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1. INTRODUCTION

Invariant manifold theory is known to provide useful tools for the study of the
flow of an ordinary differential equation % = f(x) near an equilibrium point x,.
In particular the notion of a center manifold plays a crucial role in this context.
Roughly speaking the flow on a local center manifold through the equilibrium point x,
bears valuable information about the flow in a full neighborhood of x,. For simplicity
but with only little loss of generality we suppose that the Jacobian of f at x, has no
eigenvalues with positive real parts. Otherwise one simply has to restrict the considera-
tions to the flow in a center-stable manifold through x,. Historically the first descrip-
tion of an essential property of the center manifold — sometimes referred as “re-
duction principle” — appears in the work of Pliss [8] and Kelley [5]. This principle
is related to the general concept of asymptotic phase (see [1]) and can be roughly
phrased as follows. Each point x, in a neighbourhood of x, can be mapped into
a point A(x;) on a center manifold, such that the difference between the solutions
x(t, x,) and x(t, A(x,)) decays to zero exponentially as t — co. A somewhat different
point of view is taken by Palmer [7, Theorem 4.1], where — roughly speaking — the
inverse of the map A is studied.

The present paper is centered around ideas similar to the ones which underlie the
above mentioned work. Our main result is Theorem 3.1 and the subsequent corollaries
which are concerned with additional invariance properties of the manifolds whose
existence follows from the theorem. The theorem itself demonstrates that one can
find more invariant manifolds in the neighborhood of a stationary point than is
commonly known. In fact we will show that an invariant submanifold M of the center
manifold admits a continuation as a locally invariant manifold M which is transversal
to the center manifold (see figure 1). This manifold M represents a new type of

*) Supported by the Volkswagenwerk’ foundation.
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invariant manifold which in a particular case may be thought of as lying between
the stable manifold and a center — stable manifold through x,. In fact, if M contains
the equilibrium point x, then M contains the stable manifold through x,; on the other
hand M is a submanifold of a center-stable manifold through x,. That this result
can be a useful tool in the discussion of concrete problems will be illustrated by an
application given in Section 4. Here we consider an attractor which is a manifold of
equilibria and establish some properties of its region of attraction.

Our method follows the approach to invariant manifold theory as developed
in [6]. We eliminate certain shortcomings of the technique used in [6] which led
to a loss of the degree of smoothness in the course of the construction. Furthermore
we prove a reduction principle which is valid under rather weak assumptions.

The paper is organized as follows. The starting point of our considerations is
[6, Satz 7.1] which we discuss in detail in Section 2. We also relate this theorem to
well known concepts which can be found in Coddington-Levinson [2], Hartman [4]
and Hale [3] (see Remark 2.4). We are then in a position to state and prove our
main result.

As far notation is concerned there are only a couple of points worth mentioning.
By Z(A) we denote the set of real parts of the eigenvalues of the matrix 4. By a C1-Lir.
function f(t, x): R x R" — R" we mean a continuous function which is of class C!
as function of x and whose x-derivative has a global Lipschitz constant with respect
to x on its entire domain of definition. A C'*“P-manifold is the graph of a C!.Lir.
function.

2. BASIC RESULTS

We first present the main theorem about integral manifolds from [6, Ch. V] since
it will be used repeatedly in the sequel. In doing so we add two properties which we
will prove below. Let us consider a pair of coupled differential equations '

(2.1) x=g(tx, ), y="htx1y) (xeR yeR")

and assume that g and h are continuous and bounded together with their first
partial derivatives with respect to x and y on the whole (¢, x, y)-space. In particular
we let

(22)  suplgs s, suplgy| <%, sup b < vi, suph) <

where the supremum is taken over the (¢, x, y)-space. Furthermore we assume that
dx 9y, h, and h, satisfy a global Lipschitz condition with Lipschitz constant K with
respect to x and y. Finally we ask for the following property:

(2.3) If (x,y)(r) is any solution of | (2.1) we ask of the transition matrices
¢1(ta T)’ ¢2(ts T) of

W = gt x(O,yO)w, 2= bt (), y(0) 2
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respectively to satisfy the uniform estimates

l$s(t, 7)| < piex¢™, 127,
"¢2(t’ 7)" = }’zem_r) , t=T,

for « < B and some positive constants y,, Y, -

Theorem 2.1. Let g(t, x, y) and h(t, x, y) = By + q(t, x, y) satisfy all the above
assumptions and let X(B) > 0. If there exists a ¢ = 0 such that

(24) a<ve<B, Kn:i=yymve—0o) ' (B-v) <1 for v=1,2

then there exists a continuous and bounded function y = s(t, x) that has continuous
and bounded partial derivatives of first order with respect to t and x with the fol-
lowing properties:

(a) M := {(t,x,y) : y = st,x), (1, x) arbitrary} is the maximal integral manifold
for (2.1) containing all solutions (x, y) () of (2.1) with bounded y-component for
t — oo.

(b) If g and q are T-periodic in t, then s is.
If g and q are w-periodic in x;, then s is.

(c) sup lsl < sup |‘1]J. "e—m" dt,

o
sup [[so| £ (1 = xe)™ (B — @7 vanilL + evale — ) 7'] =:%.
(d) su(t, x) satisfies a global Lipschitz condition with respect to x.

(¢) If g,q and q,, q, vanish at (t,0,0), te R, then s(t,0) = 0 and 5,(t,0) =0
for all teR.

Remark 2.2, (1) If the hypotheses of Theorem 1 are satisfied only on an interval
of the form [t,, 0) then the statements are valid on the same interval.

(2) By reversing the time ¢ one can prove an analogous theorem for differential
equations of the form

(2.5) % =Ax + p(t,x,y), y=h(tx,y)

with 2(4) < 0. Thus by applying Theorem 2.1 twice, first to (2.1) and then to (2.5)
one can prove that C1'LiP.gystems possess a global C1'LiP center manifold.

