that the differentials are
related by

df = 6'fdt +fx€ +fy'1 +fzc +fx’dx, +fy’dyl +fz' dZ' = 09
dg = 0'fdt + g,& + gyn + 9.{ + g dx" + g, dy' + g,.d2" =0,

where 8’ = [0t + x’ 0[0x + y' 8[dy + z' 0[0z is the truncated operator d. Clearly
£(Q°) = 3, /(Adj Q°) = 5, and the forms

x=fltfyn+ 0, n=9g.8+ gn+ g2t

generate Der Q°. Hence ¢(Q°) = ¢(Der Q°) + 1 which is the first equality in (44).

It follows that the requirements of Theorem 27 are satisfied if #(Der? Q°) = 1,
that is, if the forms dy, dn are proportional under the conditions df = dg = y =
= 7 = 0. (The degenerate case dy = dn = 0 fits well into the framework of Section
30 and is not analyzed here.) Since we are in a 7 — 4 = 3-dimensional space, at
most two conditions on the coefficients of the forms dy, dn can arise. However,
owing to
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Az = (df — fod) A &+ (dfy — £, dE) A+ (dfs — £,d) A L,

an analogous expression for dn (easily following from df = dg = 0) and a very
particular type of the conditions y = # = 0 (namely, they interrelate only the forms
¢, 1, ), the conditions reduce to exactly one.

Denoting ¢ = u dy + v d=n for a moment, where u/v is the undetermined propor-
tionality factor, the condition is expressed by the requirement that the rank of the
matrix

0 fx’ fy’ fz' 0 0 0
0 9x gy gz 0 0 0
a'f fx fy fz fx' fy' fz'
alg 9x gy gz Gxr gy’ gz

[6’ 1o 0/ox 710 8[dy 71 8/0z 71 o 0fox" 1@ 8]0y’ 71 ¢ 9[0z' 1 ¢

is five. (The vector fields ¢', 9/0x, ..., 8|8z’ used here are dual to the coframe dt, &, 7,
¢,dx’,dy’, dz’.) Under this condition, the form uy + vz generates Der? Q° and the
next module Der? Q° is trivial.

We shall not evaluate the rank condition explicitly but mention a few particular
cases. At first, assume (45) of the following special type:

(f=)x = h(t,x,y,2,2) =0, (g=)y —k(tx,z2)=0.
The above matrix becomes considerably simpler and after easy calculations, the rank
condition is expressed by h,.,. &' 71 dn = k,.,. 0" 71 dy or, more explicitly, by
Boe(kl + Ky + (K, = Ko ) = k(& + by + (y = hy) 0)
But &, 7, ( arerelated by y = € — h,.{ = 0,7 = n — k,.{ = 0, and the final result is
h.((ke + k) b, + k, + kyo) = koopo(hy + By) Ko + By + o).

The particular case k = x was mentioned in [12]. Then the relations (45) again
reduce to x = h(t,x,y,2,z'), y' = x and, after denoting y” = x’, the original
system turns into the second order equation y” = h(t,)’, y,z,z') and the rank
condition is h,.,, = 0. It is not satisfied for the equation y” = (z’)!/? which is
Hilbert’s negative result mentioned above.

29. Continuation. We shall consider the same problem once more but in several
dimensions and using some dual and (from our point of view) non-intrinsical con-
cepts. The results are partly due to Goursat, cf. [2]. Altering the notation, we intro-
duce the system

(46) dxffdz =1 (i=1,...,n)
in the space of variables z, x!,..., x", t!, ..., t" related by n — 1 conditions
47) filzx' ox" 1N =0 (j=1,..,n=1),
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where the Jacobian (9f/[dt') is of rank n — 1. Introducing the relevant diffiety Q
with the initial module Q° generated by the forms &' = dx* — t' dz on the subspace
(47), we shall prove that the property (44) is equivalent to the involutiveness (in the
classical sense) of a certain system of n — 1 partial differential equations of the
first order with one unknown function z(x*, ..., x").

Let us first assume that (44) is fulfilled (with ¢ = n). In virtue of (47), the variables
t', ..., t" can be expressed in terms of the remaining functions z, x!, ..., x" and one
auxiliary variable t (say, t = t'), y' = y(z, x', ..., x",1). Then Q%" is generated
by the vector fields

Z = 0|0z + Ty' oJoxt, T = oot

and by vector fields from Adj Q°* (but the latter do not matter much). Hence, ac-
cording to (44) and (iv) Section 25, Der' Q° is generated by the vector fields mentioned
together with the Lie brackets

(48) [T, Z] = =y} 0fox', ..., [T, ..., [T, Z] ...] = Z3:..,0[0x' (I terms T and ¢)

(we tacitly assume linear independence of these vectors, a more general case is covered
by the theory of Sections 30—33). One can see that the form { = dz — p!' dx! — ...

ee. — phdx® (which is also a linear combination of &4, ..., 6,,) generating the module
Der" ™! Q°is determined by the conditions
(49) Z"IC=[T,Z]‘IC=...=[T,...,[T,Z]...]"1C=0

(upton — 1terms T).

According to (48), these conditions may be interpreted as osculating requirements
for the hyperplane { = 0 and the cone consisting of all the above vectors Z at a fixed
point z, x, ..., x" with varying parameter ¢t. It follows that the functions p', ..., p"
can be expressed in terms of z, x', ..., x" and the auxiliary variable ¢ so that there
exist exactly n — 1 relations of the type

(50) gz, x', .., x" pt..up) =0 (j=1,...,n—1),

if ¢t is eliminated. The equation { = dz — Ep’dx’ = 0 together with (50) may be
interpreted as a system of partial differential equations for one unknown function z,
the so called associated system to (47). Now, an appropriate multiple of { is equal
to the form 7, of Section 25: .

(51) w(dz — Zp'dx’) = dy, — y, dx.

Here y, is a function of z, x!, ..., x", t, but it may be also expressed by z, x*, ..., x", x.

enoting y, = y(z, x', ..., x", x) for more clarity, the relation (51) expresses the
fact that the functions Z(x!, ..., x", a, b) implicitly defined by y(z, x*,...,x",a) = b
(a, b € R are constants) satisfy the adjoint system. In other words, we have a complete
integral, hence the associated system is involutive.
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Before passing to the proof of the converse result, let us look at the particular
case n = 3 of the preceding section. The associated system (we use the form { =
=dt — pdx — gdy — r dz here)

F(t,x,J’aZ,P,q,r)=0, G(t,X,y,Z,P,q,")=0
to (45) can be derived from the osculating conditions (49) or, more easily, by sub-
stituing x' = X(1), y’ = J(4), z’ = Z(4) into (45) and then by eliminating the deriva-
tives dx/d4, ..., d?Z[dA? from the equations
f =g =df|dA = dg[dA = d*f|dA* = d®g[dA* = pX + qj + rZ — 1 =
= d(pX + gy + rz)[dA = d*(pX + qF + rz)[dA> = 0.

