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Summary. In this paper, L,(R,) — integrability of solutions of the n-th order nonlinear differ-
ential equation with righthand side satisfying certain conditions is studied.
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Let an n-th order nonlinear differential equation

n—1
(1 ¥ £ Y L0 5O = gty 3, ¥y oo o)
k=0

be given, where f,: R, - R, k=0,1,..,n—1 and g: D= R, XR"—> R are
continuous functions and n is a natural number.

Throughout the paper we assume that any solution of the differential equation
(1) exists on R,. We give some sufficient conditions which imply that all solutions
(1) of the differential equation (1) are of the class L,(R,),1 < p < co. In this paper
some results of [1] will be generalised.

Let x,(), i = 1,2,...,n be linear by independent solutions of the differential
equation

) X® Y f(1) x® = 0.
k=0

It is well-known (e.g. [3]) that an arbitrary solution y(t) of the differential equation
(1) satisfies

(3) y®(r) = Z Cix{(r) +
' Wt 5)
o W(s)

teR,, k=0,1,...,n — 1, where C; are arbitrary realnumbers, i =1,2,...,n,
W(t) is the Wronskian of the solutions Xj, X3, ..., X, and W;(t, s) denotes the de-
terminant

+ g(s ¥(s), Y'(5)s ..., Y7 U(s)) ds,
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xi(s)  x3(s) oo x,(5)
xi(s)  x5(s) e x0(s)

(4) Wilt,s) =1 oo ,
xP7(s) x§7B(s) ... xTD(s)
W) ) )
k=0,1,...,n — 1. It is clear that
k
m(r,s)=a—vyg("t—’s) forall t,seR,, s<t, k=1,2,...,n—1.

For all s e R, let us define a function
) G(s) = max {|W(s)), i=1,2,...,m; k=0,1,...,n — 1}

where W,;, i = 1,2,...,n are the determinants obtained from (4) by deleting the
i-th column and the n-th row.
From (3) using (5) we get

6 ) = {c + J ; G(s) ds} i; [x&(0)]

—==g(s, ¥(5), ¥'(5), -, Y7 1(s))
teR,,k=0,1,...,n — 1, where C = max {|C}|, i = 1,2,...,n}.

w(s)

Theorem 1. Let m be a fixed integer, 0 £ m < n — 2, and suppose that the fol-
lowing conditions are satisfied:
1) for all solutions x(t) of the differential equation (2) we have

x(j)(t)ELp(R+), l<p<ow, j=0,1,....,m;
2) for all solutions y(t) of the differential equation (1) we have

yW()eL(Ry), 1<p<o, j=m+1l,m+2,...n—1;

3) 0] g(t,ug, uy,.u,)| S h(E) + Y S(1) |v;] in D,
W(t) i=1
where h: R, — R* are continuous functions;
4) (i) e Ly(R,), S()eL(R,) and *+1=1.
‘ r

Then for all solutions y(t) of the differential equation (1) we have
y(neL,(R,), j=01,...,m; 1<p<oo.

Proof. From (6) using the conditions 2), 3), 4) of the above theorm, Holder’s
inequality and the inequality

n n
(*) (Ya)p 207000y g?, a;>0, i=12,..,n
i=1 i=1 .
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we get

) 50 = (€ + o TH6) + T SO bPE ) § 00 =
< (C+ Ty ho)ds + % (35 S16) ) (1 )P 0977} £ ()] <

= {my+m2 3 (fo [y9(s)|” ds)'/7} 'ZlIX‘i"’(f)l ;
j= i=

teR,,k=0,1,...,n — 1 and m,, m, > 0 are constants.
Now by taking the p-th power of (7) and applying the inequality (*) we get

m n
(®) OOF = {ms + my 3 o [y00)7 dsy ¥ X2
j=0 i=1

teR,,k=0,1,...,n — 1 and m3, my > 0 are constants.

Putting k = 0, 1, ..., m in (8) we obtain a system of m + 1 inequalities and sum-
ming them we obtain

O  LNOP S imy L P Y 3 R0 S
o ji= =0i=1

smy ), YIPOPF + Y OO mefo ¥ |yOs)) ds,
k=0i=1 k=0i=1 Jj=0
teR, .

Now we may integrate (9) from 0 to ¢, and by using the condition 1) of Theorem 1
we get

(10) &5 Y |y“”(s)|” ds < ms + my [o . Y [xE06))7 5 Y [y (w)|? du ds,
k=0 k=0i=1 j=0

te R, and ms > 0 is a constant.

From (10) applying Gronwall’s lemma and using the condition 1) of Theorem 1
we obtain the inequality

(11) fo X [y®(s)Pds < msexpmy [ 3, ¥ [xP(s)Pds < K,
k=0 k=0i=1

te R,, where K > 0 is a constant.
Now, it follows from (11) that y®(t)e L,(R,), k =0,1,...,m, 1 < p < o0, and
the proof is complete.