(3) Part(c) of Theorem 2.1 has the important consequence that — in loose terms —
the function s depends continuously on the functions g and q. More precisely, let

(*)h X = g(t, x, y) + 24(t, x, y)
y = By + q(t,x, y) + 24(t, x, y)

satisfy all the assumptions of Theorem 2.1 for 4 = 0 and 4 = 1. Let s,(t, x) be cor-

158



responding functions furnished by Theorem 2.1. Then the substitution v = y —
— so(t, x) yields a system of the form
(#%), x = g(t, x, v + so(t, x)) + AG(t, x,.0 + s(t, x))
b =[B+ V(t,x,v)]v+

+ AL4(t, x, v + so(t, x)) + G(t, x, v + so(t, x))]
where sup [Wi1, x, v)| £ ¢ + Ky,. Thus, for sufficiently small ¢ + &y,, part (c) of
Theorem 2.1 implies for the “integral manifold” v = a(t, x) of (x*),

sup |o| < x[sup |4] + & sup|g]]

for an approriate constant y. As a consequence we have

sup |sy — so| < x[sup |§] + & sup|g]].

Proof. The function st, x) is defined with the help of solutions of boundary
value problems of the following type

(2.6) X =9(tx, ), x(t)=x,
. y = h(t, X, }’) ) y(tl) =i, tO < tl .

Under the above hypotheses there exists a unique solution of (2.6) which we denote
by (x, ) (t; 1o, Xo, ty, ¥1). As shown in [6, pp. 239, 240] there exists a sequence
(t,), t, > oo for p — oo, such that the expression
(27 st, x) = lim y(t; t, x, t,, 0)
=0

defines a function s satisfying all the statements of the theorem except for parts (d)
and (e). In Satz 6.1 [6, pp. 230—235] it is shown that the solution of (2.6) is con-
tinuously differentiable with respect to all its variables ¢, to, Xq, t;, ¥;. From the
proof of Satz 6.1 it follows that y, (to; to, X0, t1, ¥1) admits the uniform bound given
by & from part (c). Thus it remains to establish the existence of a uniform Lipschitz
constant for y,, not depending on to, t; and y,. Then the relation (2.7) implies
point (d).

We regard to, ty, y, as fixed for the moment and write (x, y) (¢, x,) instead of
(x, ¥) (t; to, X0, t1, ¥1). We consider the partial derivative of this solution with
respect to the i-th component x§ of x, and write

O0x dy
2.8 w(t, xo) = — (t, Xo), 2(t, xo) = — (¢, Xo) .
(8) (:30) = 75 (6 70)s o50) = 2% (670

Then (w, z) (1, x,) satisfies the variational equation of (2.6) which can be written as
a linear boundary value problem of the form

(29 w=Al)w+ A() z, w(to, Xo) = €;,
z =By()w+ B(t)z, z(t;,x) =0.
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(cf. [6, p. 230]). We can now apply the results of [6, pp. 220—224] in particular
Hilfssatz 4.2 and 4.3, and obtain an estimate of the form

(2.10) (w, 2) (1, x0) = Ofe** ")

for t, < t = t,. The symbol O from now on refers to estimates where the constants

depend on &, B, 1, Y25 €, ¥, ¥4 and K but not on t,, t,, y;. Thus, from (2.8) and (2.10)
we conclude

(2.11) |G, ) (& x6) = (x, 9) (1, x5)| = O(e**™*|xo — x])
for ty < t < t;. To complete the proof of part (d) we need to show
(2.12) ’ |2(to, %) — 2(to, x5)| = O(|xo — x5]) -
Because of (2.9) the differences

(2.13) A (1, xo, Xg) 1= W, Xo) — W(t, Xp) ,

A(t, xo, x0) 1= 2z{t, Xo) — z(t, x;)
satisfy
A, = A() A, + A1) A, + a(t), A(to, X0, Xp) = 0,

A, = By(t) A, + B{t) A, + b(t), Aty %0, xp) =0

where A(t), A(t), By(t), B(t) are given by g,, g,, h,, h, at (¢, (x, ¥) (t, X)) respectively
and where a(t) is equal to

[9:/8, (%, ¥) (1, x0)) = 9.1, (x, ¥) (1, xo))] w(t, x5) +
+ [9,(t (x, ¥) (8, x0)) — g,{t, (x, ¥) (1, xo))] {1, x5) .

A similar formula holds for b(t). Because of (2.10), (2.11) and the assumed Lipschitz
condition for g, g,, h., h, we have an estimate of the form O{e’?'~"|x, — x{|)
for a(f) and b’t) on [t,, t,]. By (2.4) and Hilfssatz 4.2 [6, p. 222] we have A,(t, x,,
x6) = 0(e*?"~™|x, — xg|) on [to, t,] and thus (2.12). By taking (2.13) and (2.8)
into account we finally arrive at
(%yg(to, Xo) — %‘% (to> X0) = O(|xo — x0)

where the symbol O is independent of t,, t; and y,. Part (d) now follows from (2.7).

Finally we turn to the proof of part (¢). Because of g(z, 0, 0) = 0 and ¢(¢,0,0) = 0
one has the trivial solution (x, y) = (0, 0) for (2.1). By part (a) s(t, 0) needs to be 0.
In order to show s5,(,0) = 0 we consider y,(t; 1,0, t;, 0). The z-equation in (2.9)
now reduces to z = Bz, z(t;,0) = 0, for all z = (dy[ox¢) (1;1,0,1,,0), i = 1,..., k.
Thus y,(t;, ¢, 0, t;,0) = 0 holds uniformly in t,, and relation (2.7) implies part (e).
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Next we consider systems of the form
(2.19) % = Ax + p{t, x,y,2), xe R,
% =By +q(t,x,y,2), xeR™,
:=2Z(t,z) + rt,x, y,2), zeR",
that are defined for all (¢, z) and for all (x, y) in a neighborhood of (0, 0) in R* x R™.
We assume that the right-hand side belongs to C'“® and that sup |Z(t, z)| < co.