According to our results, the well-known involutiveness condition

(G + pG)F, + (G, + 4G) F, + (G, + rG)) F, =
= (F. + pF,) G, + (F, + qF,) G, + (F, + rF,) G,
is equivalent to the rank condition mentioned (but not explicitly stated) in Section 28.
We turn to the converse assertion. Let (47) be given with the involutive associated
system (50). Our aim is to verify (44). Because of the involutiveness, there exists
a complete integral j(z,x',...,x", x) = y depending on two parameters x, y. This
means that (51) is satisfied with yo = J, w = J,, 1 = ¥, so that the first differential
form 5, = dy, — y; dx of Section 25 results. In order to find the following forms
f1s -+-s -1 We must look at the osculating conditions from the dual (and hence
equivalent) point of view. At every fixed point z, x',...,x", the hyperplane { =
= dz — Zp'dx' = 0 of the cotangent space is enveloping to the cone

(52) dz —Zpdx/ =0, —Zd'pifdifdx' =0 (I=1,...,n—1)

where the functions p’ are implicitly defined by (50). The relations (52) are in fact
equivalent to the original system &' = ... = &" = 0 with variables related by (47),
of course. Keeping this in mind, we can rewrite (52) in new coordinates yo, ..., Y1, X
introduced (a little artificially) by the equations

(53) ve = ¥z, x!, ..., x", x),
Vi =Pz X XN X), ey Yo = FralZ XY L X7, X)
and any one of the (equivalent) relations
Fuiz, x5 ooy x.", x)[y(z, X!, .., X" x) = —=p(z,x, ..., 1).
Then, owing to (51), the first equation (52) multiplied by u, may be rewritten as
Jodx + Zjadx’ + (§,dx — y,dx) =dj — j,dx =0
which is equivalent to dy, — y; dx = 0. (This is already known.) But (52) with
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I =1 may be replaced by the equivalent relation d(y,(dz — £p’ dz’))/dx =0,
i.e., by .
Vs dz + E.vx'x dx’ + (yxx dx — Vxx dX) = dfx = Vxx dx =0,
which is equivalent to dy, — y, dx = 0. Continuing in this way, one can obtain the
generators
Q° = {dy, — y,dx,...,dy,—y — y,dx},

that is, (44) is satisfied (with the constant ¢ = n) and this concludes the proof.

Since the original system (46) written in the coordinates y,, ..., y,, X is of the simple
form dy;[dx = y;4, (i =0,...,n — 1), the general solution is expressed by the

formulae y, = u(t), y; = du(t)/dt, ..., y, = d"u(f)[dt" and the transformation (53)
gives the solution in terms of the original variables

z=25&), x=5(& (i=1..n &=(tu(l),..du)de)

by inversion. The particular case n = 2 of the system (47) consisting of one equation
fU(z, x', x2, dx*[dz, dx?/dz) = O proves to be relatively easy since then the involu-
tiveness condition is trivial. In this case, the formulae (53) give the solution

u(t) = y(z, x', x%, x), du(t)/dt = y(z, x*, X3, x), d®u(t)/dr® = y.(z, x*, x2, x),
discovered already by Monge.

EXPLICIT SOLVABILITY WITH CONSTANTS

30. Preliminaries. We shall deal with factordiffieties of the diffiety @ =
= {dv',...,dv" du, — u, dt, du; — u, dt, ...} on the underlyings space I with the
coordinates t,v', ..., 0%, ug, uy,.... Clearly p(0) =1 and #(0) is generated by
(formally) the same vector field & = 0/t + Zu;, 0[0u; as in Section 18. Nonetheless,
(27) must be replaced by the more complicated relation

(54) dé =dt A (Z(fi7! + 0f') 9, + Zog* dvF) +

+ Z(&f' + T of[ov* . dv¥) + Z(6g* + T dg*[ov* . dv') A dvF,
where ¢ = Zf'9, + Zg* dv*. We wish to determine submodules £ = @ with £(E) = ,
(AdiE) S ¢ + 2.

31. The cross-section method. As far as the generators of = are concerned, there
may exist some forms in = expressible only by the differentils dv, ..., dv®. Let these
forms be linear combinations of :

5
(55) =dt+ Y Wid' (k=1,..,4q).

l=a+1
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Moreover, there are generators of = involving some contact forms, especially one
with the lowest 3;-order:

n b

(56) So=YLfo%+ Y godv'ed, + {94} (f5=1).
i=0 I=a+1

Proceeding with (56) quite analogously as in Section 19 with (28)0, one can get some

forms

éj =0 1 déj—l = 3,,+j + {‘9<n+j’ dUa"}EE (j = 1,.-.,N - 1)

but with &y =0 T1déy_; = 3,441 + {...} € Adj = not lying in E. Moreover,
quite analogously as in Section 19, © = X 71déy = dt + (...) € Adj E is a second
form not lying in Z. Hence

E={n"¢ty), AGE={n"¢r1}, a+N=c.

Consequently, we may introduce the constraints

va+1 — Cl, e Db = Ch—a

with fixed constants ¢, ..., c®~* without disturbing essentially the module =. But the

above data become considerably simpler since the differentials dv®*?, ..., dv® com-
pletely disappear. In particular,

n+j

r=d*, &=Y/19% (k=1,...,a;j=0,..,N; fy =1).
i=0

The coefficients f,i- may depend on the variables v!, ..., v® but this fact does not cause
any troubles and the reasoning of Sections 19 —24 can be carried over to our problem
word by word. As a final result, some forms of the type (34) may replace the original
generators &; so that the final result is (41) with the constants¢ — ¢ = a,e = N.

32. The equivalence problem. Given a diffiety Q with a Cartan filtration (1), we
ask whether there exists a surjective morphism ¢: J —» I with *Q° = E, Z being
specified by (44). The solution is analogous as in Section 26. First, let such an ¢ exist.
Then, the property (38) follows from (41) for the module Z by easy calculation. And,
according to (43), the same property (35) is true for the module Q°. Then the reasoning
of Section 25 applied to Q° (instead of Z) yields certain generators of the type (41)

for the module Q° so that Q is a factordiffiety of @, in fact isomorphic to ©.

33. Theorem. The property (35) rewritten for Q° instead of E is typical for the
initial term Q° of a Cartan filtration (1) of a diffiety Q in order that Q be a factor
diffiety of a diffiety © from Section 30. Then Q is even isomorphic to © with
possibly another constant b, namely with b = a.
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EXPLICIT SOLVABILITY WITH TWO FUNCTIONS

34. Preliminaries. We wish to determine the factordiffieties of the diffiety @ =
= {du; — w4, dt, dv; — v;4, dt; i = 0,1,...} on the underlying space I with the
coordinates t, uy, vy, Uy, vy, ... . Clearly u(@) = 2 and Jf(@) is generated by the
vector field @ = 0[/0x + Z(u;4, 0/0u; + vy, 3/0v;). We shall abbreviate 9; =
=du; — u;4q dt, n; = do; — v;4, dt, Of = Z(0f[0u; . 9; + f[0v; . n;), hence df =
= of dt + of (f € P,) and

(57) dE=dtAZ((ff+f) %+ (¢ + 0g) i+ Z(OfF A8, + 8gF A my),

where & = Z(f'9; + g'n;). According to Theorem 16, we are interested in submodules
E cOwith4(E) = ¢, /(AdjE) < ¢ + p(O) = ¢ + 3.

35. The hierarchy of generators. An arbitrary form £ € Z may be written as a sum
(58) E=21%+2 g

If the first (second) summand on the right hand side is not really present, we formally
putn=—1(m= —1). In the other cases, we tacitly suppose f" % 0, g™ % 0 and
speak of n (m) as of the 3;-order (11 irorder) of £. Now, if (58) is a nonvanishing form
in E with the lowest possible m, then either m = 0 or m = —1.

