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ON CERTAIN CLASSES OF p-VALENT FUNCTIONS

SHIGEYOsHI OwA, Osaka

(Received September 10, 1984)

Summary. We introduce the classes T*(n+ p — 1, ®) of analytic p-valent functions with
negative coefficients by using the symbol D"*P~1! f(z) defined by {zP/(1 — 2)"*P} % f(2). The
object of the present paper is to show distortion theorems and some closure theorems for functions
J(2) belonging to the class T*(n+ p — 1, ®). Further, we consider the modified Hadamard
product of functions f(z) in T*(n+ p — 1, ®).

Keywords: analytic function, p-valent function, distortion theorem, closure theorem, Hadamard
product.
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1. INTRODUCTION
Let A(p) denote the class of functions f(z) of the form
(1.1) f@) =22 + Y a,z®** (peN ={1,2,3,...})
K=1

which are analytic in the unit disk U = {z: |z| < 1}. Further, let f(z) € A(p) and
9(z) € A(p). Then we denote by f * g(z) the Hadamard product of f(z) and g(z),
that is, if f(z) is given by (1.1) and g(2) is given by

(1.2) g(z) = 2* +k21bp+kz”+" (peN),
then
(1.3) frg(z) =2 +k21ap+kbp+kzp+k .

With the aid of the Hadamard product, we introduce the symbol
1.4 DMP L f(z z
(14) 16 = {G = m} 10

for n, where n is any integer greater than — p. Then we can observe that

ntp—1 _ zp(zu—lf(z))(n+p—l)
(1.5 D fz) = Wir-
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In particular, the symbol D" f(z) was introduced by Ruscheweyh [7] and was named

the nth order Ruscheweyh derivative of f(z) by Al-Amiri [1].
Now, we introduce the following classes by using the symbol D**?~1 f(z).

Definition. We say that f(z) is in the class T*(n + p — 1, a), if f(z) defined by

(16 1@) = 2 = Eau?* (@ 20)
satisfies the condition

D"*? f(2) )
(1.7) Re {—D"+P“f(z)} >u (zeU)

forpeN,n> —pand 0 Z 0 < 4.
Particularly, T*(n + p — 1, @) is a subclass of T(n, o) which was studied by Goel

and Sohi [3]. Further, by using the symbol D"*?~1 f(z), other classes were studied
by Goel and Sohi [4], [5], Sohi [8], Fukui and Sakaguchi [2] and Owa [6].

2. DISTORTION THEOREMS
Theorem 1. Let the function f(z) be defined by (1.6). Then f(z) is in the class
T*(n + p — 1, a) if and only if

@) ki(n+p+k—1)!{’(cr!z+l’)(l—a)+k}ap+k§(n+p)!(l_a).

Equality holds for the function f(z) given by
1—a p+1
n+p(—-a)+1

(22) @) =2 -

Proof. Suppose that the inequality (2.1) holds and let |z| = 1. Then we obtain
Dn+Pf(z) _ ll _

(2.3)

Dn+p—1f(z)
Sh+p+k—1)(n+p+k—2)..ka,. 2"

- k=1 =<
(m+p)=+p)E+p+k=1(n+p+k=2)...(k+1)ap
Y(r+p+k—1)(n+p+k—2)... ka2
< k=1 . : =<

‘(n+p)!—(n+p)k§l(n+p+k— D +p+k=2)...(k+1)a,.z
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©
k;(n+p+k— Dm+p+k—2).. kay

A
IIA

=(n+p)z-(n+p)k§1(n+p+k_1)(n+p+k_z)...(k+1)a,,+k
<l-u.

Hence we can see that the values of D"*? f(z)/D"*P~! f(z) lie in a circle centered
at w = 1 whose radius is (1 - a). Consequently, we can observe that the function
f(2) satisfies the condition (1.7), hence f(z) belongs to the class T*(n + p — 1, ).

For the converse, suppose that the function f(z) belongs to the class T*(n +
+ p — 1, o). Then we get

(2.4) Re {D—’ﬂ;i{%} -

m+p=YMm+p+k(n+p+k—=1)..(k+1)a,.2*
= Re k=1

(n+p) = (n+ p)kzl(n+ p+k—=0(n+p+k—2)...(k+1)a,.
> o

for z € U. Choose values of z on the real axis so that D"*? f(z)[D"*P~1 f(z) is real.
Clearing the denominator in (2.4) and letting z — 1~ through real values, we have

(2.5) (n + p) —él(n +p+k(n+p+k—-1)..(k+1)a,, 2

2al(n+ D=+ D+ p+ k= D4+ k=2 (k+ Dy

which implies (2.1).

Finally, we can see that the function f (z) given by (2.2) is an extreme one for the
theorem. This completes the proof of the theorem.