Furthermore we pose the following hypotheses on (2.14):
There exists positive constants g, y’, «" and ¢ with the following properties:

(2.15)  Z(A) < —¢, B’ := min 2(B) > —p,

If 2{t) is any solution of z = Z(t, z) the transition matrix ¥(t, ) of
7 = Z(t, z) z satisfies
(e, o) < ye“ ™ for t 2 =

Let w be any of the functions p, q or r.

(2.16) w tends to O uniformly in (¢, 2) as (x, y) - (0, 0).

(2.17)  |wilt, x, p,2) = w(1,0,0,2)], [wt, %, p,2) — w(£,0,0,2z)| and
[w-(t, x, y, z)|| tend to O uniformly in (¢, z) as (x, y) - (0, 0).
Moreover |p.|, [|p,], 4., 45| are less & for all (%, 0,0, z).

(2.18)  There exists a ¢’ with &/ < vo’ < ' + ¢ for v=1,2.

Theorem 2.3. There exist positive constants &y, 6, and & with d, < & such that
for ¢ < g,

{(6,x,9,2) 1y =slt,x. 2), |x| <&}
defines a local C*"“"*-integral manifold for (2.14) having the following properties:

(a) s{t,0,z) = 0 for all (1,0, z).

(b) If |xo| < 8o and yo = sito, Xo, Zo)then the solution (x,y,z)(t) of (1.14)
with initial value (Xo, yo, 2o) at t = t, exists for all t 2 t, and satisfies |x(t)| < 6,
[¥(0)] < 6, ¥() = sit, x(1), z(1)), t = to. Moreover, |x(t)| and |y(t)| tend exponentially
to 0 as t - co. More precisely, there exist positive constants I'y and I' that are
independent of the chosen initial value with |(x, y) (f)| £ Io|x,| e~ t = 0.

(¢) If the right-hand side of (2.14) is periodic in-t (in z), then s is periodic in t

(in z).
Remark 2.4. Theorem 2.3 generalizes two concepts which meanwhile may be

considered classical. On the one hand invariant manifolds with description y =
= s(t, x, z) are sought for differential systems of the form (2.14) where the respective
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spectra of A or B lie left or right to a vertical line in the left plane of C. Coddington
and Levinson [2, Ch. 13, Th. 4.4] and Hartman [4, X, Th. 8.3] consider the case
where the z-component in (2.14) is absent. Moreover in [2] B is not allowed to have
eigenvalues on the imaginary axis. The z-component as a parameter, i.e. the case
when Z(t, z) + r{t, x, y, z) = 0 in our notation, is treated in Knobloch and Kappel
[6, Satz 9.2]. On the other hand systems of the form (2.14) with a general z-equation
are considered by Hale [3], but there the matrices 4 and B are in a hyperbolic
configuration, i.e. the vertical line separating the spectra of A and B may be chosen
to be the imaginary axis. Obviously, both directions mentioned above are taken into
account and generalized in Theorem 2.3.

If z represents an angular variable the global assumptions with respect to z are
quite natural. Otherwise they can be satisfied after a modification of a system (2.14)
that is originally only given in a neighborhood of (x, y, z) = (0, 0, 0) (cf. [6, p. 248]).
But then property (b) does in general not apply to solutions of the originally given
local system.

Proof. Since we intend to use Theorem 2.1 we consider a system related to (2.14).
To this end we shift the spectra of A and B to the right. That is done in the following
way: We denote by &(f) = pe™°*~? a nontrivial solution of & = —g¢. Then the
following is true near t:

If (x, y, ) (t) is a solution of (2.14) then (%, J, Z) (¢) := (x[¢&, ¥/, z) (¢) is a solu-
tion of

(2.19) x=(A+eo)x+ L pt, &(t) x, &(1) v, 2),

&)

G =(B+ o)y +— q(t, i) x, £(1) v, 2),

&)
z = Z(t, z) + r(t, (1) x, &(1) ¥, 2)

provided |%(z)| and |§()| are sufficiently small. Conversely, if (x, y, z) (f) is a solution
of (2.19) with |%(1)|, |[§(¢)| sufficiently small, then (x,y, z)(t) := (&%, &7, £) (1) is
a solution of (2.14).

We define for £ in a neighborhood of 0 € R

ot & x,y,2) = %p(t, ¢x,&y,z) for ¢+0,

(1,0, x,p,z) = pt,0,0,2) x + p,t,0,0,2) y
F(ts é, X, ) Z) = r(ts fx, f}’, Z)
and note the validity of

1
#(t, &%, 9, 2) =4J‘ p.(t, séx, sEy,z) x ds .
o
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Analogous formulae hold for 4. Thus, j and § belong to C''® with respect to
X, ¥, z, but not necessarily with respect to £. We now modify the functions j, g, F
by using a C* cut-off function for the variables &, x, y (cf. Hilfssatz 2.3 of [6, pp.
214/215]) such that the globally defined continuations p*, g*, r* coincide with , g, ¥
respectively for |¢| < 4y, |x| < 4y, |y| < 4, and such that the following is true
for any continuous function £: R — R: The modified system

(2.20) %= (A + o) x + pXt, &(1), x, v, 2),

y=(B+el)y+ q*t 1), x ,2),

z = 2(t,2) + r¥t, (1), x, y, z)
satisfies the global assumptions stated below system (2.1) with (x, z) - x. Note that
the Lipschitz constants of p*, g* and r* as well as all the other constants there can
be chosen independently from £(f) since the cut-off function is applied to &(f) too.
As it is easily seen the conditions (2.2)—(2.4) can be satisfied independently from the
chosen &(f) provided ¢ is less than a certain &, and ¢, is sufficiently small. For the
verification of (2.3) for the transition matrix of the (x, z)-variational equation we
refer to [6, pp. 219/220]. Thus for such values of ¢ and 6; Theorem 2.1 can be applied

to (2.20) yielding a function y = s*(t, (1), x, z) with all the properties stated there.
In particular part (a) implies

(2:21) s*(t, &(1),0,2) = 0 forall (¢, 2).

