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1. INTRODUCTION
1.1. Let R" be the n-dimensional Euclidean space of points x = (x,..., x,).

By a weight function (shortly a weight) we shall mean a measurable function which is
non-negative and finite a.e. in R".

1.2. If I < p < oo and w is a weight function, we denote by L7/R") the weighted
Lebesgue space of all measurable functions f with the norm

Hj“r’w = <f |f\x)|” W(X) d_\~>1/p < .
R®
Similarly, the norm in LZ(R") is defined by

)

[/ = esssup | 1ix)

where the essential supremum is taken with respect to the measure p,,:

(L.1) Uye = J w(x)dx, e < R" measurable .

The Lebesgue measure of e will be denoted by |e|. The number p’ is always defined
by 1/p + 1/p' = 1.

1.3. Let o = (04, ..., ,) be a fixed vector from R” with o; >0, i =1,...,n.
For x e R" and t > 0 we define the one-parametric parallelepiped

E(x,t) = {yeR" |y — x| 3", i=1,..,n}
and by E = E(x) we denote the set of all E(x, f) with xeR", t > 0.

1.4. LetfeL,oc(R")' The anisotropic maximal function Mf is defined by

(1.2 MiG) = sup JE(s, 01 (7] ay.

L(x,t)
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Il &y = ... = a, then E(x, 1) is a cube and Mf becomes the usual Hardy-Littlewood
maximal function. B. Muckenhoupt [8] gave the complete characterization of the
weighted spaces Lf, | < p < oo, for which such an operator M: I, - I is con-
tinuous. In 1978 B. Muckenhoupt stated the following problems [9]: When, for
a given integral operator T and a weight w, is there a weight v such that the operator
T: L?, — I is bounded? And, conversely, when for a given weight v can such a weight w
be found that T: I/, - L, is bounded?

In papers of P. Koosis [6], L. Carleson and P. Jones [1], J. L. Rubio de Francia
[10], W. S. Young [12], E. T. Sawyer [11] and A. E. Gatto and C. E. Gutiérrez [3]
these problems were solved for the Hardy-Littlewood maximal operator and for
singular integral operators.

In the present paper we give answers to these questions in the case of anisotropic
maximal functions (1.2).

2. THE CHARACTERIZATION OF THE WEIGHT v

2.1. In Theorem 2.4 we shall characterize weights v for which there exists such
a weight w that the inequality

(2.1) jRH[Mf(x)]” v(x)dx £ CJ‘RJf(x)i” w(x) dx

holds for all fe L’:V(R") with a constant ¢ independent of f. The method of proof
comes from [3].

First of all we shall prove an analogue of the lemma by C. Fefferman and E. M.
Stein [2] for the following modified maximal functions cf. [8]):

(22) 7209 = sup s O [ 1)@,
t<t(x) E(x,t)

(2.3) f«(x) = sup |E(z, t)|_1J‘ |7()| dy,
t<2t(x) E(z,1)

where the supremum is taken over all E(z, t) € x, and
(2.4) 1(x) = 3[1 + max (2|x;|) /], xeR".
Let us note that we can suppose

(2.5) =21, i=1,..,n,

since E(x, ) = E(x,t), where y =ming; and E(x,f) = {yeR"; lyi — x| £
i

< 1%}, and, consequently, E(a) = E(afy).
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2.2. Lemma. Let 1 < p < o and let f, g be measurable functions, g finite and
positive a.e. in R". Then the inequality

(26) | Drovae o s e popas)ax

holds with a constant ¢ > 0 independent of f and ¢.

Proof. We shall first prove that the operator f > f* is of the weak type (1. 1)
with respect to the measures u, and g, (see (1.1)).

Let s > 0 be given. We denote

H = {xeR" f*(x)>s}, and H} =H,n{xeR"; |x|<m}, meN.