Corollary 1. Let the function f(z) defined by (1.6) be in the class T*(n + p — 1, ).
Then

) © o k(n+ p)!(1 —a)
(26) ”“‘_(n+p+k—1)'{(n+P)(1—“)+k}

for k = 1. The equality holds for the function f(z) of the form

N g? k!'(n + p)! (1 — ) ey
D 1@ (m+p+k=1){n+p) (1 —a)+k

Theorem 2. Let the function f(z) defined by (1.6) be in the class T*(n + p — 1, a).
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Then

1 -«
2.8 > |zl — ~|p+1
9 0 2 e = s T I
and
1—
If(z)l < IZIP + o |z|p+1

(n+p)(1—a)+1

for z e U. The results are sharp.

Proof. Since f(z) belongs to the class T*(n + p — 1, &), in view of Theorem [
we obtain

(210 (4 DU+ D= 2) + Yy, S

S (n+p+k—=10){(n+p(1—0a)+k)
=L k! Ao

Sn+p)'(1 -«

IIA

which gives

had 1—-«a
2.11 < )
(@11) k;a”k T(m+p(-o)+1
Consequently, we see that
(212) @] 2 e = |7 F a2
1—-a
> P __ p+1
2 I (n+p)(1—a)+llzl
and
(2.13) @I S el + |2 £ apun <
< Je+ e e
(n+p)(1—-w)+1
for zeU.
Further, by taking the function f(z) given by
l—a p+1

(214) @) =2~ r+p)(Q—-0)+1

we can observe that the results of the theorem are sharp.
Corollary 2. Let the function f(z) defined by (1.6) be in the class T*(n + p — 1, a).
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Then f(z) is included in a disk with its center at the origin and radius r given by

r:(n+p+1)(1—oc)+1.

(2.15) (=) 1

Theorem 3. Let the function f(z) defined by (1.6) be in the class T*(n + p — 1, o).
Then

(216) ez et - EEAC Sy

and

S R [
(1) @) 5 gl + PR

for ze U. The results are sharp.

Proof. Since f(z) is in the class T*(n + p — 1, «), by virtue of Theorem 1 we have

(2.18) (i U=t $ 1 gy, <
p+1 k=1

<§ (n+p+k-DH{n+p(1-a)+k  _
) k! e

<(n+pt(1 - o)

which implies

S < P+ -a
(2.19) k;(p Ry S (n+p)(1 —a)+1

Hence, by using (2.19), we obtain

e}

(2.20) 172 2 plel™" = [z X (p + K) s 2

k=1

> plzlP-1 — (p+1)(1—06) 2|7
2 7l (n+p)(1—oz)+1H

and _ \

(221) @) S Pl 4 P S (0 + R apes
< plzlp_l + (p + 1) (1 —_— d) lzlp
- n+p(A—-a)+1

for zeU.

Further, we can see that the results of the theorem are sharp for the function f (z)
given by (2.14).
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Corollary 3. Let the function f(z) defined by (1.6) be in the class T*(n + p — 1, ).
Then f'(z) is included in a disk with its center at the origin and radius R given by

_(p+p+p+)(1—a)+p
(222) R (n+p)(1 —a) + 1 '

3. CLOSURE THEOREMS

Theorem 4. Let the functions
(3.1) filz) = 2* —kgiap“,,-z”" (@p+r,i 2 0)

be in the class T*(n + p — 1, a) for every i = 1,2,3, ..., m. Then the function h(z)
defined by

(3.2) h(z) =iZlc:f.-(2) (c:20)

is also in the same class T*(n + p — 1, &), where
(33) Z Ci = 1 .
i=1
Proof. By means of the definition of h(z), we can write

(3.9 h(z) = z2 = Y (3 ciapur,i) 2775
k=1 i=1
Now, since f(z) e T*(n + p — 1, «) forevery i = 1,2, 3, ..., m, we obtain

RS S IEDIELEL Y

ki S(m+p) (1 —a)

for every i = 1,2, 3, ..., m, by virtue of Theorem 1. Consequently, with the aid of
(3.5) we can see that

(3.6) 211 (n+p+k—1) {S: +p)(1 — o) + k} (éjlcsam,t) -
R Sm+p+k—1){(n+p)(l —a)+k}
_i;fi {k;1 : k! a”k'i} =

< (_Zlc-,-) (n+pl(Al—-a)=(n+p)'(l—a).
This proves that the function h(z) belongs to the class T*(n + p — 1, a).
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Theorem 5. Let

(3.7) 12 = =
and
(3.8) fona2) = 2° — k!'(n + p)!(1 — «) -

(m+p+k—1){(n+p (1 —-a+k}

for peN, n> —p, keN and 0 < o < 1/2. Then f(z) is in the class T*(n +
+ p — 1,@) if and only if it can be expressed in the form

(3'9) f(Z) =kzolp+kfp +k(z) >
where A,., = 0 and
(3.10) Z A’p+k = 1 .

k=0

Proof. Assume that

(3.11) 1) =k§0/1,+k foanl2) =
Y K (n + p)! (1 — o) .
S+ p+r k=) {n+p) (1 —a)+k "
Then we get
(3.12) i{("“”’“‘- 1)!{§(':+p)(1—a)+k}

k'("+p)(l—-oc) <(n o
m+p+k—10{n+p(1—0a)+k} p+k}=( +p)Q )

By virtue of Theorem 1 this shows that f(z) is in the class T*(n + p — 1, @).