We are going to show now that s* is in some restricted sense independent of the
choice of &(r) (see (2.24) below). Let g > 1 be the Lipschitz constant of s* with
respect to (x, z). We choose a d, € (0, ,) and a &, € (0, 5,/2g) with the following
property:

(2.22)  With &(f) = pe™®*~9 = 0 any solution (%, §, £) (f) of (2.20) with || < E
[%(7)| < 8o and §(z) = s*(x, u, %(1), £(r)) fulfills |E(F)| < 8,/29, |%(*)| <
< 8,29, |#(1)] < 6,/2 for t = .
Next, we take any e R with 0 < || < 2, |u/n| < 8,/2g, 0 < p < §,. Then
(2.23) (& % 9, 2) (1) := (&[n, n%, 13, 2) (1)
satisfies
|&(0)| < 20 |2()] < e [9()] <6, for t>1.

Thus (%, §, 2) (¢) is a solution of (2.20) for &(t) = (u/n) e™°*~¥. Since its $-com-
ponent is bounded for t - co we have

9(8) = s¥(t, (1), £(2), 2(8)) = ns*(t, &(1), (1), 2(1)) = n 5(s)
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for t = 7. We define x(f) := &(f) £(r) and f := p[n and thus can rewrite the last
equation in a more symmetric form

(224) &) s*( (t) () , z(t)) = (1) s* (t (o), 28 , z(t)) for t2

under the conditions
)
O<pu<idy, 0< |p/ﬂ| <2, |a| < ?—;-, |x(x)/u| < & -

We fix such a u and define

(2.252) . s(t, x, z) = ps*(z, u, X[, 2) .
Because of (2.24) we have
(2.25b) s(z, x, z) = &(1) s*(z, (1), x[&(1), 2)

for 0 < |ufé(t)] <2, 0< || < 2—;, |x/n] < 6.

Thus, part (a) (cf. (2.21)) and part (c) of Theorem 2.3 follow. The smoothness of s
is the same as the one of s*.

Next, we are going to show how a local integral manifold for (2.14) can be defined
with the help of this function s. With the fixed u in (2.25a)and with () = pe™¢¢~?
we have the following because of (2.25b):

If (x, y, z) (f) is a solution of (2.14) with |x(t)| < Sou and y(z) = s(r, x(7), 2(7))
then there exists an interval I, T € I°, with

(2.26) s(t, x(1), z(1)) = &(1) s*(t, &(t), x(£)[&(1), 2(¢)) on I.
On the other hand (%, 7, 2) () := (x[¢, y[&, z) (¢) is a solution of (2.20) on some
interval I*, te(I*)°, satisfying X(1) = x(7)/u, |%(r)| < 8, Z(7) = 2(7), F(z) =

= s}’:(r, u, %(7), £(7)). Thus (2.22) implies j(t) = s*(t, &(t), X(t), Z()) on I*. By (2.26)

(2.27) (1) = s(t, x(1), 2(t)) on InI*

so that y = s(t, x, z) defines a local integral manifold for (2.14).
It remains to establish part (b) of Theorem 2.3. For this purpose we consider
the reduced equation

(2.28) % = Ax + p(t, x, s(t, x, 2), z)
z = Z(t,z) + rt, x, s(t, x, 2), 2)

for |x| < dou. Because of (2.15)—(2.17) and s(t,0,2z) = O there exists a uniform
85 > 0 such that |x(to)| < &, implies |x(t)] < Sou for t = t, and the exponential
decay of |x(f)| towards 0 as t — oo. The constants in the exponential estimate will
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not depend on t,. Thus the x-restrictions in (2.25b) are satisfied. With &(f) = &o(f) =
= pe~°""% (2.27) holds for t € [t5, t,] where tg is an appropriate time less t, and
ty = to + (1/20) In 2. By using &(f) = pe™°"~" one can extend (2.27) to [, ¢,]
with ¢, = t; + (1/2¢) In 2. Continuing in this manner one shows that (2.27) holds
for all t > t3. By taking the Lipschitz condition of s and s(t, 0, z) = 0 into account
all the statements of part (b) follow. -

Remark 2.5. A careful analysis of the above proof shows that the constants
&0, 0, 09, I'y and I' just depend on the constants in the estimates for the transition
matrices ®,, ®,, ¥ in (2.3) and (2.15).

3. A NEW TYPE OF INVARIANT MANIFOLD

Since we are only interested in the behavior on the center stable manifold of our
underlying system we restrict ourselves to C!'LP-systems of the form

(3.1) % = Ax + P(x,z), xeR*,
. z=Cz + Q(x,z), zeR",
defined for (x, z) in a neighborhood " of (0, 0). We assume
(32) XA < -e<0, 2C)=0,
Pand Q are of order O(|x|* + |z]*), (x,2)—(0,0).
By Theorem 2.1 (see Remark 2.2) there exists a C*"? center manifold
(3.3) CM = {(x,2) : x = c(z) = O(|z]*), |z| < 0}
for (3.1) in A". The reduced system on CM is then
(3.4) z=Cz+ Q(cz),z) = Cz + 0(|z*), z-0.

Now we suppose that for a 6, € (0, 5,)
(35 M= {z = (Z) tu=350) =2+ So+ O(Jo]?), veR |v] < 51}

defines a locally invariant C!"***-manifold for (3.4) inside {z: |z| < &,}. We denote
points of M by {(v) = (5(v), v) and define

(3.6) () = (e(t'0)), {(v))

so that y(M) is the lift of M to CM. If we write
C, C
C = 11 lZ)
<C21 Caz
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and Q = (U, V)" in accordance to z = (u, v) the flow on M is generated by
(3-7) {) = Z(v) = CZ[ E(U) + szv + V(X(U)) .