By (2.2), for each x € H there exists t < 7(x) such that
(2.7) IE(X, t)l_lJ |f(y)| dy > s.
E(x,t)

Applying de Guzmdn’s covering lemma ([4]) we select sequences x’ € HY and t; > 0,
j € N, so that

(2.8) ;< t(x9),
(2.9) UE(x(j), t;)) > HY, ij(x) <9,, xeH",
J J

where ; stays for the characteristic function of the set E; = E(x'", t;) and 9, depends
only on the dimension n. By (1.1) and (2.8) we obtain

210w sy j o) dx 5 51 Y[ j o) < [ 150y

However, for y e E; we have (2|y; — x{’|)V* < t;, i = 1,...,n, and, according
to (2.5),
[xP7% < |y = XDV |pl] e, i=1, 0, n

Hence, by (2.4) and (2.8),
t; < 1(x¥) < 2¢(xV) — 1; £
< 1+ max (2]x{?])"/* — max (2|y; — x{|)"/* <
< 14 max 2y )" = ().
Consequently,

,Ei[—IJ‘ g(x)dx = g4y), yeE;,
E

j

and from (2.10) and (2.9) we obtain

(211)  pH) ST j (0] 94(3) dy < 9,571 f )] g4y dy -

R7
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Passing to the limit for m — oo and assuming that 3, depends only on n we can
write (2.11) with H, instead of H?" which is the weak type (1,1) inequality for the
operator f+ f* with respect to the measures y, and g, .

On the other hand, since g(x) > 0 for a.a. x € R* and 50 g,(x) > 0 as well, it can
be easily seen, that the operator f — f* is continuous from L? (R") into L7(R") and,
all the more, of the weak type (oo, c0) with respect to the measures Ky, and p,.

The assertion of the lemma now follows from the Marcinkiewicz interpolation
theorem (see e.g. [13]).

2.3. Remarks. (i) Let

(2.12) i £(x) = sup ;E]—IJ )| dy
E

where the supremum is taken over all E € E which contain the point x. It can be seen
(cf. [5], Lemma 2.3) that
(2.13) M f(x) £ M f(x) £ 2""M f(x), xeR",
where |«| = a; + ... + o, and y = min ;.

(ii) Let us define the “anisotropic n(;rm” o by
(2.14) ox) = (ﬁ’}x,.lzm)lflm . xcR.

One can easily verify that [1 + ¢"\x)]* e L'(R”) if and only if s < —1.

2.4. Theorem. Let v be a weight on R* and 1 < p < 0. The following conditions
are equivalent:

(i) There exists a weight w positive a.e. in R" and such that the inequality (2.1)
holds for all f € I,(R") with a constant independent of f.

(ii) Let ¢ be defined by (2.14). Then

NG
(2.15) M) gp <o

If the condition (ii) is satisfied, the weight w in (i) can be taken in the form
(2.16) w(x) = vu(x) + [1 + ¢"(x)]#, B>p—1.

Proof. Suppose first that the condition (i) is fulfilled. Let the function f > 0 and
the set E € E be such that

f fAx)w(x)dx < 0 and 0 < J‘f(x) dx < .
Rn

E

There exists t > 0 such that E < E(0, 1). Then for all y € E we have (2|y;])'/* < ¢
and for x € R" (by use of (2.5))
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2lys = xi)V7e < 25 ([pi 7+ [xi[V) < 1 4+ max (2]x)V
Thus, for all x e R", l
E < E(x, t + max (2x,)"""),

and so

(2.17) M f(x) = |E(x, t + max (2]x,~|)1/“')]‘1jf(y) dy .
i E

By simple estimates we get

(2.18)  |E(x, t + max (2]x;[)"/*)| = [t + max (2[x;})"/* 7" < ¢,[1 + 0"(x)]
with ¢, > 0 independent of x € R". Hence, from (2.17) and (2.18) we conclude

dx < CZJ. [M f(x)]P v(x) dx =

v{x)
wll+ (X))
< CCZJA fo(x) w(x)dx < o0,
Rﬂ
which is (2.15).
Conversely, suppose that the condition (ii) is fulfilled. Since p > 1, by Remark

2.3 (ii),.f [1 + ¢"(x)]7#dx < oo. Hence, the function v + 1 satisfies the condition

