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ON THE DEGREE OF CONVERGENCE OF BOREL AND EULER 
MEANS OF TRIGONOMETRIC SERIES 

MARIA TOPOLEWSKA, Bydgoszcz 

(Received January 31, 1984) 

Summary. The rates of pointwise convergence for Borel and Euler means of Fourier series 
of 27i-periodic functions of bounded variation are estimated. Some analogous estimates con­
cerning the convergence of these means of conjugate series are also presented. 
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1. INTRODUCTION 

Let Lbe the class of all 27c-periodic complex-valued functions Lebesgue-integrable 
in the interval < — TC, 7C> and let BV be the set of all 27C-periodic functions of bounded 
variation on < — TC, TC>. Denote by V(f; a, b) the total variation of f e BVon <a, b>. 

Given any function f e L, let S,,[f] be the n-th partial sum of its Fourier series. 
Introduce the Borel and Euler means if this series ([3], pp. 488, 525): 

(1) Br[f](x) = e-'Zr--Sk[f](x) ( r > 0 ) , 
fc=o ki 

(2) £„[/] (») = 1 t Q SJ[/] (x) („ = 0, 1, 2,...) . 

In [1] Bojanic has proved that if fe BV, then, at every point x, 

|S.[t]W-K/(*+)+/(*"))! £ - 1 v(<px;0*\ („ = 1,2,...), 
ttfc=i \ k) 

where f(x-f) andf(x—) denote the one-sided limits off at x and cpx is a 27c-period-
ic function such that 

when 0 < |í| = n , 

when t = 0 . 
(3) <px(t) = \f{x + i)+ / ( X " ^ " / ( X _ ) " / ( x + ) 

The aim of this note is to give the analogous inequalities concerning the rate of 
convergence of Borel and Euler means of Fourier series forf e BV. Some estimates for 
the deviation of Borel and Euler means of conjugate series from the conjugate func­
tion will be also presented. 
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2. PROPERTIES OF BOREL MEANS 

A simple calculation shows, that the Borel means defined by (1) can be represented 
in the form 

Br[f\(x) = ±ľ f(x + t)K,(t)dt, 

where 

Kit) = e - 2 r 8 i n 2 *' s i n ( r s i n * + *0 
2 sin it 

(see [4], p. 364). 
The following lemma will be needed in the proof of Theorem 1. 

Lemma. Let 0 < x < S < n and r > 0. Then 

IÍ 
I J 3 

>ð 

Kr(t) dt 
rx 

Proof. Clearly, 

Ґтr / \ л Ґ -2rчin-4ť S І П (Г S І П 0 C 0 S ¥ л 

Klt) dt = e 2 r s ш ł ř — ^ '- - cos t dt + 
J , J , ^s ini t 

Í
ð Лд 

e-2rsinн* s i n ( r s i n ђ c o s џ s i n jLř dř + i e - 2 r s i n H ř cos (r sin t) dř = = I! + I2 + I3 , say . 
It is easy to see that 

|/2 | = 2L and |I 3 | = — . 
2rx 4rx 

Using the second mean-value theorem for the integral Ix we obtain 

|/,| g ie - 2 r s i n 2 **cotixmax I cos t dt sin (r sin t) ( < i e - 2 " i n 2 * ' c o t - < 

^ - cot - ^ . 
r 2 rx 

Hence, we get the desired assertion. 

Theorem 1. Let fe Land let there exist a positive number 5 — n such that f is of 
bounded variation on the interval <x — 8, x + <5>. Then, for r _ 2, 

(4) 

\Brlf](*) - }(/(*+) + / ( * - ) ) . = ( - * + ™) ±fv(9x;0,?) + l e — 2 ^ 

where [r] JS the integral part of r and \\ || denotes the norm in the space L. 
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Proof. Obviously, 

* r [ / ] ( * ) - H / ( * + ) + / ( * - ) ) = 
1 / Cd/r C6 Cn\ 
- + | + (Rx{t)Kr(t) át = Pr + Qr + Rr, say . 
11 VJo J d/r J b) 

Since, for t e (0, Sjr) , 

we have 

| j q . ) | g r S ' n ' t - g r - and ^(0) = 0, 
2 sm il 

|Pr| ^ 1 f Vx(0 - ^(°)lrn át = dv (<P*> ° > ; ) • 

To estimate Qr let us put 

A. r(x)= íкr(t)dt for xє<0, ð} . 

Integrating by parts, we get 

Iß r l - Í 

In view of Lemma, 

A l f Ar(t)d<px(t)\. 
"Uí/r I 

|Qr| ^ H V Lx; 0,5) + A° f i dV(^; 0, r) š 
«5rc V V ^ t-Já/r t 

10 10 Có 1 
g J ^ ./(«,,; <U) + - - V ( ^ ; 0 , ř ) d í . 

ráji r-t j í/r í 

1 f i V(^; 0, ř) dí = i- VfV,; 0, ̂  (r ̂  2) 
t-J^/rt 2<5 V r) 

Pr\ + \Qr\ = (id2 + -)-[* i V(<px; 0, t)dt + -^- V(<px; 0, S) . 