Remark 1. Theorem 1 in [1] is a special case of the above theorem for n = 2,

fi(t)y = o.

Analogously we can prove

Theorem 2. Let m be a fixed integer, 0 < m < n — 2, and suppose that the fol-
lowing conditions are satisfied:
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1) for all solutions x(t) of the differential equation (2) we have x9)(t)e L,(R,),
j=m+1I,m+2,....,n—1land 1 < p < o; .
2) for all solutions y(t) of the differential equation (1) we have y(f)e L,(R,),
j=0,1,....m 1 < p < o0;

G(1) - .
3 ——=g(t,uy, Uy, ..., u,)| = h(t) + ) S(t)|lu;] in D,
) oo (1) + 3,50 |ul
where h: R, — R* and S: R, —» R are continuous functions;
4) h(t)e Ly(R,), S()eL(R,) and L+1-1.
. por

Then for all solutions y(t) of the differential equation (1) we have y®(t) e L,(R,),
k=m+1,m+2,..,n—-1,1<p< 0.

Theorem 3. Let j be a fixed integer, 0 < j < n — 1, and suppose that
1) for all solutions x(t) of the differential equation (2) we have xY)(t) e L,(R.),
1<p< oo

2) G(t)

— = g(t,ug, g, ..y ttyy)| S h() + S(t) |uy]*, 0<a <1

w()
on D, where h: R, - R* and S: R, - R* are continucus functions;

3) W) e Ly(R,), S()eL(R,) and S+ 1=1.
p

Then for all solutions y(t) of the differential equation (1) we have yY(t) e L,(R ),
1 <p<oo.

Proof. It is readily seen from (6) by using the conditions 2) and 3) of Theorem 3
and Hoélder’s inequality that the following inequality holds:

(1) OO {C+ J5[46) + S6) OO d5) 3500 <
< {C + [§ h(s)ds + (6 S"(s) ds)*" ([& [|y9(s)|"T7" ds)“/”}i;[x?’(t)[ <

<y + ma(fs bOOP a5} 3[40,

te R, and m,, m, > 0 are constants.
By taking the p-th power of (12) and applying the inequality (x) we get

(13 OO < {ms + malls B a5} S OO <
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= m;élle-i)(t)ll’ + m4i§1|x5i)(,)|p (f5 [y ()| ds)*,

te R, and m,, m, > 0 are constants.
Now, integrating (13) from Oto t, t€ R,, and using the condition 1) of Theorem 3
we obtain

(1) BOOPs S m+ mefy OO

yP(u)]? du)* ds ,

te R, and ms > Ois a constant.
For a = 1 we may use Gronwall’s lemma and from (14) by using the condition 1)
of Theorem 3 we obtain

(15) 16 [y9(s)|P ds < msexpmy [o Y [xP(s)]? ds < m,
i=1

where mg > 0 is a constant. Now, it follows from (15) that y’(f)e L,(R,), 1 < p <
< o0.

For 0 < a < 1 we may use Bihari’s lemma and from (14) using the condition 1)
of Theorem 3 we get

(16) ﬂ) |yU’(s)|" ds < [m(si—a) + (1 _ a) m4éllx(ij)(s)lp ds]l/(l-'a) <

< m,, where m; > 0 is a constant. It follows from (16) that yU(f)e L,(R,), | <
< p < oo. The theorem is proved.

Remark 2. Corollary 1 in [1] is a special case of the above theorem for n = 2,
il =0,a=1,j=0.

Remark 3. Corollary 2 in [1] is a special case of the above theorem for n = 2,
fil)=0.0<a<1,j=0.
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Souhrn

O L,-RIESENIACH NELINEARNEJ DIFERENCIALNEJ ROVNICE n-TEHO RADU °

DuUSAN MAMRILLA

V praci sa Studuje L -integrovatelnost rieSeni nelinedrnej diferencidlnej rovnice n-tého rddu
(a ich derivécii) ak prava strana rovnice spiiia isté podmienky.

Pesome

O L,-PENIEHUAX HEIMHENHOIO JU®®EPEHLIUATIBHOIO VPABHEHUSA
IMOPSJKA n

DUSAN MAMRILLA

B pa6ote u3yyaeTcs NPUHAMTENKHOCTS Kitaccy L,(R ;) peluenuit M MX MPOM3BOTHBIX HEMHEHHOTO
nubdepeHHaIbLHOTO ypaBHEHHA H-TOTO NMOpAAKa, paBas 4aCcTh KOTOPOTO YAOBJETBOPSET ONpE-
JENIEHHBIM YCJIOBHSM.
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