(ii) as well, and so we can suppose that v is positive.
We can write

(2.19) M f(x)  f¥(x) + /*(x),
where f* is given by (2.2) and

ﬁm=wﬂmwwL )] dy-

t=1(x)

According to Lemma 2.2 there is a constant ¢; > 0 such that

(2.20) J [F*(x)]7 v(x) dx < c3j |f(x)|P va(x) dx .
R» R?
Similarly as in (2.18) we obtain for ¢ > 7(x) the estimate

EGx )] 2 eo[1 + @"(x)] -
By means of Hélder’s inequality, for f € R' we get

ﬁ®é6@+ﬂm”LMM®é
< 021[1 + Qn(x)]—l (J n[l + Qn(z)]—t!p'/p dz>1/p’ y
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x (Lnlf O [ + )] dy)l“’

and, following the Remark 2.3 (ii), for f > p — 1

(221) j [ ) dx

<c 9 dx)f P[1 "(»)]? dy .
<o (], awp )] por e eon o
According to (2.15) the first integral on the right hand side of (2.21) is finite.

Since vy(x) is finite for a.a. x € R", we conclude from (2.19), (2.20) and (2.21)
that the inequality (2.1) holds with the weight w defined by (2.16).

IIA

3. THE INVERSE PROBLEM

3.1. Now we turn our attention to the question for which weights w there exists
a weight v such that the operator M defined by (1.2) is bounded from I, into L.
The characterization of such weights and the idea of the proof is due to J. L. Rubio
(e Francia [10].

Theorem. Let w be a weight positive a.e. in R". Let 1 < p < co. The following
conditions are equivalent:
(i) There exists a weight v positive a.e. in R" and such that the inequality (2.1)
holds for all f e IZ,(R") with a constant independent of f.
(i) w™?'? e L, (R") and
lim sup |E(0, t)|"”J. wTPP(x) dx < o0 .
E(0,1)

t— ®

Let us recall several assertions which we shall employ in the proof of the theorem:

3.2. Proposition. (B. Maurey [7], Corollary 5 of Theorem 2). Let E = R" be
a measurable set, 0 < q < p < oo, 1/qg = 1/p + 1/r, and let I be a set of indices.
Let {f;; i eI} be such a set of functions from LXE) that

(X |ofilPyPdx < 0

E el

for each system {o; € R'; i €I} with

Y lafr < oo

iel

Then there exists a function g e L(E) such that

J lf.‘(")g_l(x)kp dx <1 forall iel.
E
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3.3. Let (Y, S, v) be a o-finite measure space, T a o-algebra of Lebesgue measurable
sets in R". On the o-algebra T x S we define the measure A as the product of the
Lebesgue measure and of v. For a A-measurable function f: R" x Y —» R' we define
the vector-valued anisotropic maximal function

My, f(x, ¥) = sup |E(x, t)l*"[ .|z )| dz.
E(x,t)

t>0

In [5], Lemma 3.1 an assertion is proved a special case of which we state here:

Proposition. Let 1 < 9 < oo. Let a weight w in R" satisfy the condition A,(«), i.e.
Mw(x) < ¢; w(x) fora.a. xeR".

Then there exists a constant ¢, > 0 such that for all s > 0 and for all A-measurable
functions f:R" x Y — R,

. {x eR"; (J [My)f(x, y)]"’dv)‘/“ > s} <
Y
< czs‘lj (j |/ (x, »)|° dv)”‘9 w(x) dx .
rR\JY

3.4. The following analogue of Kolmogorov’s inequality can be derived in the
usual way from Proposition 3.3:

Proposition. Let 0 < p < 1 £ 3 < oo. If the weight w satisfies the condition Al(a),
then there exists a constant ¢ > 0 such that the inequality

s 7w ([ (] e o o) g ac)

holds for all e = R", pe < o and for all A-measurable functions f: R® x Y - R,

3.5. Proof of Theorem 3.1. Suppose that the condition (i) of the theorem is satis-
fied. Since v > 0 a.e. in R", it can be deduced in the usual way that w™?/? ¢ L, (R").
Denoting E = E(0,1) and f(z) = w?/7(x) y4(x), where y; is the characteristic
function of the set E, we have