íat 

R r N i e - ^ | V j ) l ^ d t ^ 1. 
TI J 5 2t 4<5 

The inequality 

(5) 

implies 

It is easily seen that 

-e-2^Ы|. 

The desired result follows, because 
rd 

(6) £iкл;o,,)d, = ÍJV(,.,;o,^,sí|iк(,„o,0. 

Corollary 1. In particular, if f e BV, 
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(7) |B,[/](x) - i(f(* +) +f(* " ) ) | < ~ £ vL^fl (r = 2) 
r7Cfc=-i \ kj 

at every point x. 

Remark. Since the function <px is of bounded variation on <0, <5>, continuous at 
the point t = 0, the total variation V(<px; 0, y), y e <0, 5} is a continuous function 
at j ; = 0 and lim V(<px; 0, <5/k) = 0. Consequently, the right-hand sides of the 

fc-*oo 

inequalities (4) and (7) converge to zero as r -> oo. 
Consider now the Borel means Sr[f] of the trigonometric series conjugate to the 

Fourier series offe BV It can be easily verified that 

5 r [ / ] W = - f f(x + t)Kr(t)dt 

Xjtt) = e - w * cosfrsint + jf) _ i c o t y. 
2 sin \t 

with 

Theorem 2. For any fe BV and all r = f we have 

(8) 7iJn / r2tanif r*=i \ fc/ 
where 
(9) WO = / ( * + J) - f(x - t) (-00 < f < +oo) . 

Proof. We can easily observe that 

BJLf] W + 1 r rv4;d' = ~ [ ^ KMdt + - f W) (*M 
7uJn/ r2tanir TUJ0 7iJn/r 

+ i cot \t) di = Mr + Nr, say . 

Analogously as in the proof of our Lemma, 
f" -2rsin-4f COS (r S i n 0 J 
[ _, Zrsin i f V / CQS , d r 

2 sin if 

+ 

| ^ (x ) | s I T(i?r(i) + i cot if) díl ^ I f 
\J x I I J; 

I fn .7.s!n2if cos (r sin t) , , N , 
+ e-2rs.nH. . 1 (cos \t - COS t) dt 

I J* 2 sin iř V J 

- 2 r s i n H r S Í n ( r S Í n 0 d J < 
+ lҐe J 

1 

Г* . Зř . f 
sin — sin -

r sin \x 
e-2rsin2i.x 1 4 4 1 Cn át 

-—. 3 , dř + — T T 
x 2rsmó \t 4rJx sin2 i* 

7Ü 37Г 4 7Ü2 57Г 

"" rx 32rx 4rx "" rx 

228 



Hence 

(10) \A*(x)\ < — (0 < x < TC, r > 0) . 
r.x 

For Nr we use the estimate (10), and after the partial integration we find that 

M < £ |*, ( ^ * (;) | + ; | j " -**(<) d^(0| = * r (*,; o, =) + 

+ - f - dV(*x; 0,t)<- V(i>x; 0, TC) + - f i V(^; 0, f) dt. 

Observing that, for t e (0, rc/r> and r ^ 5/2, 

,-2,.taH. s i n ( r s i n f) |£r(f)| ^ | icot^[e-2 r s i n 2*'cos(rsinl) - 1]| + 

< | |coti .e-2 ,- s i n 2 i '2sin2(irsin.) | + |i cotif(e-2'si"2*' - 1)| + * 

<: f + \i cot \t. 2r sin2 $t\ + £ g 3r 

and applying the estimate analogous to (5) we get 

|Mr| < W Ux; 0,") IS y j " £ K^; 0, t) dt. 

Consequently, 

* [ / ] (*) + - r - ^ - - df <; *- f" 1 V(</v, 0, 0 dt + - i Vtyx; 0, TT) 
7cJn / r2tanir rjre/r^

2 rn 

and our estimate is now evident, by an inequality similar to (6). 