Let us begin with the first case m = 0. Then the relevant minimal form

(59)o & =Y f09 + Y gbn; (m minimal, m = 0)
i=0 i=0

is determined up to a nonvanishing factor. Analoguously as in Section 19, there

appears a chain of forms
n+j m+ j

(59); & =071dE, =_Zofj.9,- ;i-‘zog;nieE (=1,...M=1)

with &y = 0 71 déy -1 € Adj E but &y ¢ E. These forms can be explicitly calculated
by applying (57) and one can see that the forms (59) ; are also unique in a certain
weakened sense: all forms in £ of the n;,-order at most m + j (j =0,....M — 1)
are linear combinations of &, ..., §;.
It may well happen that already the forms (59) generate Z. However, then we are
just within the domain of Sections 18 —29 of explicit solvability with one function.
Omitting this easy subcase, there surely exists a nonvanishing form

(60)o & = .20]59" + Zoéén.- (m=m+ M)

with the minimal possible . It is determined up to a factor and a linear combination
of the preceding forms (59). Then, due to the existence of the form &y ¢ =, the fol-
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lowing steps are a little more complicated than before. According to (57), we have
the form

E=01dE =X(Fit + o)) 9 + Z(35 " + 9gh) nie Adj E .

If there exists a function f, € ®, such that &; = & — foéy € E, we may continue
with &, = 0 1 d&, € Adj E, and so on. As a final result, there appears a certain
chain of forms of the type

i+ j

Atj )
(60)1' Ei =0 dEj—l —'fij =-Zof}9i + .;’.‘7,"'1: (] =1..,N- 1)

with €y = @ 11 d€y_, € Adj E, where &y — f&) ¢ E for any choice of the function
f e ®,. So we have two different forms in the module Adj £ not lying in Z, and the
existence of a third form of the type t € dt + {3,1), 7.1y} can be proved quite analo-
gously as in Section 19. It follows that the forms (59), (60) generate the module Z.

Let us mention the second case m = —1. Let (28), be a form in the module &
with the lowest possible n. Then there appear forms (28); with &y = @ 71 déy—, ¢ Z.
The subcase when these forms (28) generate = may be omitted so that there exist
other forms in Z. Let (60), be such a form with 7 minimal (note that the inequality
m = m + M is ignored here). Then either m = 0 or m = —1. In the first subcase
we continue with the forms (60);. In the latter subcase, we take a form (60), with the
lowest possible 71, I = n + N (the second sum in (60), is not present here!) and
continue with the forms @ 1 d&y, 8 71 d¢,, ... exactly as before. It follows that (28),
(60) (without the second sums) are generators of the module =. These generators are
unique in a certain weakened sense which need not be specified here.

36. Technical rearrangements are useful in order to include all the above subcases
into a unified and lucid schema (permitting further generalizations to the case of
explicit solvability with several arbitrary functions). We should like to prove that the
generators of the module = can be assumed to be of the type

n+j

(61) ¢ = iglo(f}'-t‘% +gm) (1 =0,...,N—1; ¢y =071dE),
m+k
(62) Ek = ;o(fk‘\g, + g;‘}'],) (k = 0, ...,M - l; Ek"-l = a _| dék +fk§Na

m 2 n + N)

with a totally ordered family of (equal 9;- and 5;-) orders which fill up certain non-
overlapping intervals n SjSsn+ N—-1,m=k=<m+ M — 1.

Such a state can be achieved in both the above cases .The proof runs as follows:
In the first case m = 0 with the primary generators (59) and (60), we make a shift
of all lower indices

Ni% Miseonst. (cONSt. is large enough)
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in the expressions for the generators thus ensuring the #;-orders exceed the cor-
responding 9;-orders, that is, ensuring m = n and m = 7 after the shift just made.
(One can realize that the sought factordiffiety of © is not substantially changed.
Moreover, the n;-orders of the generators are again totally ordered and fill up two
non-overlapping intervals exactly as before the shift.) Then, after a sufficiently
general linear substitution with constant coefficients of the type

u;— Au; + Bv;, v;— Cu; + Dv;

and the same substitution on the forms 9;, 5;, the 3,-order can be made equal to
the n;-order for every generator of Z. That is, we have formulae of the type (61), (62).
The second case m = —1 with the primary generators (28) and (60) is quite analogous
{(and even easier since some summands with the forms 7; are missing) so that the
above reasoning need not be repeated.

We conclude this section with the formulae

n+j . .
(63) d¢=dt A&+ Y (BfiA%+g;Am) (j=0,...,N—1),
i=0

m+k

(64) d& =dt A (Ey + fily) + zo(éf,f ASi+dgian) (k=0,...M—1)
=
playing the role of (29). They easily follow from (57), (61), (62).

37. Structural formulae. Instead of the original generators dt, 3¢, 79, 34, #3- .--
of the module @,, we shall use the family of forms which is obtained if every form 3;
(J=n,....,n + N) is replaced by &;, and every form n, (k =m,...,m + M) is
replaced by &,. Then the formulae (63), (64) can be rewritten as follows:

n—-1 n+j

d¢; =1 A61+1+Za A& +Zﬁ,/\9 +Zy,/u1, (j=0,...,N-1),

dé, =7 A (&sq + fién) +.Z&£ ANE+ G ALy +'Z;;; AE+
m+k = .
+(Z+ Y )BiA S +Zyk/\n‘ (k=0,...M —1),
i=0 i=n+N+1
where the forms on the right hand sides are of the special type
tyedt + {9<p Ncnss} s ofe{allexceptdt); Byie{Er1<,<n E<n)s
Teedt + {9<u Onr1<,<miro Nams En} 5 ko i € {all except dt} ;
&ke{fk+1<} > ﬁln kE{Ek+1< <M}
This can be derived quite analogously as in Section 20.

38. Reduction procedure of the structural equations is a little tedious but follows
the same lines as in Section 21 and need not be repeated here in much detail. As
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fas as the first group of differentials d¢; is concerned, clearly Bry—tsh-1€ {E<n}
and using the identity d?¢y_,; = 0 one can prove fy_; = yy—; = 0 by an induction
argument on the lower index of the presumed summand &, € {€.}. Then B} =
=y} = 0 follows from the identity d*¢; = 0 by a simple induction on j. The second
group of differentials df, is seemingly more complicated, but the vanishing of
& = B = 71 = 0 can be verified even more easily than before by induction on the
lower index k.

At last, one cansee that 7; A 7;,, = O(j =0,..,N—1)hencery =... =1y =
= t e Adj £ which corresponds to the relevant results of Section 21. However, only
the relations of the type 7, A T4y = &y A B(k =0, ..., M — 1) with some form
can be read from the identity d?¢, = 0 so that we conclude 7, = 7 + g,&y
(k=0,...,M — 1) with appropriate functions g, € ®,. The final result

j 'y
(65) d§J=T AN £j+l +_Zoa; AN éi (i=0,...,N_‘l),
N-1 k
(66) d& = (t + g:&) A (Ek+1 + filx) +.;0ali A& +_;()B; A g

(k=0,...,M—1)

is a little more complicated than (33).

39. The canonical formulae. Since (65) is identical with (33), we may suppose the
validity of formulae (34) for the generators &, ..., y_;. And, keeping these genera-
tors, we shall successively modify &, ..., &,,_, in order to obtain some simple expres-
sions for them. In doing so, &, may be replaced by any form of the type

fe+ by &g 4 oo+ holo + hy_yéyog + .o+ oy (f * 0)
without disturbing the structural formulae (66), but some data (as f;, ..., B) need
a slight adaptation (which need not be explicitly explained here).

