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n
Summary. In the paper the polynomials are defined by the relation (1) L,(x) = Y af‘") X"k
k=0

af,") > 0, which are orthonormal on the interval (a, + 20) with regard to the function L(x) ==
= @H*b+ xPe~* whered > 0,8>0,a< 0, b> |a].

The relations for the coefficients of these polynomials, the relation (23) and the differential
equation (25) are derived.
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1. INTRODUCTION

In this paper we study orthonormal polynomials L,,(x), n=20,1,2,... on the
interval (a, +o0) with the weight function L(x) = (x*)*(b + x)* e™*, where a £ 0,
«>0,8>0,b>|al.

These polynomials represent a generalization of the classical Laguerre’s poly-
nomials which are orthonormal on the interval (0, + o0) with the weight function
e *x%, o> —1.

We will derive some fundamental relations and inequalities and, on their basis,
linear differential equations of the second order. The present paper generalizes
some results of [1].

Definition. Let a, b, «, fe(— o0, ), a £ 0, b > ]a[, o >0, B > 0. We say that
(l) L(x) = Y aPx" %, 4P >0
k=0

are generalized Laguerre’s polynomials if they are orthogonal on the interval
I = (a, + ) with the weight function
2) L(x) = (<2 (b + xfP e~

Remark 1. The conditions for orthonormality of the system {L,(x)} have the
form

(3) IIXkL,I;(X)L(X)dx=0, k=0,1,...,n—1,
(4) [, 2(x) L(x) dx = 1.
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Remark 2. In the sequel, m,(x) = 7, will denote a polynomial of at most n-th
degree.
2. FUNDAMENTAL RELATIONS FOR THE POLYNOMIALS L,(x)

Notation. For n = 0, 1, 2, ... we define

(n—1)

_ _
(5) Gy = o for n>0, ¢g,=0 for n<0,
‘ (m)
(6) "i")=a+n) for k>0, rP=1, r™ =0 for k<0,
ay
(7) Jn = Jrx Li(x) L(x) dx,
(8) hy = [y x~ ' IX(x) L(x) dx,
9) in = [1(b + x)"* L3(x) L(x) dx .

Lemma 1. Let P(x) be a polynomial of the n-th degree and P'(x) its first derivative.
For k =0,1,..., let s, be the sum of the k-th powers of the zero points of P(x).
Let r be a non-negative integer and r,(x) = m, a polynomial of at most n-th degree.
Then

r—1
(10) NMP(x)=Y sx" " P(x) + 7w,y .
v=0

Proof. Let x,, x,, ..., x, be the zeros of

Px)=Y ax*, a, 0
k=0
(some of them may coincide). Then

P(x) = a, i]i[l(x - x;)

and
In|P(x)| =In|a,| + Y In|x — x,].
i=1

Hence for x > max |x;| we obtain

1<ign
’ n n n © k
11’)(X)=. 1 =l‘2 ! =lz Z(Z‘_-:)=
(x) =1x—x; xi=1 (X xistkso\x
X
© 1 n ' © Sk r—1 St
= Z k+1 Zx, = 2 T z k+1 + R_’(x)
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and further,
r—1
x"P'(x) = Y six" 1 P(x) + m,(x),
k=0

where

mx) = P ¥ R = ¥ P T =L § S ) -

=0(x"1)O(1)O(x") = O(x""!) for n— +o.

Lemma 2. For k =0, 1,..., let s{" be the sum of the k-th powers of the zeros
of L(x). Then

n—-1

(11) s =Y, = -,
v=0
Proof. Consider the recurrent relation

(X - jn) Ln(x) = qn+1 L,,+1(X) + qn Ln—l(x)
(see [2], p. 77).
If we compare the coefficients at the power x", we obtain
DA ~ 0 = G s PO

After dividing this equation by a$” and substituting for g,,,; we have

+1 .
(a) D — P = -,
Put 6 = s\ — s¢" " Yfork =0,1,....
Since

Q) af” (n

(b) s = - == —r{",
a™
0

we have according to (a)
© B = 9 = 70 = ) D

(because s = 0).
Further

n n n
$ o0 = L[ - 7] = S,y
and hence

n—1
= Y-
v=0

Lemma 3. Let n = 1,2, .... Then
(12) ju=2n+a+1+2a+ p— 2ach, — (a + b) Bi,,
(13) jo=2n+1+2a+ B + al’(a)L(a) — bpi,.
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Proof. On the basis of (7) and (4) we obtain
jo—a = [ x 2(x) L(x) dx — a [; I}(x) L(x) dx =
= [r(x — a) B(x) L(x) dx = —[;(x — a) I2(x) L(x) e*de™*.
Integrating by parts we obtain (12), because
1 x L(x) L(x) L(x)dx = n.

