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ON THE DEGREE OF CONVERGENCE OF BOREL AND EULER
MEANS OF TRIGONOMETRIC SERIES

MARIA TOPOLEWSKA, Bydgoszcz

(Received January 31, 1984)

Summary. The rates of pointwise convergence for Borel and Euler means of Fourier series
of 2m-periodic functions of bounded variation are estimated. Some analogous estimates con-
cerning the convergence of these means of conjugate series are also presented.
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1. INTRODUCTION

Let Lbe the class of all 2n-periodic complex-valued functions Lebesgue-integrable
in the interval { —n, ©) and let BV be the set of all 2n-periodic functions of bounded
variation on {—m, ). Denote by V(f; a, b) the total variation of f € BV on {a, b}.

Given any function f e L, let S,[f] be the n-th partial sum of its Fourier series.
Introduce the Borel and Euler means if this series ([3], pp. 488, 525):

© rk
(1 BIG) =3 =

>SS (r>0).

2) E[f] (x) = _21_",‘20 <:> SO (1=0,1,2,..).
In [1] Bojanic has proved that if f € BV, then, at every point x,
1S.[/] (x) = 3(f(x+) + f(x=))| £ %kil V((px; 0, “) (n=1,2,..),

where f(x+) and f(x—) denote the one-sided limits of f at x and ¢, is a 2n-period-
ic function such that
flx +6) + f(x = f) — f(x=) — f(x+) when O0<|t| <,
(3) (px(t) =
0 when t=0.
The aim of this note is to give the analogous inequalities concerning the rate of
convergence of Borel and Euler means of Fourier series for f € BV. Some estimates for

the deviation of Borel and Euler means of conjugate series from the conjugate func-
tion will be also presented.
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2. PROPERTIES OF BOREL MEANS

A simple calculation shows, that the Borel means defined by (1) can be represented
in the form

B[f](x) = 1_1t " f(x + K dt,

where
Ki(f) = o2t sin (rsin t + 1)
2 sin 1t
(see [4], p. 364).

The following lemma will be needed in the proof of Theorem 1.

Lemma. Let 0 < x < d <mandr > 0. Then

J",K,(t) dt

x

<10
rx

Proof. Clearly,

6 6 . .
: sin ) cos 3t
K,(f) dt = | e-2rsinr4e 210 (r o )cos cos tdr +
x 2 sin 4t

x

5 ]
+ J‘e‘z”‘“li’ sin (r sin ) cos 3¢ sin ¢ dt + %j e™ "4 cos (rsin f) df =
x

x

=1, +1,+1;, say.
It is easy to see that

2 2
T T
|I,| £ — and || £ —.
2rx 4rx
Using the second mean-value theorem for the integral I, we obtain

|I,] < 4e~2*""*# cot x max
x<E<s

¢ 1 . x
f sin (r sin t) cos t df| < — e~ 2rsin*¥ COtE <
r

2

rx

cot

lIA
N | -
IIA

SRR

Hence, we get the desired assertion.

Theorem 1. Let f e Land iet there exist a positive number & < w such that f is of
bounded variation on the interval {x — 8, x + 8>. Then, for r = 2,

(@)
BL1(%) = () + f(x-))| < (zaz + ?9) 1 iZ]lV(q)x;o, g) + Zlée-w .

rok

where [r] is the integral part of r and " || denotes the norm in the space L.
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Proof. Obviously,
B[f]1(x) = 3(f(x+) + f(x—)) =

l(j +f +J.n)gox(t)K,(t)dt=P,+Q,+Rr, say .
T é/r o

Since, for t € (0, /r) ,

KA1)] =

rsint + 1t

<rr and ¢, 0) =0,
2 sin 4t ©

we have
1 o/r S
|P,| = ~J‘ lo.(1) — @(0)| redt < 6V<q)x; 0, —) .
TJo r
To estimate Q, let us put