We begin with &,. Let us look at the submodule =’ = {5 <Ns Eo} c E. Clearly
Adj 5’ = {1, écy, &<y} = {dx,dycy, E<q). As follows from Section 9, there are
generators of =’ expressible by the adjoint variables to =’, that is, by the variables
X, Yo, ..., Yy and two additional functions, say z,, z,. In particular, '

(67) f& =k dzy + B’ dz; + hydyy + ... + hody, + hdx
where the coefficients h’, ..., h are functions of the above mentioned adjoint variables.
Then, &, being replaced by the new generator f&; — hy_(Ex—q — ... — ho&y, the

formula (67) reduces to &, = h’dz, + h” dz; + hydyy + hdx. At last, if we take
an appropriate multiple of the last form &,, the expression h’dz, + h” dz; turns
into a complete differential which may be identified with dz,. After all these changes,
we have

o = dzp — podx — qo dyy (=po=h, —qo = hN) s

where p,, g, are functions of the variables x, y,, ..., Yx» Zo, Z;.
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Keeping this form &,, we may continue with &, and the submodule =’ =
= {§<Na &o» El} with Adj 2* = {T, E<no E§1} = {dx, dy<n, Egz} = {dx, dy <n, dzo,
dz,,dz,}, where z, is a new function. Using similar arguments as above, one can
find a new generator of the type &, = dz, — p, dx — g, dyy, where p;, q, are
functions of x, yo, ..., ¥ Zos Z1, Z3.

Keeping this form &,, we continue with &,, and so on, to the final result

(68)1,2 §;=dy; — yjr1dx, ¢ =dzy — ppdx — g, dyy
(j =0,..,.N—1,k=0,...M—1)

where X, y;, z;, Pi, 4, -are appropriate functions. In particular,

(69)k Pk = Pk(xa Yos> s YNs Zos -ves Zt 1) s Q= ‘Ik(x, Yos o3 YNs Z0s -++» Zk+1)

are composed functions of the above mentioned type. One can verify (looking at
Adj {E<y, E<i)) that z,,, is really present in formulae (69),. If, for instance, z. is
really present in the functions p,, one can ensure p, = z,,, by a simple change of
variables and (68), reduces to £, = dz, — 7,4+, dx — g, dyy resembling the contact
forms of the first group (68);.

The formulae (68),(69) are sufficient in all explicit calculations. Nevertheless, the
next (essentially weaker) consequence is also of certain interest.

40. Theorem. Every factordiffiety of the diffiety © of Section 30 is isomorphic
either to the same diffiety or to the diffiety © from Section 18.

Proof. Consider the submodule =° = *Q generated by (68) together with the
forms dy; — yi41dx (j =N, ..., N + M; yoiy = Lyy,; X € #(0)).

41. A note on the equivalence problem. Given a diffiety Q, we are interested whether
*Q° = E for some module = with the generators (68). Instead of employing the
general equivalence theory of exterior systems, one may proceed more elementarily
as follows. In view of the existence of generators (68), there are chains

(70) {€o} = ... € {&.nbnoq} ©
c {fo,...,fN_l, Eo} c...c {fo,---,én—l,EOa--uEM—x} =&

of submodules in £ of a very special type. Namely, recalling (68), (69), one can check
the properties

(A {Eor o &) = + 2, £(Adi {Eoreoryrs EoreinE}) =N + k + 3,
{fm---, §j+1} < Adj {fo,-u, 6_,} (] =0,...,N - 2)a
{60,..., 61\'—1’ Eo,..., Ek+1} c Adj {Eo,---, fN—b Eo,..., Ek} (k = 0, ...,M - 2).

Since ¢* identifies Q° with Z, a quite analogous chain must be present in the given
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module Q°; this is the chain {¢*7'&,} < {¢*7 &, *7'¢,} = ..., of course. This
method resembles the approach of Sections 26 and 32 based on the sequence of derived
submodules £ = Der = < ... with the property (35). However, in our problem the
chains (70) with the above properties need not be uniquely determined so that the
calculations are more interesting.

42. Example. Quite in the spirit of Sections 28 and 29, let us have a brief look at
the explicit solvability of the equation dz/dt = h(dx/dt, dy/dt) involving three
unknown functions. According to the general theory, the diffiety Q with the Cartan
filtration (1) where the first term Q° is generated by the forms

(71) =dx —x'dt, n=dy—y'dt, {=dz—z'dt (z'=h(x,y"))

is coming into play, and we are going to determine other generators that are of the
kind (68) for the module Q°. In principle, two subcases may occur. Instead of the
original variables t, x, y, z, x, y, either there are some new coordinates u, vy, v, Wy,
Wy, W, such that we have the generators

(72) dvg — vy du, dwy — podu — ggdv,, dw, — p, du — g, dv,

(with py, g, functions of u, vy, vy, W, wl), or there are coordinates u, vq, vy, U5, Wg, Wy
such that Q° possesses generators

(73) dvy — v, du, dv, —v,du, dwy — podu — g, dov,

with appropriate functions py, g,.
Let us begin with the first subcase. Let us look for the submodule Q° = Q°
generated by the first two forms of (72). As follows from (72), we have

(74) ((Adj Q) =5, Q°c AdjQ.

On the other hand, 2’ may be generated by two linear combinations of the forms (71).
Assuming Q" = {¢ + f{,n + g(} for definiteness, we are led to the question whether
there exist functions f, g such that (74) is satisfied. The calculations are easy provided
the auxiliary basis of forms

dt, {, dx’, dy’, &+ fC, &+ gn

and the dual vector fields are employed. Abbreviating p = 6h/6x’, q = 0h[oy’,
we have

diE¢ +f0) =dt A((1 + fp)dx + fqdy') + df A L,
d(¢ + gn) =dt A (gpdx’ + (1 + gq)dy) +dg A {,
and specifyingdf = adt + bdx’ + c¢dy’ + ...,dg =Adt + Bdx' + Cdy' + ...,

one can explicitly find the generators of Adj 2’ and see that (74) is satisfied if and
only if the matrix
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0 0 aAl+fp gp fal+gq0
- a A 00 -b —-B-c¢c -C 1
1+fp gp bB 0 0 0 0 o
fa 1+4+ggcC 0 0O 0 (VI

is of rank three. Then, a simple reasoning shows that this is the case if and only if the
submatrix

1+fp gp bB
fg 1+4+ggqcC

is of rank one. The last condition can be expressed by

(T5)1,25 1+fp+gqg=0, gc+fb=0, bC—Bc=0.

Since b = 9f|dx’, ¢ = df[dy’, B = dg|dx’, C = dg|dy’, the identity (75), implies
9(t,x,y,2,2',y) = G(t,x,y, 2, f(t, x,y,2,x', ¥', 2'))

(briefly g = G(f)), where G is an arbitrary function. In virtue of this result, the identity
(75), reduces to the equation G(f)df[dy’ + f of[ox’ = O for the function f. One
can easily check the general solution f. According to the well-known arguments, it is
implicitly determined by a relation of the type

(76) G(f)x' —fy' + H(f) =0,

where H = H(t, x, y, z, *) is an arbitrary function. Finally, the identity (75), can be
rewritten as

(77) 1 + f 0h[ox’ + G(f) oh[dy’ = O

which is a condition on the function h in order that (75) may be satisfied.

