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COMPLEMENTED TOLERANCES ON LATTICES

IvaN CHAIDA, Prerov, and BOHDAN ZELINKA, Liberec

(Received December 9, 1982)

The aim of this paper is to study the complementarity on the tolerance lattice
LT(Q) of a lattice &. A tolerance on an algebra is defined similarly as a congruence,
only the requirement of transitivity is omitted; see [6]. Thus, let £ be a lattice.
A tolerance T on £ is a reflexive and symmetric binary relation on £ such that, if
{x4, x,» € Tand {y;, y,» €T, then

Xy V X3, 1 VY0€T, (xy AXy yy AypeT.

All tolerances on a given lattice € form an algebraic (i.e. compactly generated)
lattice LT(2) with respect to set inclusion; see [3], [4], [7]. This lattice LT(2) is
called the tolerance lattice of . Clearly the meet T; A T, in LT(2) coincides with the
intersection T; N T,. The join T, v T, in LT(L) is the set of all pairs <a, b}, where
a = p(ay, ..., a,), b = p(by, ..., b,) for some n-ary lattice polynomial p and elements
Qg ... Gy by, ..., b, of £ such that {a;, b;>e T, U T, for i =1, ..., n. The greatest
element of LT(g) is the Cartesian square £ x £, its least element is the diagonal
(i.e. the identity relation) 4 on £.

Some properties of LT(2) have been studied: distributivity [2], [5], 0-modularity
(H.-J. Bandelt), atomicity etc. The present paper is devoted to an investigation of
complementary elements of LT(2).

M. F. Janowitz [6] has proved that a congruence © on £ is complementary in
the lattice Con(2) of all congruences on £ if and only if @ = (o, z), where 2 is
a central element of £ (o is the least element of £). We shall try to extend these
considerations to tolerances.

Definition 1. An element d of a lattice £ is called neutral, if for each x € £ and
y € 8 the sublattice of € generated by the three elements x, y. d is distributive.

Definition 2. Let £ be a lattice with the least and the greatest element. An element ¢
of 8 is called central, if it is neutral and if there exists a complement ¢’ of ¢ in £
which is also neutral.

By T(a, b) we denote the least tolerance of LT(£) containing the given pair {a, b)
of elements a, b of L; it is called the principal tolerance on £ (generated by <a, b));

54



see [4]. Similarly, by ©(a, b) we denote the least congruence on € containing the pair

{a, b).

Theorem 1. Let z be a neutral element of a lattice & with the least element o.
Then
T(o, z) = O(o, 2)
and {x, y>€ O(o,2) if and only if z v (x A y) Z x Vv y.

Proof. Let R be a binary relation on L defined so that {x, y> € R if and only if
zvVv (x Ay)2x vy Evidently R is reflexive and symmetric. We shall prove
that R satisfies the Substitution Property. Let <{x, y) € R, {w, t) € R. Evidently

zv((xvwya@vey)zzv(xay),
zv((xvwa@vi))zzv(wal,
which implies

zv((xvwAa@v))zEvExay)viEzvwal).
But
zv(xAy)2xvy, zviwaf)Zwvt,
therefore ’
zv(xvwa@v))zxvy)viwvi=xvwv(yvi,
thus {x v w, y vity>eR.

Further, z is neutral in £, therefore the sublattice of £ generated by the elements
Z, X Ay, w A tis distributive. This implies

zv((xawa(pan)=zv((xay)awar)=
=[zv@Exaylazviwad]z@Exvy)aWwvzxaw;
zv((xawya@a)=zv((xay)awar)=
=[zv(xay]azviwad]z@Exvy)awviezynat.
From these two inequalities we obtain
zv((xawya@ang)z(xawv(yat

and hence {x A w, y A t) € R. We have proved Re LT(£), T(o, z) = R.
Now let <x, y>€R. Then z v (x A y) = x v y, therefore

(*) xvy=[zvEay]axvy).
But {z, 0) € R, therefore
([zv(xAy)]/\(xvy),xA.y)=
={zvEan]axvy,lovEan]alxvyDeTlo,z).
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From (#) it follows that
XV y, xAyyeT(oz),
which implies {x, y» € T(o, z), hence R < T(o, z).

We have proved R = T/(o, z). It remains to prove that (o, z) = T(o, z), i.e. to
prove the transitivity of T(o, z). Let

{a,by)eT(o,z), <b,c)eT(o,2).
Then
zv(@anb)zavb, zv(bac)2bve.

Further, (a v b, a A b) € T(0,z), <b v ¢, b A c) € T(o, z), therefore
(#x) <aabAcanby={anb)adArc)(anrb)a(bvc)eT(oz)

and analogously
daAbAac,bAacyeT(oz).
The identity (**) implies
zv(@abac)zanbd
and therefore

zv(@abacyzzv(anb)zavhb.

Analogously we obtain
zv(@aabaczbve,
hence

zv(@abac)zavbve.
This means

davbveanbacyeT(o,z),
which implies <a, ¢) € T(o, z). Hence T(o, z) is transitive and T(o, z) = ©(o, 2).
Theorem 2. Let £ be a lattice with the least element o and the greatest element i

and let z be a central element of R, let z’' be its complement. Then @(0, z), O(o, ')
are complementary in Con(g).