We would like to point out that M only passes through z = 0 if 1 is zero. Thus Z(O)
does not vanish unless 4 is equal to 0.

Theorem 3.1. Under the above assumptions there exist a Ay > 0 and a 6, € (0, 51)
such that system (3.1) has a locally invariant C**“**-manifold

(3-8) M = {(x,u,v) :u = fix,v), |x| < 8, |v] < d,}
inside A" provided |A| < lo. Moreover the inclusion M n CM < y(M) holds.

u
x (M)
M
stable manifold
/ / X
center
manifold

Fig. 1

Remark 3.2. (1) Loosely speaking Theorem 3.1 tells that localinvariant manifolds
of dimension d within the n-dimensonal center manifold of (3.1) can be continued
to local invariant manifolds of dimension (k + d), where k is the dimension of
the stable manifold of (3.1). See Figure 1. Below we present sufficient conditions
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for these (k + d)-dimensional manifolds to posses an additional invariance prop-
erty like part (b) of Theorem 2.3.

(2) A similar result can be proved in the case that M is an invariant closed curve.
If a moving orthonormal coordinate system (y,0) e R"~! x R is introduced for z
(see [3, Ch. VI]) the resulting system will be of the form (2.14). Under appropriate
conditions on the closed curve M which hold if M is generated by a periodic solution
Theorem 2.3 is applicable. In this case one arrives at an invariant cylinder of the form
{(x,»,0): y = f(x, 0), |x| < ,} over M. Here, we also like to refer to the work of
S. Graff on the continuation of invariant tori (cf. [9]).

Proof. The substitutions
(3.9) x> X+c¢z), u=y+50v)
transform (3.1) into a system of the form
(3.10) % = Ax + p(x, y, v)
=By +4q(x, )
' b = Z(v) + r(x, y, v)
with :
(3.11) B=Cy —SCyy, Z(B)=0
Z(v) = Dv + Z,(v) with D = C;S + C;,, Z(D) =0.
The functions p, q and r have the following properties:
p{0,y,0v) =0, ¢(0,0,0) =0, r(0,0,0)=0
p<(0,0,0) = P(x(v)) — c.({(v)) Qulx(v)) ,
p0,0,0) = U(x(v) — 5.v) Vu(x(v) ,
4,0, 0, v) = Ux(x(v)) eu(l(v)) + Ua(v)) —
= 3(0) [Vdx(v)) culx(v)) + Vilx(v))] -
We now use a C* cut-off function for v so that (3.10) and the modified equation
(3.12) % = Ax + p(x, y, v)
y = By + 4(x, y, v)
b = Z(v) + #(x, y, v)

coincide for |v| < 4 (see [6, p. 248]). Because of the spectral properties in (3.2) and
(3.11) and the representation of CM and M in (3.3) and (3.5) all the hypotheses of
Theorem 2.3 can be satisfied provided |).| and 4 are sufficiently small. Thus we arrive
at an invariant C*"'?-manifold

(3.13) {(x, y,0) : y = s(x,v), |x| < 83}
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for (3.12) where 6, > 0 is appropriately chosen. Because of the modification in v
the manifold (3.13) just defines a locally invariant manifold for (3.10), i.e.

(3.14)  thereexista 4 > 0 and a 4, € (0, 4) such that the manifold {(x, y,v) : y =
= s(x,v), |x| <4, |v] < 4} has the following property: If |x,| < 4,
[vo] < 4o, ¥o = s(xo, vo) then there exists an interval I, t, € I°, such that
the solution (x, y, v) (¢) of (3.10) with initial value (xo, yo, vo) at t = t,
satisfies

()] < 4, |v#)| <4, p(t)=s(x(2),0(t)) on I.
Reversing the transformations (3.9) yields an implicit representation of (3.13) in the

form
F(x,y,v) :=u — 5(v) — s(x — c{u,v),v) =0

satisfying F(x(v)) = 0 (cf. (3.6)). Since F,(x(0)) =1I + s,(0,0)¢,(,0) is nonzero
(provided |/1| is sufficiently small) an application of the implicit function theorem
leads to the locally invariant manifold M in (3.8) for system (3.1) with M n CM <
< x(M). -

Remark 3.3. Once again we note that the constants 4y, 4, and 4 just depend on
the estimates for the transition matrices (cf. Remark 2.5).

In order to obtain the additional invariance property of M mentioned in Remark
3.2(1) one has to ensure that in (3.14) the x- and v-component of a solution of (3.1)
satisfy |x(f)| < 4, |v(f)] < 4 forall t Z 0. For this purpose we will impose conditions
on the flow on M generated by (3.7). We will use the notations of (3.1)—(3.8).

Corollary 3.4. We assunie that the flow on M generated by (3.7) satisfies the fol-
lowing condition: There exists a solution v*(t) of (3.7) with |v*(t)| < 4, for all
t = 0. Then there exist positive constants A%, A* with the following property:
If 4, < AT and if 2 in (3.5) is in norm less A* then there exist positive constants 0,
and &, and a CVY® function f*(t, w)on t 2 0, |w| < 05 such that the manifold M
has the additional invariance property:

If (xo, g, Vo) € M and vy = v¥(0) + f*(0, xo — c(uq, vo)), |Xo — ¢(tto, vo))| < da,
then the solution (x, u, v) () of (3.1) with initial value (xo, ug, vo) at t = 0 exists
for allt 2 0 and satisfies for all t = 0 u(t) = f(x(t), v(1)), vt) = v*(t) + f*(t, x(t) —
= eu(t), o{0). |(x, 1) () = 2(0*(0)] S Tolo — cluor vo) &1

The positive constants I'y, I' do not depend on the chosen initial value.