It is not much difficult to prove that (77), (78) are also sufficient for the existence
of generators of the type (72) to the module Q°. Moreover, investigation of the second
subcase with generators (73) immediately leads to the problem of determining a sub-
module @’ = {¢ + f(, n + g{} = Q° with the property ¢(Adj Q') = 4. This proves
to be an even more restrictive requirement. In particular, ithe conditions (76), (77)
must be satisfied, too. So we conclude that there are nontrivial requirements on
the function h in any case.

43. Aside. The last result is in contradiction with the so called Darboux method
as presented in [2]. This method was invented for solving the equation of the type
F(¥s .- yr) = 0 (" = d[dx) and proceeds as follows.

(i) Functions yi(x) (i = 1,...,n — 1) are chosen quite arbitrarily and y,(x) is
calculated from the given equation (we suppose df[dy, =+ 0).

(i) New auxiliary functions Y; = y; — xy; (i = 1, ..., n) are introduced.

(iii) A function u(x) is arbitrarily chosen.
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(iv) We denote
Y, ... 7Y,
I B

T

(v) By means of the equations u(x) = 4(x), u'(x) = 4'(x),...,u" " (x) =
= A~ Y(x), the functions Y(x), ..., ¥,(n) are expressed in terms of the functions
Vi), ey YR(X), ooy Y2 O(), oo ¥ (%), u(x), ..., ™" D(x). This is possible
since Y; = —xyj, cf. (ii).

(vi) Using (v) and (ii), one arrives at the formulae y,(x) = Y(x) + x yi(x) giving
an explicit expression for y,(x) in terms of quite arbitrary functions yi(x), ..., ya—1(X),
u(x) and their derivatives.

But in fact, the method fails even for the simplest case n = 2, f(¥1, ¥3) = (v1)* +
+ (y2)? resolved already by Euler. The point is that the above chain (i) ... (vi)
cannot be run in the reverse order: (v) implies only Y; = zy; with a function z + —x.

EXPLICIT SOLVABILITY WITH QUADRATURE

44, Preliminaries. We are interested in factordifficties of the diffiety @ =
= {dv — h(t, uq, ..., u,) dt, du; — u;,,dt; i = 0,1,...} on the underlying space I
with the coordinates t, v, ug, uy, ... . Clearly #(@) = 1 and #/(O) is generated by
the vector field

X =0+ hdfov=0]0t + Zu;4q 0[ou; + hdfdv.

If we use the abbreviations n = dv — hdt, §; = du; — u;4, dt, 6 = Zo[ou; 9,,
h; = 0h|ou;, f, = 9f|dv, the formula playing the role of the previous (27), (54), (57)

reads as follows:
(78) dé =dt A Z(fi71 + XfP + gh) 9, + ZOf A 9, +
+ (Xg dt + 6g — Ef;9,) A 7,

where & = If’9; + gn. As usual, we are interested in submodules £ < @ with the
property £(Adj E) < ¢(E) + 2. Since the story is already long enough, only the cases
a < 3 will be analyzed. In order to make the exposition more interesting, the previous
scheme of reasoning will not be followed with much servility.

45. Some results on diffietics. We interrupt the main subject for a moment to
mention some properties of filtrations and morphisms of general diffieties Q and @
under the supposition () = p(@) = 1. The results presented in this section are
only slight (but very essential) modifications of the ideas in [3] and call for a thorough
analysis and generalizations in a separate paper. However, we pursue only a modest
goal, to clarify the arguments in the subsequent exposition.
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(i) Let (1), (9) be semi-involutive filtrations, let K be the lowest index satisfying
Q° = QK. Assume K = 1. There exists w e Q° with 0 ¢ QX1 If Xe i, X * 0,
then clearly Zywe Q', Lyw ¢ QX, hence Lyw ¢ Q° and the semi-involutiveness
of (9) implies Ly ¢ QX for any I > 1. But u{Q) = 1, thus the classes of the forms
Lyw, L30, ... are free generators of the module Q/Q°, cf. the semi-involutiveness
of (1). Consequently Q%/Q° = {0}, Q% = Q°.

(ii) Given two semi-involutive filtrations of the same diffiety, one of these filtra-
tions is a c-normal prolongation of the other for an appropriate ¢ (immediately
from (i)).

(iii) Since a normal prolongation of a Cartan filtration is again a Cartan filtration,
there exists a unique Cartan filtration of a given diffiety which is the finest one in
the sense that any other Cartan filtration of the diffiety is its c-normal prolongation
for an appropriate ¢ = 0.

(iv) Let (1) be a Cartan filtration. Then £(Adj Q°) = #(2°) + 2 (see (36)), hence
2(Q°) = ¢(Dzr Q°) + 1 (use point (iv), Section 25). The completely integrable case
Q° = Der Q° is not interesting (it implies Q = Q°), so that we will assume ¢/(Q°) =
= ¢(Der Q°) + 1 in future. Now, let us look at the module Der?(Q°). Obviously
¢(Der Q°) 2 /(D2 Q°) + 2 (a consequence of (iv) Section 25). The equality
¢(Der Q°) = ¢(Der? Q°) means Der Q° = Der? Q°, that is, (35) with e = 1 is valid
for the module Q° instead of Z. Denoting ¢ = £(Q°), we have Q° = {dv',...,dv""*,
dye — y, dx} (cf. (41) for the module Q°) and according to Theorem 11, the diffiety 2
is isomorphic to the diffiety @ from Section 30 with the constant b = /(Q°) - 1.

(v) Continuing the preceding point, we shall consider the case ¢(Der Q°) =
= /(Der? Q°) + 1. Then we have the equalities

(19) /(Q°) = ¢(Der @°) + 1 = ¢(Der? Q°) + 2

identical with the initial part of the chain (35). One can easily find that the reasoning
in Section 25 gives also the initial part of the relations (38) and (39), that is,

(80), ¢(Adj Der Q°) = /(Der @°) + 2, Adj(Der 2°) > Q°.

Moreover, a combination of arguments of Sections 10 and 25 leads to several im-
portant conclusions: first, according to (80),, there are some free generators of the
module Der Q° of the kind

(4] k k c k — ¢ — 0
V] T Yy ey H - ’
(81) dys — h*dy; — B*dx (k=0,..,c — 1; ¢ — 1 = ¢{(Der °)

where g, ..., ¥6, x are adjofnt variables to the module Der Q° and we suppose
dx ¢ Q°; note that h*, B* are certain functions expressible in terms of these adjoint
variables (compare this with the particular case m — ¢ = u(Q) =1 of (18)°).
According to (80)2, the forms (81)° together with an appropriate form of the type
dy5 — y{ dx freely generate the module Q°. Clearly y$ belongs to the adjoint variables
of the module Q° but not of Der Q°. Altogether we have free generators

B Ay —g*dx (k=1,...,c—1; g*=Ky] + B*), dy; — yidx
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to the module Q° exactly corresponding to the family (18)!. Continuing in this way,
we shall look at the next module Q" using (17). It follows that there is a form of the
type dy§ — y5 dx generating together with (81)" the module Q'. The new function y§
appearing here belongs to the adjoint variables of the module Q', but not of Q°.
Quite analogously, owing to the semi-involutiveness, one can see that the forms

(1)1 dyg — g¥dx, dyf —yiidx (k=1,..,c—1;5=1,...,])

(where y{,, = Xy, X € #(Q) is normalized by Xx = 1) are free generators of the
module Q' (I 2 1). Besides, note that the variables x, Vo err Vos ¥3s V5, ... may be
chosen for coordinates on the underlying space J.