Mf(x) Z ;M f(x) =2 c1|E]'1J- wPP(y)dy, xekE,
E

(cf. Remark 2.3 (i)) and
J‘Rnf”(x) w(x)dx = jE\v'P'/”(x) dx .
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Hence by (2.1),

j v(x) dx< E!‘”’f wPP(x) dx)”"l <ec,,

and the second condition of (ii) follows since

lim supj v(x)dx > 0.
L E0,t)

On the contrary, let us suppose that the weight w satisfies the condition (ii) of
Theorem 3.1. We cover R" by a sequence of non-overlapping parallelepipeds E; € E
and for each j we shall prove that there exists a weight v, positive on E; and such
that

~

(1) [ s eny o< [ el we a

[}

Then the inequality (2.1) holds with v(x) = Y 277 vy (x) yg (x).
ji=1
So, let E € E be given. There exists T > 0 such that
' (3.2) E c E(O, T),

(3.3) |E(0, t)I'P'f wPP(x)dx <K <o for t=T.

E(0,t)

Given a number t > 0 we set 7 = 2''t, y = min «;. For f € L,(R") we denote f"(x) =

= f(x) zp0.1(x) and f(x) = f(x) — f"(x). If ye E(0, T) and ¢ > O then for ze
€ E(y, t) we have

Izilélyil+|yi_zil§%TJi+%ta‘a i=1,...,n,

ie.
1T <
lzil < z~T for t=T,
17t for t>T
So we get
(3.4) E(y,t) < E(0,T) for t<T,
(3.5) E(y,t) = E(0,7) for t>T,

and, moreover,
3.6) |E(0, )] = 2"*17|E(0, 1)| .
It follows from (3.2)—(3.6) that for x € E,

M) S sup B0 01 [ O] dr s

E(0,%)
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1/p’
< 2" sup |E(0, 7)| ! (J. wPr(y) dy) X
t>T

E(0,%)

J AR

X (J |f’(y)]l’ w(y) dy)l/p < 2!«|/)’Kp'|lf’|
R
Integrating this inequality over E we obtain
(37) [ s e eoe s [ oo e,
E R™
where ¢, = 27 IHlPK=er,
Now, we shall seek the weight for estimating Mf” by means of Maurey’s factoriza-

tion theorem (Proposition 3.2). Let H = {h;; i eI} be the set of all functions h e
e I, (R") with supp h = E(0, T') and such that

(3.8) J;Jh(ﬂl” w(x)dx £ 1.

Let {a;€R"; i eI} be such that ) |a;]? < oo and let 0 < g < 1. By Proposition 3.4
iel

there exists ¢, > 0 such that

(3.9) _[ (5 Py s s

iel

IIA

o lEll-q ( (Z |oc;h,~(x)lp)1/p dx)q .

l—q Rn i€l

Using the Holder inequality and the Fubini theorem we obtain

(3.10) (Yo h(x)P)7 dx <

n iel

From (3.3), (3.8), (3.9) and (3.10) conclude that

J;( Y [oc.-f\’\fh,-(x)lp)qlp dx < c3(iez; |ef?)?? < o0,

iel

where c; depends on c;, p, 4, w and T. Since the last estimate verifies that the set
{Mh; he H} satisfies the assumptions of Proposition 3.2, there exists a function
geL(E), 1fr = 1/qg — 1/p, such that

j [Mh(x)]? |g(x)]"?dx <1 forall heH.
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-1
p,w?

(3.11) L[M £ |9(0)] 7 dx gj

R

In particular, if we take i = f”||f"| ., we obtain

|7 (x)]P w(x) dx .

If we put vg(x) = 2' " min (|g(x)| 7%, ¢(|E|""), x €E, the estimate (3.1) follows
from (3.7) and (3.11).
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