Conversely, assume that f(z) belongs to the class T*(n + p — 1,®). Again, by
virtue of Theorem 1, we have

) ki(n + p)!(1—a
(3.13) ptk = m+p+k—=1){(n+p) (1 -a)+ Kk}

forpeN,n> —p,keNand0 £ a < 1/2. Next, setting

_(aptk—D{n+p (-0 + k)
k!(n + p)! (1 — o) Pk

forpeN,n> —p,keNand 0 £ « < 1/2, and

(3.14)

A’p+k

(3‘15) ) Ap=1 —kz:‘)'p+k >
we have the representation (3.9). This completes the proof of the theorem.
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4. MODIFIED HADAMARD PRODUCT
Let f(z) be defined by (1.6) and let g(z) be defined by

(4.1) g9(z) = 2 —kZlbp+kzp+k (bpsr 2 0).

Further, let f * g(z) denote the modified Hadamard product of f(z) and g(z), that is,
(4.2) F*g(z) =27 = ¥ a, b,z .
k=1

Theorem 6. Let the functions f(z) defined by (3.1) be in the classes T*(n; +
+ p — 1,a) for each i = 1,2,3, ..., m, respectively. Then the modified Hadamard
product fy % f,*...%f,(z) is in the class T*(n + p — 1), where n = Min {n,}.

1<ism

Proof. Since fi(z)e T*(n, + p — 1,«) for each i =1,2,3,...,m, by using
Theorem 1 we get

1 -«
4.3 Apip,i S
(+3) Pl (n;+p(1—a)+1
foreach i = 1,2, 3, ..., m. Hence we can show that
s m+p+tk—-10){n+p (1 —0a)+k, 5
b 5 HEICCEL P

lIA

§(n+p)!(1~a)("+p)(1‘°‘)+1'"( [ -4 )

1 -« i=1 (ni+p)(1—oc)+i
<(n+p)( -«

with the aid of (4.3) and Theorem 1. This shows that the modified Hadamard product
fi*fa* ... % f,(2)is in the class T*(n + p — 1, «).

Corollary 4. Let the functions f(z) defined by (3.1) be in the same class T*(n +
+ p— 1,a) for every i =1,2,3,...,m. Then the modified Hadamard product
Sfi#2fyx...%f,(2) is also in the class T*(n + p — 1, a).
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Souhrn

O JISTYCH TRIDACH p-ZNACNYCH FUNKCI
SHIGEYOsHI OwWA
Autor zavadi tfidy T*(n+ p— 1, #) analytickych p-znaénych funkci s negativnimi koe-
ficienty s pouZitim symbolu D"*P~! f(z) definovaného pomoci {zP/(1 — 2)"*?} x f(2). Cilem

préce je dokdzat jisté véty o distorsi a o uzavéru pro funkce f(z) pattici do ttidy T*(n+ p — 1, o).
Je studovan rovnéz modifikovany Hadamardtyv souéin funkci f(z) v T*(n+ p — 1, o).

Pesome

O HEKOTOPHIX KJIACCAX p-3HAYHBIX ®YHKLUNA

SHIGEYOSHI OwWA

AsTOp, nonb3ysick cumboriom D" VP~ 1 f(2), onpe penénnsM npy nomomm {z"/ (1—z*P } * f(2),?
BBOAMT Knmaccel T*(n+ p — 1, &) p-3HaYHBIX aHANHTHYECKUX GYHKUMI C OTPHLATEIBHBIMU KO3(-
unmentamu. Llenpro cTaThy ABAAETCS JOKA3aTeJILCTBO HEKOTOPBIX TEOPEM O AMCTOPCHMH U 3aMbl~
KaHuM 01 Gyukumit £(2) u3 knacca T*(n+ p — 1, o). Kpome T0ro usy4yaercss MoaupuLMpOBaHHOE
npoussefenne Anamapaa dynkumit u3 T*(n+ p — 1, o).

Author’s address: Department of Mathematics, Kinki University, Higashi-Osaka, Osaka 577,
Japan.

350




		webmaster@dml.cz
	2012-05-12T16:30:59+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