(vi) Summarizing the results of the preceding point we draw the following con-
clusions: If (1) is a Cartan filtration satisfying (79), then the new filtration (9)
defined by

Q=DerQ®, @' =0"" (I121)

is again a Cartan filtration. This follows directly from the explicit expressions (81)
for the generators. Consequently, (79) cannot be true if (1) is the finest Cartan
filtration so that necessarily {(Der Q°) = ¢(Der? Q°) + 2 in this case.

(vii) We shall derive some preparatory results needed in the most interesting con-
cluding point (viii) to follow. Two difficties will be considered at the same time. Let

(82) 0*:0°cO'c..cO'c...cO = 6"

be a Cartan filtration of @, let £ < O be a finitely generated submodule, and K the
lowest index satisfying £ < ©X, Assume K = 1. One can see that there exist two
vector fields X, Ye ©%* linearly independent modulo the space Adj=*. (Indeed,
in the other case & = Der X = @%~! as follows from point (iv) Section 25 applied
to the definition of the module Der ©X.) Assume moreover £(Adj Z) = £(E) + 2.
Then clearly %' < £+ = {X, Y, Adj £*} and the equalities £(@%) = ¢(Der O%) +
+ 1 = /(Der? ©%) + 2 (valid for every Cartan filtration provided K = 1) imply
the inequalities
((E) = /(Der E) + 1 = #(Der* ) + 2.

(Look at the vectors generating the modules Der E, Der? £ using (iv) Section 25.)

(viii) Let Q be a factordiffiety of ©, let (1) be the finest Cartan filtration, (82)
a Cartan filtration, 1:1 — J the relevant morphism. Then either 1*Q° < ©°,
or the diffiety Q is isomorphic to the diffiety © from Section 30 with the constant
b= {(Q°) — 1. Proof. Let the inclusion be not true and choose £ = ¢*Q° Then
(vii) may be applied. Since ¢* is injective and (79) cannot hold, we obtain either
Q° = Der Q° or Der Q° = Der? Q°. Then point (iv) concludes the proof.

46. The nearest order cases ¢ < 2 will be mentioned here, but let us recall the
problem in a manner employing the achievements of Section 45: We look for the
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factordiffieties Q of the diffiety © from Section 44. Let (82) be the Cartan filtration
with terms

O0' = {dv — h(t,ug,...,u;)dt, du; — u;, dt; j=0,...,a+ 1 -1}, °

let (1) be the finest Cartan filtration of Q. Omitting the simple case of Q isomorphic
to the diffiety © from Section 30 (which is already easy for us), we have *Q° = @°
with an injective ¢* (cf. (viii) Section 45). So it is sufficient to deal only with the
submodules = = *Q° = @°, which essentially simplifies the problem. We need
¢(Adj E) £ #(E) + 2, of course, exactly as before.

If a <0, that is, h = h(t), then dv — h dt is a multiple of a differential dw and
O = {dw,du; — u;,,dt; j =0,1,...} is only the diffiety from Section 30 with
b=1.

If a = 0, that is, h = h(t, up) with 0h[du, =+ 0, then O is even isomorphic to the
diffiety © from Section 18.

If a =1, that is, h = h(t, uo, u;) with 0h/ou, % 0, then O° = {dv — hdt,
duy — u, dt}, £(0°) = ¢((Der 0°) + 1 = ¢(Der”* ©°) + 2 and Der? ©° = {0} so
that we have the chain (35) for the module ©° (instead of =) with the constant e = 2.
Hence ©° = {dy, — y, dx, dy, — y, dx} for appropriate functions x, yo, ¥y, ¥2
(cf. (42)) and @ is again isomorphic to the diffiety from Section 18.

Look at the case a = 2, that is, h = h(t, ug, u,, u,) with 8h/ou, = 0. Then the
inclusion £ < ©° may be proper or not. If £ + 0°, then ¢(E) < £(0°) = 3, hence
4(Z) £ 2 and ¢(Adj E) < ¢(E) + 2 < 4. Since (&) = ¢(Der E) + 1 (cf. the begin-
ning of (iv) Section 45 for the module Z instead of Q°), (35) is valid with e < 2 for
the module = and Q proves to be isomorphic to the diffiety from Section 30. In the
other case *Q° = @°, the diffieties @ and © are isomorphic and we have a trivial
case of a factordiffiety of ©.

47. The lowest nontrivial case occurs if a = 3, that is, h = h(t, Ug, ..., U3) With
0h[ou; + 0. In this case 0° = {r, 9y, 9;, 9,}, cf. the notation introduced in Section
44, and our aim is to find submodules £ = ©° with #(Adj Z) < ¢(Z) + 2. Clearly
#(Z) £ 4(0°) = 4 and we may promptly omit the extremal cases £(E) = 4 (Q is
isomorphic to @) and #(Z) = 1 (which is very easy). If £(Z) = 2, then £(Adj E) < 4
and one can easily prove the existence of a chain (35) with e < 2 so that there are
generators (41) and Q is isomorphic to the diffiety from Section 30 with an appropriate
constant b. It follows that only the case /(E) = 3 may be of certain interest.

Assuming {(E) = 3, we have three linearly independent generators of the module Z,
linear combinations of the forms 7, 3y, 9, 3,. Let us recall the fundamental principle:
iféeZ, then & = 6/6t ~1 d¢& belongs to Adj =, and if even &' € Z, then & = 6/6t T
71 d¢’ € Adj E, and so on. Following this principle and looking at (78), one can find
only three types (say: A, B, C) of these submodules with the relevant generators as
follows:
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A: éo = 31 +f90, él = \92 +f91 +Xf.90,7t,
B: 80,95, E=9g% + 7 (9 %0),
C: & and &, are as above, &€ = g% + n (g9 * 0).

Here f and g are appropriate functions and it is supposed that n ¢ £ in the cases
B, C. The corresponding modules Adj = are generated by the forms from Z together
with the forms

A dt+(...), & =93+ 19, + 2Xf. 8, + X*f . 9,,

B: dt + (...), 95(or, alternatively, & = (g + h3) 95 + (Xg + hy) 9,),

C: dt + (...), & as above (or &' = g9, + Xg .9 + Zh;9)).
We shall now consider these cases separately to derive canonical forms for the gener-
ators. We should like to employ the method of cross-sections (cf. Section 24) since

it proves to be the most effective one. To this aim, some preliminary information
concerning the functions f, g is needed.

48. The subcase A. The calculations will be made using the basis =, dt, 3, &,, &,
&,94,9s,... of the space ®; and the dual basis denoted by 0/dn, 8/dt, 3[09,,
0]9¢,, ... for the vector fields. Since 7 € £ and dn = dt A Th;9;, we have

0[0é, Ndn =dte AdjE, 0[0t 1dn =3h9,€ Adj E.
On the other hand one can directly find a decomposition of the type
h383 + h2‘92 + hl‘gl + hoSo = Péz + Qél + Réo + S\go >

where P, Q, R are unimportant coefficients (which need not be speciﬁed), but the
last one necessarily vanishes:

(83) 0=S = —hXf + 2hy(Xf)* +
+ (hy — hy + (hy — hs(L + ) ) Xf + hy

(since, as we know, h;9, + Adj E).