Corollary 3.5. We assume that the flow on M generated by (3.7) satisfies the fol-
lowing condition: There exist positive constants A, and A, such that any solution
v(t, vo) of (3.7) with initial value v(0, v5) = vy, |vo| < 4o, satisfies |v(t, v,)| < 4,
for all t = 0. Then there exist positive constants A5, A*with the following property:
If Ay < A* and if A in (3.5) is in norm less A* then there exists a 55 > 0 such that
the manifold M in (3.8) has the additional invariance property:
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If (xo, tto, Vo) € M, |xo| < 85, |vo| < 83, then the solution (x,u,v) (1) of (3.1)
with initial value (xo, uy, vo) at t = 0 exists for all t 2 0 and satisfies for all t 2 0
(x,u,v) (1) e M.

Moreover, on M there exists an asymptotic phase, i.e. for each solution (x, u, v) (t)
of (3.1) as above there exists a solution y(v*(1)) on (M) such that

|(x, u, v) (1) = 2(v*(1))| S To|x0 — c(uo, vo)| ™™, 120.

The positive constants I'y, I' do not depend on the chosen initial value.

Remark 3.6. If M passes through 0 then (3.7) has the trivial solution v = 0. Thus
the assumption of Corollary 3.5 is certainly fulfilled if v = 0 is a stable solution of
(3.7). In this case M is a “weakly” stable manifold which is not necessarily maximal
and in which the decay is not necessarily exponential.

To prove the invariance properties stated in the previous corollaries we just have
to investigate the reduced equation on the locally invariant manifold M, which reads
in terms of (3.12), (3.13) and (3.14):

.(3.15) % = Ax + P(x, s(x, v), v),
v = Z(v) + r(x, s(x, v), v)

on |x| < 4, |v] < 4. We need to show the existence of a 4y > 0 such that the
interval I in (3.14) becomes [0, 00) if we restrict the initial values to |xo| < 45,
|vo| < 46 and y, = s(xo, o). We now investigate a general class of system containing
(3.15) as a special case. The corollaries will then follow from the subsequent lemmata.
So, we now move on to two results about the existence of an asymptotic phase for
systems like (3.15).

We consider systems of the form

(3.16) - % = Ax + P(x,v), xeR*,
o =Bv + Q(x,v), veR?,

belonging to C'L? which are defined on a neighborhood 4 = {(x,v) :|x| < a,
|v| < a} of (0, 0) and which satisfy

(3.17) XA < -e<0, XB)=0
P{0,v) =0, |P(0,0)| <e,
00, 0)] <1, 1240,0)] <z, |0,0,0)] <

for appropriate positive ¢ and p. We consider the reduced system of (3.16) on the
center manifold {(x, v) : x = 0} in A

(3.18) v = Bv + Q(0,v)
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and denote the solution #(t) of (3.18) with initial value 7(0) = z by (¢, z). Then we
ask for the existence of positive constants 4, and 4, in (0, a) with the following

property:

(3.19) “Any solution #(t, z) of (3.18) with |z| < 4, satisfies
In(t, 2)] < 4, forall ¢ 0.

We also investigate (3.16), (3.18) under the weaker condition

(3.20) “There exists a solution n*(f) = n(t, z*) of (3.18) satisfying
()] < 4, forall ¢z 0.

where (3.19) is only required to hold for a particular initial value z*.
In both cases the substitution y = v — #(t, z), t 2 0, |z| < 4,, leads to the system

(3.21) % = Ax + p{t,x,»,2), xeRk,
y=By +4q(t,x,y,2), yeR,
z=0

defined for ¢ 2 0, (x, y) in a neighborhood of (0, 0) and z with |z| < 4,. The right-
hand side is again in C!'L? with respect to x and y but not necessarily with respect
to z. The functions p and g have the following properties:

(3.22) p(t, x, y,z) := P(x, y + 5(t, 2)),

q(t, x, y,z) := Q(x, y + n(t, 2)) — Q(t, n(t, 2)) ,

p(,0,y,2) =0, pJ1,0,0,2) = PO, n(t, 2)),

q(t;x,0,z) =0, g)(t,0,0,2) = 00, n(t, 2)).
Thus, in general, Theorem 2.3 applies to (3.21) only if we consider (3.16) under the
condition (3.20) where z = z* is fixed. In this case there exist positive constants &,

and A7 such that for ¢ < ¢, in (3.17) and 4, < 47 in (3.20) Theorem 2.3 implies the
existence of a local C!'U? integral manifold

M*(z*) = {(t,x, p) : y = y*(t, x, 2%), t 2 0, |x| < &'}
for (3.21) where &' > 0 is appropriately chosen. Now, part (b) of Theorem 2.3
implies that solutions of (3.21) with sufficiently small initial data on M*(z*) tend
exponentially to the trivial solution of (3.21). More precisely, we have arrived at the
following result.

Lemma 3.7. Under the notations and assumptions of (3.16)—(3.18) and (3.20)
there exist positive constants ¢, and A, such that the following is true: If ¢ < g,
in (3.17) and if 4, < A7 in (3.20) then there exist positive constants 8y, 6 and a local
CVLiP integral manifold

M*(z*) = {(t, x, v) : v = n(t, 2*) + y*(t,x, z*), t 2 0, |x| < &}
for (3.16) with the following property:
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If (xq,v0) satisfies |xo| < &y and vy = z* + y*(0, xo, z*) then the solution
(x, v) (1) of (3-16) with initial value (xo, vo) at t = 0 satisfies (t, x(t), v(f)) € M*(z*)
and

|(x(2), () = n(t, 2*)| < Fofxo| ™™
forall t = 0.

The positive constants I'y, I do not depend on the chosen initial value. In parti-
cular one has (x, v) (t) € A for all t = O provided J, is sufficiently small.

In the next lemma we present the existence of an asymptotic phase for system
(3.16) under the condition (3.19).

Lemma 3.8. Under the notations and assumptions of (3.16)—(3.19) there exist
positive constants &, t; and A} such that the following is true:

Ife < e and p < pyin(3.17) and if 4, < 47 in (3.19) then there exists a 55 > 0
with the following property:

If |xo| < 83, |vo| < 88 then there exists a zo = zq(x,, vo) such that the solution
(x, v) (1) of (3.16) through (x,, vy) at t = 0 and the solution y(t, z,) of (3.18) satisfy

|(<(2), o(t) = n(t, zo))| S Folxo| ™™, 120.