Remark. The right-hand side of the inequality (8) converges to 
provided f(x+) = f(x—). If, at the point x, 

fJM)ld,<00, 
Jo t 

then there exists a finite limit 

/W = ,impr-MU) 
£-0+ \ nje 2 tan it ) 

and 

\Bjtf] (x) - /(x)| < i j " r M - l dt + B fv^j 0,5) (rSE*); 

hence lim #r[f] (x) = /(x). 

zero as r -> oo, 
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3. PROPERTIES OF EULER MEANS 

Direct calculation shows that, for the operator (2), the following equation is true: 

-, r --i / \ I f* / . / \ rT t \ , . . Tr / \ cosn it sin (n + 1) \t 
E*[f] (*) = - AX + 0 Un(*) ** With f/„(t) = 2~—K- ll-

7tJ__ 2 sin if 
(cf. [2]). Reasoning analogously as in the proof of Theorem 1, we obtain 

Theorem 3. Let f e Land let there exist a positive number d __ n such that f is of 
bounded variation on the interval <x — <5, x + <5>. Then, for n __ 1, 

.£»[/](*)-#/(*+)+/(*-))! ^( - + 4 H t ^ » o . ^ + ~«»"i«Kl. 
\TU J no k=i \ kj 25 

where the function cpx is defined by (3). Consequently, 

lim £„[/] (x) = i ( / (x+) + / ( x - ) ) . 

Corollary 2. /n particular, if fe BV, 

\EM(x) - i(/(x+) +/(x-))| _ f _ r(?-'.0.^ 
3nk=i \ kj 

for every point x and all n __ 1. 
Finally, let us denote by -£„[f] the Euler means of the trigonometric series conjugate 

to the Fourier series of fe BV This operator can be written in the form 

mi {*) = - f A* + 0 m - with m = «**"»{» + !)* + 
rcj_n 2sm_f 

- _ cot _f. 

Retaining the symbol (9) we present 

Theorem 4, IffeBVand if n _̂  2, then 

I rtJn/n2tani( n k = i \ kj 

Proof. Evidently, 

£[/](*)+-f 
* J«/; 

1 fKl« 1 /•n 

= - ^ ( 0 ^ ( 0 d í + - ^( ř ) 
7 1 J 0 W J n/n 

2 tan _ř 

cos" _ř cos (n + 1) \t 

2 sin _ř 

Gn + Hn, say. 

-dí = 

n X l U t 
dt = 
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Let us observe that, for t e (0, njn) and n ^ 1, 

|t7„(r)| ^ \i cot \t(cos" | r cos int - 1) + |^ cosw i t sin i/it| ^ 

šł + i cot fc jcos *<£(-->* (£) (2sin2 *0* - -} I = 

cot i t cos inf £ ( -1)* f " ) (2 sin2 £f)' i + |cot it sin2 Jnř| + 

Ъn úi + in + |cot Jí w sin2 \t\ ^ i + — g 2/i. 

Consequently, 

|G в |Ş2к(* я ;0, ï ) . 

Next, an argument similar to that of the proof of Theorem 2 leads to 

Because, for n ^ 2, 

and 

|я„| ^ A V(^; o, я) + - Г i П<A*; o, 0 dí 
ия n)nlяt

2 

-Г V(^°'0dt^f Vf^;o,-) 

Jn/nt Я*-l V fe/ 

the desired result is established. 
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Souhrn 

O STUPNI KONVERGENCE BORELOVÝCH A EULEROVÝCH PRŮMĚRŮ 
TRIGONOMETRICKÝCH ŘAD 

MARIA TOPOLEWSKA 

Je odhadnuta rychlost bodové konvergence Borelových a Eulerových průměrů Fourierových 
řad 2;i;-periodických funkcí s konečnou variací. Dále jsou uvedeny analogické odhady konver­
gence těchto průměrů pro konjugované řady. 
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Резюме 

О ПОРЯДКЕ СХОДИМОСТИ СРЕДНИХ БОРЕЛЯ И ЭЙЛЕРА 
ТРИГОНОМЕТРИЧЕСКИХ РЯДОВ 

МАК1А ТОРО^Е\V.$КА 

Оценивается скорость поточечной сходимости средних Бореля и Эйлера рядов Фурье 
2л-периодических функций ограниченной вариации. Представлены также аналогические ре­
зультаты об этих средних сопряженных рядов. 

АиШог'з аа*с1гез5: ^ухзга 8хко1а Рес1а§о§1С2па, 85-064 Вус1§082С2, и1. Споспае\У1С2а 30, РЕК. 
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