0
Afx) = J K(1)dr for xe<0,5).

0
lQrI é - Ax <')
s r

()
Py
In view of Lemma,
|Q|<1—0V< 0§)+1—°f L av(g0,0 <
r o/r

nr t

Integrating by parts, we get

o 1
— + —
r T

d
J Alt)de(1)| .
a/r

, L
< ﬂ Vi, 0,0) + B — Vie,; 0, t) dt .
rom I 8/r 2
The inequality

(5) 1_[6 1 V(gp,;0,t)dt = 1 V((p,;(), é) (r22)
et 26 r -
implies
[P + |0/ = (252 + '_Q) lr 1 V{p,; 0, 1) dt + — 10 V\(px,O J).
T/ r o/r rd
It is easily seen that

U owsme [ T | P
IR,| < L w200 j 0] Tdi 5 e 0 o]
k)

a

The desired result follows, because

(6) " yiesondi= [V(es0ar<! S v (ps02
t2 \(px’ 2 5 (px’ 71 -.:(s (p.\:, ’k .

o/r 1 k=1
Corollary 1. In particular, if f € BV,
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MBI - 1060+ o) s 2R (ei0]) 22
at every point x.

Remark. Since the function ¢, is of bounded variation on {0, §), continuous at
the point # = 0, the total variation V(¢,; 0, y), y € €0, §) is a continuous function
at y =0 and llm V(¢,; 0, 6/k) = 0. Consequently, the right-hand sides of the

inequalities (4) and (7) converge to zero as r — co.
Consider now the Borel means B,[f] of the trigonometric series conjugate to the
Fourier series of f € BV. It can be easily verified that

BINW = o[ s+ ) Rar
with -
—2rsin23¢ COS (rsin t + %)

1
— Jcotir.
2 sin 3t

K1) = e

r

Theorem 2. For any fe BV and all r = § we have

®) B + . j W)y < "‘i’v(w,, 3).

an §t rk=1
where

) V() =fx+1)—f(x—1) (-0 <t< +00).

Proof. We can easily observe that

AT 1 Wy L™ 1 R
BIAG + - j T J R+ J n/r.//x(t) (R0) +
+ }cotif)di =M, + N,, say.

Analogously as in the proof of our Lemma,

J(l?,(t) + 4 cot 4) df] < vfe-z'ﬁin‘&tCOS(.;SH")cos t dt‘ +
x X

|47 ()| =

2 sin 3t

n
+ j e—2rsm2it Mﬂ t) (COS 1t — cos t) dt
x

2 sin 4t

J ne_ 2rsin2 4¢ Sin (7 sin 1) dt‘

X

IIA

+

n

1 sin 'Z' sin Z 1 d
—2rsin24x * t
r si eI 4 3, dt+ 21, =
in $x . 2rsin® 3t 4r ), sin® ¢

n 3n? n? 51t

IIA
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Hence

(10) |/1:'=(x)|§§1—t O0O<x<mr>0).
rx
For N, we use the estimate (10), and after the partial integration we find that

=2 <E>Af (E> 3 V(lﬁx; 0, E) +
r r r

T 1 | frr
+ §f ~dV(Ys 0, 1) < El V(Y. 0,m) + 3 —13 V(. 0,1)dt.
r rn r t

n/r Ja/r

lfﬁmmmé
T

n/r

VE +

Observing that, for ¢ € (0, n/r) and r = 5/2,

|R(1)] < |4 cot 4t[e™2""*#* cos (rsin 1) — 1]| + [e=2r=in"4! ﬂﬁ;l—nt) <
< I% cot }te~2rsin*4t 2 5in? (4r sin 1) + |% cot }#(e~2rsin*dt — 1)| +1=

Sr+ |cotdr.2rsin* 41| + 1 < 3r

and applying the estimate analogous to (5) we get

M| < 3V<n/rx; ) < o f Lywso,ga
r r x/r t

Consequently,

B + L[ -t(t)%t dt

<8 J L yw.0,0dt+ 2 v(y,;0,7)
e 2 rn

v n/r

and our estimate is now evident, by an inequality similar to (6).