The positive constants I'y, I’ do not depend on the chosen initial value. In particular
one has (x, v) ({) e & for all t = 0 provided 53 is sufficiently small.

Proof. The proof is rather involved because the system (3.21) above need not
be in C''L? with respect to z.

First step: To overcome the problem that, in general, n(t, z) and thus the right-
hand side of (3.21) do not possess a Lipschitz constant with respect to z which holds
uniformly in ¢ = 0 we need some modifications of the right-hand side of (3.16). -
We first replace the matrix B by

(3.23) B(t,l)=B—§zp(t—,1)I, teR, 120,

where ¥ is an increasing scalar C*-function with
Y()=0 for t<0, yY()=1 for t=1.

We note B(t, 1) = B(t + ', A + A’) for all t 2 0 and all 4, 1’ 2 0. The transition
matrices &(¢, t) of % = Ax and ¥(t, 1, 4) of = B(t, A) v then satisfy uniform esti-
mates of the form

(3.24a) [8(t o) < Fie™@¢ ™, t27,
[B(t, 7, A)| < Foe™@ "2, t<1.

Next we choose numbers g, 7,0, With @2 < g, <r <g, <¢ and ge(0,1)
such that for any ‘continuous matrices 4,(f), By(t) with [|4,(t)] <&, |Bs(¢)] S ¢
the transition matrices @(t, 7), ¥(¢, 7, 4) of
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X =(A+ A1) x, o=[B(t,Z) + B,()] v resp.
satisfy the uniform estimates
(3.24b) @t 7)| < yie™", 1>,
¥t 7 D) < ye7¢ 0, r<e.
We now turn to the modification of the functions P and Q. We replace them in the
usual way by P, O (cf. [6, pp. 214/5)] so that P = B, Q = { for x| < ay, o] < 2a4

and so that the suprema of |P,|, |P,|, ||, |G,| are less &, < /2 for all (x, v) with
|x| < ag, |v| < 2a,. ¢, is to be so small that the system (2.20) associated to

(3.25) _ % = Ax + P(x,v)
b = B(t, ) v + O(x,v) — O(x, 0)

satisfies the global assumptions there without further modifications in (x, v). Thereby ¢
in (2.20) is to be replaced by r now .Note that (3.24) may replace the eigenvalue
condition in (2.15). All this can be achieved if ¢ in (3.17) is less then a certain & > 0.
By the Theorems 2.3 and 2.1 the function v = &(t, x, 1) representing the integral
manifold for (3.25) satisfies estimates of the form

sup|6]| = K'sup|0|, K >1,
sup |6 = Ksup |0,], K>1,

where K holds uniformly in 4 = 0. By choosing appropriate ¢* € (0, £] and a, €
€(0, a;] we can achieve the following:

P=FP, =0 for |x|<a,, |v]<2a,,
||, |Po), |,ls |,] are less &,/4K for all (x, v).

So much for the modifications.
Now let #(t, z, 1) denote the solution of

(3.26) o =B(t,A)v+ Q0,v), v0)==z.
The above modifications imply that the solution matrix W(t, z, 1) of
W = [B(t, 2) + 3,0, n(t, z, )] W, w(0) = I,

is bounded by some A-dependent bound which holds uniformly in ¢t = 0, |z| < 4,.
To conclude that the Lipschitz condition

Ir'(t’ Z1s /1) - ﬂ(t, 22, l)l é L(l) Izl - ZZI

holds uniformly in ¢ 2 0 and |z| < 4y < 4, we only need to show that any solution
of (3.26) with |z| < 4§ satisfies |r(t, z, )| < a, forallt > 0, A = 0. But the existence
of such a 45 > Ois guaranteed if p in (3.17) is less than a certain p’ > 0. This follows
from condition (3.19) and the properties derived for B(t, 1).
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Second step: We put
(3.27) y=v-n(tz,1), t=0, lz] 46, 220,
and construct an integral manifold for the system corresponding to (3.21), i.e. for
(3.28) % = Ax + P(x,y + n(t, z, 2))
y=B(t2A)y+q(t,xp,z4)

for t = 0 where g is given by

a(t, x, y. 2, 4) = O(x, y + n(t, 2, 1)) — O(x, n(t, z, 7)) .

An application of the proof of Theorem 2.3 yields the following result for |z| < 4g,
A=20:
There exists a function y = (1, x, z, 2) belonging to C*""? with respect to x such
that
M(z,2) ={(t,x,y):y = o(t, x, 2, A), t = 0}

defines an integral manifold for (3.28). Moreover o has the following properties:

6(t,0,2,4) =0, sup|o,| <¢f2.

If we restrict the (x, y)-region to |x| < a, |y| < a, we obtain a local integral
manifold for |x| less than a suitable 6 € (0, a,] with the property:

There exists a d, > 0 such that |x0| < &, and y, = 0(0, x,, z, 1) imply that the
solution (x, y) (f) of (3.28) through (x,, yo) at ¢t = 0 stays on M(z, 1) for all t = 0
and satisfies |(x, y) (1)| £ Io|xo| e™"* for all ¢ 2 0.

We note that the above relations hold uniformly in (z, ) with |z| <45, A20.

