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Časopis pro pěstování matematiky, roč. 108 (1983), Praha 

A SHARPENING OF DISCRETE ANALOGUES 
OF WIRTINGER'S INEQUALITY 

JARMILA NOVOTNA, Praha 

(Received November 20, 1981) 

Discrete analogues of Wiitinger's inequality have been already studied by various 
authors (see e.g. [1], [2], [3], [5], [6], [7], [8]). Z. Nddenik in [4] proved the 
following sharpening of Wiitinger's inequality: 

Theorem 1. Let f(cp) denote a continuous function with the period 2n, which has 
the symmetrical derivative f\<p) = lim [f(cp + e) — f(cp — e)] : (2e). Letf°((p) be 

t-+0 

of bounded variation in <0, 2rc>. If 

\d<p = 0 , (o.i) £/(*)• 
then 

(0.2) fVfo) *<P ~ f * / » dcp - J [/(0) + f(n)f Z 0 
Jo Jo 2 

with the equality holding only for 

(0.3) f((p) = a cos <p + b sin cp + c(2 — 7r|sin <pj) , a,b,c — const. 

In this paper we prove sharpenings of two discrete analogues of Wirtinger's 
inequality, which are analogous to Theorem 1 (Theorems 2, 3), using real trigono­
metric polynomials. Then we show a geometrical application — a sharpening of 
the isoperimetric inequality for some polygons (Theorem 4). 

1. LIST OF THEOREMS 

Theorem 2. Let n = 2m, let xl9..., x„ be n real numbers such that 

(1.1) £ x . « 0 . 
» = i 
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Let us define xn+1 = xv Then 

(1.2) £ (xt - xi+1)
2
 = 4 sin2 - £ x? + n sin - (sin — - sin -J (xm + x2lfl)

2 

i=i fii-i n \ n n/ 

The equality in (1.2) ho/ds if and only if 

/* >*\ A 2ui _ . 2ui « . _ 
(1.3) xt = A cos h 5 sin , i = 1,..., n , A, B = const. 

n n 
Theorem 3. Let xl9..., xn be n real numbers satisfying (1.1), n = 2. Then 

(1.4) " ^ - x j + 1 ) 2
 = 4 s i n 2 ^ £ x 2 + 

І=-I 2n І-=I 

+ 2n sin — ( sin srn — ) (x* + xnY . 
2n\ n 2n/ 

The equality in (1.4) holds if and only if 

(1.5) xt = A cos -̂  -— , i = 1,..., n , A = const. 
2n 

Theorem 4. Le* n = 2m. Lef P = At ... An denote an equilateral closed n~gon 
in E2 of area F and perimeter L. Let us denote by dt the distance of the center of 
AiAi+m and the centroid of P, d = max {dl9..., dm}. Then 

(1.6) L2

 = 4n tg - F + 2n2 tg2 - (2 cos - - l) d2 

n n\ n J 
with the equality holding only for a regular n-gon. 

2. NOTATIONS AND AUXILIARY THEOREMS 
/ 

Let n = 2m. In [1] it is shown that there exist numbers ck, c*, fc = 0,..., m, 
/ = 1,..., m — 1, such that 

xi = co + Z ( ck c o s ki h c* sin fci — J + (-1)* cOT , i = 1,..., n. 
fc-=i \ n n J 

The assumption (l.l) implies that c0 = 0. The following identities hold: 

(2.1) M = ^mt\cl + c*2) + nc2

m, 
i-»l 2 fc=-l 

(2.2) Í (Xi - xi+1)
2 = 2nmt\c2

k + c*2) sin2 k- + 4nc2
m , 

i-=i k=-i n 
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(2.3) (*m + x2m)2 = 4 ( 2 c 2 : r \ where M = [n/4] . 
/=-! 

Remark. Recall that \_a] = a for a being an integer, [a] = b, where b is the big­
gest integer smaller than a, otherwise. 