Assume f = f(t, v, uq, ..., u,) With df[du,, % 0. There is a summand
—h3ty , Of0u, in (83) and the functions hy, ..., h; can be expressed only in terms
of the variables ¢, ug, ..., 43. So we conclude m + 2 < 3, hence m <1 and f =
= f(t, v, ug, uy).

Let us now look at the formula

dE, = dt A & + 0f A 8y + 8(XF) A O + 1 A (£,9: + (XF)s %) »
a particular case of (78). As one can see,
008, 11 dE, = 308, 1 8(XF) A 3o + (--2) = Fuhs% + (-..)
with the summand (. ..) € Adj Z. This implies f, = 0, hence f = f(t, uo, uy)
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At this stage, the cross-section u, = const. can be applied. Denoting by tildes the
results of constraining (at least partly, whenever necessary for better understanding),
we obtain the generators

i=dv— hdt, & =du; — (u, + u,f)dt,
& =du, + fduy — (u3 + u,f + u, Xf)dt =
= du, — (u3 + uy(Xf — f2))dt + 1,
In terms of the variables t =t, v =10, vy = uy, vy = u, + uf, v, = u; +
+ u,(Xf — f?), the generators are expressed as
dv — hdt, dvy —ov,dt, do, — v,dt,
where 1 is a functic;n of t, uy, u,, us, that is, of the variables ¢, vy, v, v,. It follows

that the factordiffiety Q is isomorphic to the diffiety from Section 44 but with
another function h under the sign of quadrature with the lowered order a = 2.

49. The subcase B leads to the same results, but simpler arguments are sufficient.
The calculations can be made in the basis dt, 3,4, 3,, &, 3,, 9, ... for the differential
forms and the dual basis 9/dt, 889, ... for the vector fields. Clearly dt = 9/t 7
1d9, € Adj E. Moreover,

¢ = (g + hs) 9; + (Xg + hz) deAdjE = {‘90, 9, dt, 92} s

hence g + h; = 0. Then the cross-section u; = const. = ¢ immediately applies
and gives the generators

3,=9,, 8, =9,, &= —hy% +n=dv— hydu, — (h — chy)dt.

Replacing v by the new variable w = v — [i; du, (a primitive function of /i, with
respect to u,), one can see that the last generator of the module = may be replaced
by a form of the type dw — h dt, where h is a certain function of t, uy, uy, u,. It
follows that the conclusions are exactly the same as in the preceding case A.

50. The remaining subcase C is the most interesting one and will conclude this
paper. For the reader’s convenience, let us recall the main part of the problem:
In the space of variables ¢, v, uy, 44, ... , we consider the module = generated by the
forms

(84) bo=91+f%, & =8 +f% +Xf.9, E=9g% + =,

and we are interested in necessary and sufficient conditions on the functions f, g
(9 #+ 0) which ensure £(Adj E) < 5. We shall use the basis

dt, ‘90, éy &05 619 62: ‘94, '«95’ e

and the relevant dual basis of vector fields, where

(85) &, =0[0t 1dE =83 + 19, + 2Xf. 9, + X*f. 9 Adj E.
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In terms of this basis, the formula (78) easily gives
dE=dt A& +39 A+ EANGSe, dég=dt AL+ AIg+ENSS,
dé; =dt A& + 8f A (& — f99) + 06X A 3 +
(&= 0%) A (o + (XN — ££) 90) .
Since & = [0t 71 d¢é = g9 + Xg9y + Zh;9; € Adj E, the form ¢’ is a linear com-
bination of &, &;, &,, say,

(86) g9, + Xg9 + hoo + ... + h3%3 = hy(é3 + P& + Q&)

with unknown coefficients P, Q. Then, inserting (84), (85) into (86), one can eliminate
P, Q and the existence of a relation of the type (86) proves to be equivalent to the
identity

(87)  hX*f + (=3hsf + hy)) Xf + haf* — hof* + hyf — hg — Xg + fg =0

which is of fundamental importance. This identity provides (a seemingly very
complicated) partial differential equation for the function f and will be analyzed in
a moment.

In the meantime, let us return to the primary requirement ¢(AdjZ) < 5. As
follows from the general theory of adjoint variables, beside the forms (84), (85) also

(88) 5g = 8]69 11 dE, Sf = 8)09, 1 dE, OXf = 0]69, 11 dE,,

(89) Chydt + 299, = ojog, 1 de,
Ou,
Ous U,

(and 0/0&, 1 d&, = 0f[du39,, but it does not matter) belong to the module Adj Z.
(We omit some summands from the module AdjZ to abbreviate the formulae.)
This implies

oglou; =0 (iz4), offou;=0 (iz=3),
that is, we have
(90) = g(t, v, ug, g, s, u3), f = f(t, 0, up, uy, uy)

since the summands with 9; (i = 4) cannot be present in (88). Moreover, the forms
(89) must be proportional:

91) 99 _ hs <i + (Xf)s) = h3(2 aa—f + h3fl,).

Ou, Ou, u,
Conversely, the conditions (87), (90), (91) together imply
AdjE = {é, o5 €15 &2, hy dt — ag/aus . 90}
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so that the requirement #(Adj Z) < 5 is satisfied (even with equality). We are going
to look at these conditions in more detail.

Inserting Xf = f + hf,, X2f = X(Xf) into (87), one obtains a rather long expression
which is a function of the variables ¢, v, u,, ..., uy; cf. (90). However, the variable u,
appears only in the group of terms u4(df/0u, + hsf, — 0g[/0u;) which must vanish,
of course. According to (91), we obtain df/du, = 0, and (91) reduces to dg/du; =
= (h3)* f,. It follows that (90), (91) may be replaced by simpler relations

(92)1,2 g = j(hi’;)zfu du3 + G(t: U, Ug, Uy, uz) ’ f = f(t» v, uOs ul)

with a certain fixed primitive function but arbitrary G.

Inserting (92) into (87), the arising expression is a function of the variables
t,v,ug, ..., us of a very special kind: It is a linear combination of certain functions
depending on the variable u; and expressible by h (as are, for instance, h;, h;h,
f(h3)* dus, ush;, and so on) with coefficients expressible by the functions f and G
and hence independent of u;. It follows that under some linear independence hypo-
thesis on h;, h;h, ... each coefficient must vanish, which permits to specify the
functions f and G. If there are some linear relations between h; h;h, ..., they may
be taken into account with an analogous final effect. However, such relations are
possible only for some particular (and very interesting) cases of the function h. To
perform this program to the full extent is rather long. For this reason, we conclude
the paper with two very particular examples h = ¢ and h = u3’>.

Let us denote f; = 0f/0u; and analogously for fy;, fu, fii» fi.- Let us moreover put

A =0f + Zupguje fij + usfo — 3 of, + 13,
B:20f0_3ffv’ C=—afv+ffvv D:_6G+fG-
Assuming the function h = h(u3) independent of the variables ¢, v, o, 4y, u, and

abbreviating H = [(h,)* du, for a fixed primitive function, we obtain as a result
of inserting (92) into (87) the equality

(93)  Ah; + Bhhy + CH + D + fiushy — fo,hH + fo,hsh* — G,h — Gyuy = 0.
For a ,,quite general” function h, each coefficient must vanish which immediately

gives f = f(t), G = const. exp ([f df) with the function f satisfying the ordinary
differential equation

(94) d*fldi* — 3fdfjdt + f3 = 0.