Remark. The right-hand side of the inequality (8) converges to zero as r — oo,
provided f(x+) = f(x—). If, at the point x,

Jm 20 dt < 0,
o ¢

then there exists a finite limit

J(x) = lim (—1 "‘b*—(’)dt)

£>0+ n J, 2tan 3¢
and

B -l < 4 [ e 2 By (y50%) (2

hence lim B,[f] (x) = f(x).

r— o
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3. PROPERTIES OF EULER MEANS

Direct calculation shows that, for the operator (2), the following equation is true:

cos” 4t sin (n + 1) ¢
2 sin 3t

E[f]1(x) = }t j flx + ) U)de with U1) =

-n

(cf. [2]). Reasoning analogously as in the proof of Theorem 1, we obtain

Theorem 3. Let f € Land let there exist a positive number § < n such that f is of
bounded variation on the interval {x — 8, x + 8>. Then, for n = 1,

B ~ 306x4) + 5] 5 (5 +4) - S v(050.8) + Seos ol

where the function ¢, is defined by (3). Consequently,
lim E,[f](x) = 3(f(x+) + f(x-)) .-

n— o
Corollary 2. In particular, if f € BV,

T
EL/1() = 30(e+) + 5= = = T V(0507
3n k=1 k
for every point x and all n = 1.
Finally, let us denote by E,,[ £ the Euler means of the trigonometric series conjugate
to the Fourier series of f € BV. This operator can be written in the form

Elf1(x) = T—Itj" fx + )T ()dr with Tr)= cos” 3t ;:{f';f Die |

— tcotit.

Retaining the symbol (9) we present -

Theorem 4. If fe BV and if n = 2, then
B[+ 1 j‘ "’x(‘) dt‘ < zv<¢,x, )
nk=1

Proof. Evidently,

BN + 2t(r:)§td -

n/n

j v O ar + L j pin 2ot Dy,

a/n 2 sin 1t
=G, + H,, say.

al=
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Let us observe that, for t € (0, n/n) and n 2 1,

|0.(6)] < |3 cot 3t(cos" 4t cos 3nt — 1) + |} cos™ 3¢ sin 4nt| <
1 cot ¥t {cos int i (-1 (Z) (2sin? }1)* — 1}
% cot 4t cos int i (=1 (Z) (2 sin® 31)*

§%+%n+|cota}tnsin2%t|§%+3_2n.§2n_

<1+ <

<1 + |cot tsin jnt| + <

Consequently,
|G.| < 2V(wx;0, f).
n

Next, an argument similar to that of the proof of Theorem 2 leads to

lHnI =< '%" V(‘an 0, n) + -2'-[ 12 V(lﬁx; 0, t) de.
nm n n/nt
Because, for n = 2, .
lj lz V(y,;0,1)dt = 1 v(v,;0,ZX
nJ)amt 2n n
and

1 1 &
J.m 2 V(Y,; 0, 1) dt < E;;V <t//x; 0, %) ,

the desired result is established.
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Souhrn

O STUPNI KONVERGENCE BORELOVYCH A EULEROVYCH PRUMERU
TRIGONOMETRICKYCH RAD

MARIA TOPOLEWSKA
Je odhadnuta rychlost bodové konvergence Borelovych a Eulerovych praumé&ra Fourierovych

fad 2z-periodickych funkci s konefnou variaci. Dale jsou uvedeny analogické odhady konver-
gence téchto pram&ru pro konjugované Fady.
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Pe3rome

O TOPAJAKE CXOOVIMOCTHU CPEOHUX BOPEJISI U DWJIEPA
TPUTOHOMETPUYECKUX PSJ0OB

MARIA TOPOLEWSKA
OLeHHBAEeTCA CKOPOCTb INOTOYEYHOM CXOAMMOCTHM cpeauux bopens u Diinepa psinoB Pypbe

2n-nepuoauyeckux (GyHKUHA OorpaHw4eHHOM Bapuauuu. IIpeACTaBlieHb! Tak)Ke aHAJIOMHYECKHE pe-
3yNbTaTH 00 3THX CPEAHMX CONPSIKEHHBIX PANOB.
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