The formula (13) can be derived from the relation (7).

Lemma 4. Let n=1,2,.... Then

(14) q: + 5nqn = _r(ln) — an
holds, where

(15) 8, = [[20ax™* + (a + b) B(b + x)™ '] L,(x) L,-,(x) L(x) dx .

Proof. It is easy to see that

(a) '[ Lo () L) L) - qi

n

(b) Jo % Lo () Lx) L(x) dx = g,
and also

(C) qn = I[ (a - x) L,‘(X) Ln_. 1(X) L(X) e*de™*.
Integrating the last integral by parts we obtain

(d) qn = _‘.I (X - a) -L’n(x) L,,..I(X) L(X) dx — 6"
because

x L(x) = n L(x) — a{x"~* + m,_,(x),
where ,_,(x) is a polynomial of the degree n — 2. From (d) and (a) the identity

qn = —anqn—l - r(l")qn_1 - 5;:
follows.

Lemma 5. For n - + oo the relations

(16) h, = 0(1),
and

(17) i, =0(1)
hold.

Proof. The relations (16) and (17) follow from (7) and (8).

354



Lemma 6. For n = 1,2, ... we have

(18) - =n>+(a+20+B)n—oa),
where
n—=1
(19) oy =Y [2axh, + (a + b) Bi,] .
v=0 b

Proof. From (11) for k = 1 we get

n—1
r(ln) = - Zjvv

v=0
and then using (12) we obtain (18).
Lemma 7. Forn = 1,2, ... we have
(20) " =n®+ 20+ f)n + o,
where
n—1
(21) o, = Y. [a L(a) L(a) — bBi,],

v=0
and for |8,] < (b + a)|B| ini,-, we have
(22) g,=n+O(1).

Proof. The relation (20) follows from (11) and (13). Using (20) we obtain (22)
from (14).

Lemma 8. Forn = 1,2, ... we have

(23) x L(x) = n L(x) + g, L, (x) +:§:yv L/(x),

where

(24) 9, = bB [, (x = b)"' L (x) L,(x) L(x)dx — a L,(a) L,(a) L(a) .
Proof. We have

(@ XL(x) = YA L),

where

(b) vo = [¢x Ly(x) L(x) L(x) dx .

Integrating (b) by parts we obtain
7:- = —a Lu(a) Lv(a) L((l) - .[I L,,(X) LV(X) L(X) dx —
= 2a [; L(x) L,(x) L(x) dx + bB [; (x — b)™" L,(x) L(x) L(x) dx ~
— B [ L(x) L(x) L(x) dx + [, x L,(x) L,(x) L(x) dx —
— [rx L,(x) L,(x) L(x) dx .
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By virtue of (3), for v < n — 1 we conclude

(©) V=T
For v = n — 1, taking into account (3) and (4) we get
(d) Yam1 = VYa-1 + 4u-
For v = n, (13) implies
(e) m=vwm—(1+20+p)+j,—n=n.

Inserting (b)—(e) into (a) we obtain (23).

3. DIFFERENTIAL EQUATIONS FOR THE POLYNOMIALS L,(x)
Theorem. Let n = 0,1,2,.... Then

(25) L“(x)i [x(b + x) L, (x) L(x)] + [n(x + b — 1) + 0,] L(x) =

n—-1
= Zoav L,(x) + ¢, L,—4(x),

where v

(26) @, = a(a + b) [Ly(a) L,(a) + L,(a) L,(a)] L(a)

and ,

(@1 xLi()+ [—x Ny S b—lf—x:]L',,(x) + [n + bi"x]L,,(x) -

= (b + x)"' R,(x),
where R,(x) = m,_,.

Proof. a) Put

@ Ax) = = [x(b + %) Li(x) L]
Then we have
(b) LY(x) 4,(x) = x(b + x) Ly(x) +

+ [=x(b+ x)+ (e + 1) (b + x) + (B + 1) x] Ly(x) =
=x(b+ x)Ly(x)+ [(b+ x)(—x + 20+ 1+ p + 1) — b(f + 1)] L(x).