Let us denote 

(2.4) A(n) = n sin — ( sin sin - ) . 
n \ n nj 

By virtue of (2.1)—(2.4) the inequality (1.2) can be written as 

" l (<* + c?) (sin2 k -- - sin2 *) + 2cl ( l - sin2 ?) - * A(») ( J c21)
2 = 0 . 

*=i \ n n/ \ nj n 1=1 

The following inequalities hold: 

/* r\ . 2 , ^ . , r c f - = 0 , fc=l, 
(2.5) sin2 fc sm2 - ^ 

n n i> 0, fc = 2,.. . , m — 1, 

(2.6) sin2 - < 1. 
n 

Using (2.5), (2.6) we conclude that it is sufficient to prove that 

(2.7) L = £ 4 (sin2 ^ - sin2 *) - * A(n) ( £ c2ik)
2 ^ 0 . 

*-=i \ n nj n fc=i 

Lemma 1. Lef us denote 

„ i \ ~ • 7C / • 2K . 7C\ 

Q(n) = 2 sm - ( sm V sm - J , 
n\ n n) 

X,(n) = sin2 2 ( l + 1 ) 7 C - s i n 2 - , i = l , . . . , M - l . 
n n 

Tften 

(2.8) C l ( n ) £ - ^ - < l , r = l , . . . , M - l . 
z-=i Kf(n) 

Proof. Clearly it is sufficient to prove (2.8) for r = M - 1. Denote 

м - i л») - ед z -ţ-
Í=I KДn) 

We have to show thatj(n) < 1. 
We can suppose n ^ 8. Then 

v , ч . 2/ + 3 . 2/4-1 
Қдn) = sm n sm тc 
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We have 

and therefore 

cotg a — cotg (a + ft) = 
sin ß 

sin a sin (a + ß) 

2i + 3 / , 2î + 1 „ 2 , л 2ï + 3 \ 
( for a = 7Ü , ß = - n , ì.e. a + /? = 7C) 
\ n n n / 

1 1 / 2ř + 1 2í + 3 \ 
— — = — cotg тr - cotg n . 
KÁn) . 2тc \ n n / sm — 

n 

After adding these expressions for i = 1,..., M — 1 we get 

м - i 

вд 

-- / 37C 7ü\ . 4 ł à j r 

( cotg h tg - ] for n = 4M , 
27C \ n nj sin —r 
n 

1 3TC 

— cotg — 
. 2TC n 

sin — 
n 

for n = 4M + 2 , 

For n = 4M we conclude (by virtue of the identity sin 2a = 2 sin a cos a) 

Л » ) -

тc 2я 
cos — cos — 

2n n 

2 71 З Я 
cos - cos — 

n 2n 

Introducing the notation 

x == - , д; == cos* — , ì.e. j ; = cos" — , 
n 2 2n 

we obtain 

n ^ 8 => xe(0, TC/8> , yel = /cos2 —, 1J 

Substituting x = njn in/(n) we get the function 

/ » ( * ) -

cos — cos 2x 
2 

2 Зx 
COS Xcos — 

2 
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which is defined in /. Using the identities 

cos x = 2y - 1, 
cos 2x = 2(2j; - l)2 - 1, 

3x x 
cos — = cos — (4v — 3), 

2 2 V ' 
we get the function 

Sy2 - Sy + 1 fftø- ( 2 > , - l ) 2 (4>>-3) 

It is easy to show that g(y) < 1 in I and therefore/(n) < 1 for n = 4M, n ^ 8. 
Analogously, when considering n = AM + 2, n ^ 10, we can show that 

7C 37U 

cos — cos — 
sf \ 2n n 

f(n) = " — 
7C 371 

cos - cos — 
n 2n 

and with x = 7c/n, y = cos2 (xj2) we get the function 

. , v 16y2 - 16y + 1 
*G0 = 7 1 

4>> — 3 

ye J = ( cos2 

20 1 

Using the inequality h(y) < 1, y e J, we conclude that /(n) < 1 for n = 4M + 2, 
n = 10. 