Third step: For each fixed A = 0 we now determine the asymptotic phase of the
solutions (x, v) (¢, 1) of

(3.29) % = Ax + P(x,v)

v = B(t,A) v + Q(x,v)
with sufficiently small initial data. To this end we want to associate to each (x,, vo)
an initial value z, = z*(xo, vo, 4) for (3.26) such that the solution (x, v)(t, 1) of

(3.29) with initial value (xo,vo) tends exponentially to (0, n(t, zo, 4)) as t — co.
For this purpose we need to solve

(3.30) vy — z = 0(0, X, 2, A)

for z as a function of (X, vg, 4). In order to apply Rouché’s theorem from degree
theory we first need to prove that ¢ is continuous in z. This now follows from Remark
2.2(3) since the expression ¢ + &y, there can be estimated here by &,[2K + &[2.
. &[2K < &, < €n[2.- Thus we have

' |o(t, x, z4, ) — o(t, x, 22, A)| £ C(A) |2, — 2,
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where we have incorporated the constants K’, K and the Lipschitz constants for
P, § and n into C(4). Thus Rouché’s theorem is applicable to (3.30) if we restrict v
to jo| < 46/3 and x to |x| < &, where 8, > 0 is chosen in such a way that

|0, x, z, M| £ 453 forall |x| <4, Izl <4y, 2=0.

That &, can be chosen independently of A follows from the properties of o. There-
fore to each (xo, vo) With |xo| < &, and |vs| < 45/3 we can find a solution z, =
= z*(xo, vo, 4) of (3.30) in |z| < 4;. Because of our results in step 2 the solution
(x,v) (¢, ) of (3.29) with such an initial value approaches the solution (0, 7(t, zo(4))
as t — oo:

(3.31) |(x(2, 2), v(t, A) = n(t, zo, )| £ Folxo|e™™, t20.

Final step: We choose a sequence (4,), 4, = oo as n — o, and assume without
loss of generality that a corresponding sequence (zo,) = (z*(xo, vo, 4,)) converges
to zg, |z5| £ 46, for n > 0. We fix an interval [0, T]. Then for n greater than
a certain n,, (x, v) (t, 4,) and n(t, z,, 4,) are not only solutions of (3.28) and (3.26),
but also of the original equations (3.16) and (3.18) respectively on the interval [0, T].
Moreover they satisfy the estimate (3.21) where I', and I neither depend on n nor
on T. For n — oo these solution converge on [0, T] to solutions (x, v) (¢) and n(t, z5)
of (3.16) and (3.18) respectively with initial values (x, v) (0) = (xo, vo) and (0, z5) =
= zj. Therefore we have arrived at

|(x(2), () = n(t, z3))| < Fo|xo| €™ forall ¢=0

which implies for |xo| < min (8,, (a — a,)/I;) that (x v) (¢) belongs for all ¢t > 0
to the neighborhood A", -

4. AN APPLICATION

We keep the notations of Section 3 and consider a system (3.1) satisfying the
hypotheses of Theorem 3.1. Moreover we assume that the manifold M in (3.4) is
a singular C*"“"’-curve consisting of stationary points. Then the reduced equation
on the manifold M of (3.8) will be of the form

(4.1) %= Ax + X(x,0),
b= V(x,v).

The functions X and V will be defined in a neighborhood
= {(x,v) e R* x R':|x| < ¢, |v| < &} and will vanish for (x, v) = (0, v). For sim-
plicity we assume that X and V are of order O(|x|* + |v]?) for (x, v) > (0, 0).

Proposition 4.1. Under the above assumptions let L= {(x,v):x =0, |[v] < &}
correspond to a piece of the singular curve M and let g, > 0 be sufficiently small.
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Then L is an attractor for (4.1) and the region of attraction is open in G.In particu-
lar, each solution (x, v) (1) of (4.1) having an w- limit point (0, d) on L tends to (0, d)
for t - 0.

Proof. We fix any »* with |u*[ < g, and perform the transformation w =
=v — v* — z, |v* + z| < &,. This leads to a system of the form

(4.2) X = Ax + p(x, w, z)
W= q'x,w, z)
z =0

where p and g vanish for (0, w, z) and where p,(0, 0, 0), ¢,(0, 0, 0) are given by
X,(0,v*) and V,(0, v*) respectively. Thus for sufficiently sma]l ¢; Theorem 3.1
yields a local C''*'? invariant manifold

(4.3) x,wyz)tw = W(x,z), |x| <4, |z| < 4}
for an appropriate 4 > 0. In tﬁe (x, v)-coordinates of (4.1) the manifold (4.3) reads as
M* = {(x,v) 10 = o(x,2) 1= v* + z + W(x,2), |x| <4, |z] < 4}.
We now show that M* furnishes a foliation of a neighborhood U(L) of the form
U(L) = {(x,v) : |x| <n(v), |o] <&}, n(x)>0

into stable manifolds. To this end we consider a pair (xo, v,) With sufficiently small
|Xo|> [vo — v*| and prove the existence of a z, depending on (xo, vy) such that the
solution (x, v) (¢) of (4.1) with initial value (x, v) (0) = (x,, v,) belongs to the sheet

M2 = {(x,v) : v = a(x, zo), |x| < 4}

for + 2 0. In order to see this it suffices to note that F*(x,v,z):=v — a(x, z)
belongs to C''M? and satisfies F*(0, v*, 0) = 0, F}(0, v,0) = —1. Then the implicit
function theorem implies the existence of a & > 0 such that for |x| < &, [v — v¥| < 4,
|z| < & there exists a unique solution z = z*(x, v) of F*(x,v, z) = 0. Thus zo =
= z*(x,, v,) determines the sheet M, in which the solution (x, v) (£) through (x,, v,)
stays for all ¢ > 0 with lim (x, v) () = (0, v* + z,). Since v* has been an arbitrary

t— o
choice we have shown the existence of a positive function #(v), |v| < &, such that
U(L) is filled with sheets M} of M*.

Now let (x, v) (f) be a solution of (4.1) with an e-limit point in L. Thus there
exists a finite time T = T{x(0), »0)) such that (x,v)(T) belongs to U(L). Any
neighborhood A" of (x, v) (f) belonging to U(L) then yields a full neighborhood A4,
of (xo, vo) belonging to the region of attraction of L. 4", can be obtained by mapping
A" by the flow of (4.1) backwards by time T. Thereby proposition 4.1 is proved.
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