As
(c) x(b + x) L:(x) = n(" - 1) Ln(x) + Moy
(a) —x2L(x) = =[s{"x + sP] L(x) + 7y =

= —[nx + n* + (22 + B) n + o,] L,(x) + m,—,
(we make use of the relations (10), (11) and (20)), we have

356




() x[=b+ Qe+ 1+ p+ 1)]L(x)=
=(=b+2a+p+2)nL(x)+ 7y .
From (b) after inserting (c)—(¢) we obtain
L'(x)4(x) =[n(n — 1) = nx — n* = bn — (2« + f)n +
+ Qe+ B+ 2)n— 0, L(x) + Ty

LY(x)A(x) + [-n(n = 1) + nx + n* + bn + (2Qa + B)n —
- (20( + B+ 2)" + a,,]L,,(x) = My -

Rearranging the equation we obtain

(f) L Y(x) A(x) + [n(x + b = 1) + 6,] L(x) = B,(x),
where

() B,(x) = m,-, =§)ﬁ L,(x).

From (g) we obtain

(h) B, = [1 B,(x) L,(x) L(x) dx .

Denote f8, = o, + of. Then integrating (h) by parts and using (f) and (a) we get
(1) oy = [; A,(x) L(x)dx = [ L(x)d[x(b + x) L,(x) L(x)] =
= [x(b + x) L(x) L,(x) L(x)]? — [; L)(x) x(b + x) -
- L(x) L{x)dx = —a(b + a) L,(a) L,(a) L(a) —
— [L.(x) Li{x) x(b + x) L(x)]> +

+ f L,,(x)ad; [x(b + %) L, (x) L(x)] dx .
From (a) and (f) we have
f;[x(b + %) L (x) L(x)] = A(x) = [=vx Ly(x) + 7] L(x),

thus the relation (i) assumes the form
(i) o, = a(a + b) [Li(a) L,(a) — L;(a) L,(a)] L{a) ~
— v [y x L,(x) L,(x) L(x) dx .

For v < n — 1 the last integral equals zero.
For v = n — 1 the last integral equals q,.
Further, (f) implies

(k) a = [;[nx — n + bn + 6,] L(x) L,(x) L(x) dx =
= n [y x L(x) L,(x) L(x) dx .
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For v<n —1 weget

B, = @, = a(a + b) [Li(a) L,(a) ~ Ly(a) L,(a)] L(a) -
For v=n — 1 we have

"

Bu-1 =01 +ay_; =
= a(a + B)[Lios(a) La) — Li(a) Ly (@)] Lla) ~
—(n = 1) fyx L,_(x) L(x) L(x) dx + n [; x L,_,(x) L,(x) L(x) dx =
= a(a + b)[L;_,(a) L(a) — L;(a) L,-,(a)] L(a) + q, -
Inserting (h)— (k) into (f) we obtain (25).
b) After substituting (23) in (25), rearranging and dividing by the positive term
(b + x), we obtain (27).
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Suhrn

O TRIEDE ZOVSEOBECNENYCH LAGUERROVYCH POLYNOMOV

FRANTISEK PUCHOVSKY

n
V danku sa definované vztahom (1) polynémy L, (x) = 3 ax" ¥, a{? > 0, ktoré si orto-
k=0

normalne na intervale (a, +o0) vzhladom na funkciu L(x) = (xz)" b+ x)fe™* kde o> 0,
$>0,a=0, b> |a|.

Odvodzuji sa vzfahy pre koeficienty tychto polynémov, dalej vztah (23) a diferencidlna
rovnica (25).

Pe3ome

O KJIACCE OBOBIIEHHBIX MHOI'OYJIEHOB JIATEPPA

. FRANTISEK PUCHOVSKY

v
n

B craTbe onpenensoTcs BrpaxenneM (1) nomusomst L,(x) = aﬁ"’x""‘, ag‘) > 0, OPTOHOP-
k=0
MaJIbHble B uHTerpane (a, ) o oTHomenmo K dynxuun L(x) (x2)* (b + x)f e™*, rne o0 > 0, f >
>0,a=0,b> |a »
BrIBOZSATCA OTHOMEHHS At KOI(HIMEHTOB 3THX MHOTOYIEHOB, OTHOWEHKe (23) u muddepeH-
LMaJIbHOE YpaBHeHue (25).
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