Proof. Evidently
{o,i) =C0 V.0, zV 2’ Y0O(0,2) v O(o,2z),
therefore
O(0,z) v 00, z) =8 x 8.
Suppose <a, b) € 6(o, z) N O(o, z’). According to Theorem 1 we have
zv({@aab)zavhb,

ZZv(@ab)zavb,
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hence
[zv(@ab)]a[zZv(@ananb)]zavh.

But z is neutral, therefore the sublattice generated by the elements z,2z’,a A b is
distributive, which implies

(zazZ)v(@aanb)zavh,
i.e.
anbz=zavhb,

which implies 2 = b. Thus ©(o, z) N O(o, z') = 4 is proved and hence O(o, z),
O(o, z') are complementary.

Theorem 3. Let & be a modular lattice with the least element o and the greatest

element i. Let z €  and let z' be a complement of z in 8. Then the following two
assertions are equivalent:

(a) z is central in 2.
(b) T(o, z) and T(o, ') are complementary in LT(2).

Proof. (a) = (b) If z is central, also z’ is central and by Theorem 1 we have

T(o0, z) = O(o, 2), T(o, z') = O(o, 2’). Evidently

{o,iy =Co Vv o,zvV z)eTo,z) Vv T(o, z')
and thus ‘

T(o,z) v T(0o,2') = 2 x £.

As the meet in LT(8) and in Con(8) is the same (set intersection), Theorems 1 and 2
immediately imply

T(o, 2) A T(0,2') = ©(0,2) n O(o0,2") = 4,
hence (b) holds.

(b) = (a). Suppose that z is not central in £. Then either z or z’ is not neutral and
there exist elements a, b of € such that at least one of the following assertions holds
([1], Theorem 5.3.8):

(i) zv(@ab)+(zva)a(zvhb),

(i) za(avb)£(zAb)v(zAb),

(i) av(baz):(avb)a(avz),

(iv) an(bvz):(anb)v(anz),

@)z v(@ab)yx(zva)a(z vb),

i)z A(avb)+(z Aa)v(z Ab)
(ii)av(@®Aaz)+(@avb)a(avz),
ivV)yan®vz)(@aab)v(anrz)

Suppose that (i) holds. Then evidently

zv(@ab)<(zva)a(zvhb).
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We have
{zva)a(zvb),anb)=
={(zva)a(zvb)(ova)a(ov b)eT(oz).
Asanbszv(anb)<(zva)Aa(zv b), wealso have
{zv(@aAab)(zva)a(zvb))eT(oz).
On the other hand,

Gzv(@anab)yid=<zv(@aab)vo,zv(aab)vzyeT(oz).
As
zv(aab)<(zva)a(zvb) =i,
we also have
{zv(anab)(zva)a(zvb)eT(o,z).
Therefore
{zv(anb),(zva)a(zvb)yeT(o,z)A T(o,z')* 4,

which is a contradiction with the assumption that T(o, z) and T(o, z') are comple-
mentary.
Now suppose that (ii) holds. Then

(zaa)v(zab)<zA(avb).
As (z,iy) =<z v 0, z v z') € T(o0, z'), we have
(zAaa)v(zAab)avb)=
={zAra)v(zAab),(irna)v(iab)yeT(,z).

As

(zaa)v(zab)<za(avb=Zavh,
we also have .

{zAaa)v(zab),za(avb)eT(o?z).
On the other hand, as {z’, i) € T(o, z), we have

za(avb)od)=<{zA(avb)ani,za(avb)az)eT(oz).
As
0=(zAaa)v(zab)<zna(avh),
we have
(zAaa)v(zAb),zAa(avb)eT(o,z)nT(o,z)*4,

which is again a contradiction. The cases (i') and (ii’) would be investigated quite
analogously.

Now we may suppose that none of the assertions (i), (ii), (i’), (ii") hold for any a, b.
Suppose that there exist a, b such that (iii) holds. Then evidently a = b. Then

Cav(baz,avzy=Cavbaz),av(baz)vz)eT(oz).
As
avibaz)<(@avb)alavz)=£avz,
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we also have
av(bAaz)(avb)a(avz)eT(oz).
On the other hand,
dav(azyavbvzy=<av((baz,av(baz)vz)=
=<avbaz)avbvz)a(zvz)=
=<{av(baz)av(baz)vz)yeT(l,?2).
A av(baz)<(@avb)a(avz)Savb=ZLavbvz,

we have

av (bAaz),(avb)a(avz))eT(o,z)

and again this pair belongs to T(o, z) N T(o, z’), which is a contradiction with the
assumption T(o, z) n T(o, ') = 4.

If (iv) holds, then we proceed dually, taking into account (as in the case (ii)) that
{z', iy € T(o, z), 2, i) € T(o, z'). Analogously we proceed in the cases (iii’) and (iv’).
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