Then the cross-section method leads to the same result as above: The diffiety Q
is isomorphic to © from Section 44 but with the reduced order a = 2.
Now, let us specify & = €*. Then (93) turns into

(95) 1fwe®™ + (B + 1C)e®™ + (A — G,)e” + fuze™ + Gouy + D =0.
The vanishing of the first, fourth, and the last but one coefficients easily gives f =

= P(t,up) v + Q(t, up), G = G(t, v, up). Moreover, a simple analysis of the con-
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condition 4 = G, implies fo = 0, P = 0, hence f = f(f) and then the condition
turns into the equation d?f/dt* — 3f df/dt + f* = G,, that is, we have

(96) g = G(t,v,uo) = (f" = 3ff" + f*) v + R(t, u,),

according to (92),. Only the last coefficient in (95) remains, and it reduces to G, +
+ u;Gy — fG = 0. Using (96), one can derive G, = R, = 0 (hence R = R(t))
and G, = fG. Inserting (96) for the function G into the last condition, the final
result is

(/" = 31"+ £2) = (/" = 3ff' +1°), R = const. W,

In the particular case when (94) is valid, the resulting diffiety Q is exactly the same
asin the case of a,,general” function h and is isomorphic to the diffiety @ from Section
44 with a reduced order. However, in other cases, the cross-section method can be
applied with quite another conclusion (cf. the last example below).

Finally, let us assume h = u3’>. Then (93) turns into

(97) (2fo — Gy)us + (3f1 — Gy)u3® + 3B + 4C)u'® + D + 34u3'? = 0.

The vanishing of D implies G, = G, = 0, hence G = G(t, v, u,). Then, the vanishing
of the first coefficient in (97) means f,, = 0, that is, f = P(t, ug, uy) v + Q(t, ug, u,).
But looking at the summand f* in the condition A = 0 we immediately conclude
P = Q, hence f = Q = f(t, uq, u,) and the third coefficient in (97) turns to zero.
Due to the information already available, the second coefficient vanishes if

(98) f = M(t,uy) uy + N(t,u,), = 3M(t, up) v + R(t,uo),

and only two coefficients in (97) remain. Now, (98) inserted into D = 0 easily gives
M = (T(t) — up)™', N = =T'(t)(T(t) — uo)™", R = —Cluo)(T(t) — uo)™" with
C, T quite arbitrary functions (or M = 0 identically, but this assumption leads to the.

same formulae as in the above case of a,,quite arbitrary’’ function h and is of little
interests). So we have

f=(uy = TOT() — uo), g = (30~ Cluo))/(T(t) = uo),

as follows from (98), (92),. Lastly, the requirement A = 0 leads (after some un-

pleasant calculations) to the condition T” = 0, hence T(t) = at + b. (Note that the

same result can be derived for the function /& = u}/?, but not for any other power

of u3.) This result completely solves the problem.
Let us mention the cross-sections. After applying u, = const., one obtains the
generators

duy — (uy + uy(uy — a)l(at + d))dt, du, — (uy + wyu,/(at + d))dt,
dv — (u3”? + u (30 — ¢)/(at + d))dt
(d = b — const., ¢ = C(const.)). They may be expressed more simply as

dv, — v, dt, dv, —v;dt, do— hdt
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if one uses the variables t, vy = uy, vy = u, + u,(uy — a)f(at + d), v, = uz +
+ u,(3uy — a)f(at + d) + 2u,((u, — a)/(at + d))*. But the function / (not specified
here) depends also on the variable v and one cannot easily find out whether the
relevant factordiffiety Q (with *Q® = E) is isomorphic to the diffiety © from Section
44 with a lowered order a. This is a typical equivalence problem for the system of
three Pfaff’s equations in a five dimensional space, the problem completely discussed
by Cartan in one of his most important (but not very popular) paper [13] on the
theory of pseudogroups. It seems that the development of his ideas still belongs to
the most urgent tasks. :

51. Added in proof. First, we use the opportunity to correct some misprints in [1].
The inclusion (4), should be opposite, the line 357, should read ... 0e ¥'*!, 358,
should read ... = @::il, the word ,,set” should be inserted between 3585_4, the
formula (21) should be corrected to X,: (M/[(X),—y M)* > (M/(X),-y M)**!, the
line 3645 should begin by (N N ..., the bracket should be inserted into 3655 to
give ... Ass M/M(Q)), the last term in 368; should be ... ¥'**1 the inequality at
the end of 3775 should be I = ¢, the location of several indices to the letter M on
the pages 379 —381 should be easily repaired, and the reference 384, should be to
Section 8. Secondly, the Section 25 erroneously appears twice in [1]. The first
appearance should be numbered 24 and the original Section 24 of [1] (devoted to
Cauchy characteristics) must be cancelled (since the setting is a misleading one).
Thirdly, the author found that the expression f” — 3ff’ + f* occuring in Section 50
of the present paper turns into — v” [v after the substitution f = —v’[v and moreover
(which is the most surprising point!) it is identical with one of the basic operators
of the Painlevé theory (cf. [V. V. Golubjev: Lectures on analytical theory of dif-
ferential equations, Moskva—Leningrad 1950 (Russian), page 179, formula (I)]).
Lastly, we should like to note with pleasure that the fundaments of the theory will
be essentially clarified in the next part III (devoted to pseudogroups): the clumsy
limits of spaces and mappings will be eliminated, a general concept of regularity
will be introduced, and (owing to the corrected Cauchy characteristics) the axiom
Dém will be omitted.
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Souhrn

O FORMALNI{ TEORII DIFERENCIALNiICH ROVNIC I

JAN CHRASTINA

Jako aplikace nekoneCnych prodlouZeni diferencidlnich rovnic, v €lanku je navrZena metoda
pro studium Mongeova problému. Tento davny problém (~ 1780) se tyka toho, zda je moZno
felit dany nedourleny systém oby&ejnych diferencialnich rovnic (vice nezndmych funkci, neZ
rovnic) pomoci explicitnich vzorcu algebraického typu obsahujicich vys$§i derivace n&kterych
libovolnych (parametrickych) funkei. Navrhovana metoda redukuje Mongeuv problém na kla-
sicky problém ekvivalence Pfaffovych systému (a pfipousti mnohéa zobecn&ni).

Pe3ome

O ®OPMAJIBHOM TEOPUU OUOPEPEHLIVAIILHBIX YPABHEHUN Il

JAN CHRASTINA

B xavecTBE NPUIOXKEHUS OeCKOHEYHBIX TpoaospkeHnit nuddepennmanbabIX ypasHennit (nuddusT),
B CTaTe NPHBOJMTICS METOH MCCIEZOBaHUS npobremsr Mowka. O1a gaprss npobnema (~ 1780)
KacaeTcst BONpoca, MOXHO JIH PEIIMTh JaHHYIO HEONpPENEeNEHHYIO CACTEMY OObIKHOBeHHBIX mAdde-
PEHUHMAILHBIX ypaBHeHHH (Oonbine HEM3BECTHLIX GyHKIMI, YeM ypaBHEHHi) ABHBIMH GopMylIaMu
anreGpam4eckoro BHAA, COAEPXAINMMM BBLICIIME MPOM3BOJHBIE HEKOTOPHIX NPOM3BOJBHBIX (Tapa-
MeTtpmuecknx) dynkimit. ITpennaraemeiit METOI CBOJHT IpoGiieMy MoOHXa K KllacCHuecKoi mpobiie-
Me 3KBHBaJICHTHOCTH cucteM Ildadda (1 nomyckaet Muorme o6o0meHws).
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