So, Lemma 1 holds. 

Lemma 2. lIsingf fhe notation from Lemma 1, de/ine 

C r + 1 ( » ) - Cl(W? , r = l , . . . , M - l . 
- - e t ( » )Z - i - -

t=i K^n) 
TTien 
(2.9) is:r(n) - cr(n) > 0 , r = 1,..., M - 1. 

Proof. It is easy to show that (2.9) holds for r = 1. Let r _ 2. It can be shown 
that 

вд[i-c.(n)_:-î-] 
K,(n)-Cr(n)= r_ t 

«=i K,(n) 

Now, (2.8) implies (2.9) for arbitrary r = 1 M - 1. 
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Lemma 3. For r = 1,..., M, we have 

(2.10) L = £ [c2Jk D(k, n) - 2B(fc, n) £ c2/]
2 + 

fc-=i i » * + i 

+ £ ( s i n 2 ^ - s i n 2 ^ c 2
t - c ( r , » ) ( J c2k)

2 , 
* = r+l \ n n / * = r+l 

where 

(2.11) C(l, n) = 2 sin - (sin — + sin -) [= Cx(n)] , 
n \ n n/ 

5(1, n) = sin - , 
n 

r./i \ . 2 ) 1 . K 

D(l, n) = sin sin - , 
n n 

D2(fc + 1, n) = sin2 2(fc + ^ " - sin2 - - C(k, n) , 
n n 

*( fc+l ,n) = <**•"> . V ' 2D(fc + 1, n) 

C(fc + 1, n) = C(fc, n) + 4J52(fc + 1, n), 

fc = 1,...,M - 1. 

Remark. We have to verify that the definition of the numbers D(fc, n), B(k, n), 
C(fc, n) in (2.11) is correct, i.e. that 

Kk(n) - C(fc, n) > 0, k = 1, ..., M - 1 . 

We shall show that C(fc, n) = Cfc(n), Ck(n) being the numbers defined in Lemma 2. 
It is true for r = 1 [see (2.11)]. Let C(fc, n) = Ch(n) for an integer fc, 1 ^ fc < M - 1. 
Then D2(fc + 1, n) = K*(n) - Ck(n) > 0 and therefore C(fc + 1, n) is defined in 
(2.11). It is easy to show that 

C(fc + 1, n) = C ' (") = Q+1(n) . 

1 ~ C.(»)I - i -
.=i2<:,(n) 

The inequality Xt(n) — c(fc, n) > 0 is now a consequence of Lemma 2. 

Proof. Let us denote by L( the representation of Lin (2.10) for r = i. We have 
to show 

L, = L,. r =. 1,..., Af . 
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We use the induction over r. Let r = 1. To prove that P = Lx — L = 0 we write 
[sec (2.11)] 

P = c2 ( sin — - sin -J - 2 sin - £ c2 A - Ct(n) ( Z c2k)
2 -

L* \ n n) n 1=2 J *=-2 

_ c\ lsin* _? _ sin- _) + _ ^(„) ( J c2ky. 
\ n n) n *=i 

Adding and subtracting (2/n) A(n) ( Z c2fc)
2 we get 

*=-2 

^ 2 /-4(n) . . , 7i . 2rc TC\ 
P = 2c\ [ --̂ --- + 2 sm2 sin — sin - ) + 

\ n n n n) 
A / £ N R(") . n/ . 2n . n\] 

+ 4c2 ( 2 , c2fc) — ^ - sin - ( sm sin - ) + 
k = 2 L n n \ n n/J 

+ (Z^)2r4sin^-C,(n) + ?-^n)l. 
k = 2 L n n J 

From (2.11) it follows that P > 0. 
Let Lr= L for an integer r, 1 = r < M. We show that L r + 1 = L, i.e. R = 

= A-+1 -" A- = 0. Analogously to the case r = 1 we get 

R = c2
(r+1) f"D2(r + I, n) - s in 2 2 ( r + 1 ) 7 t + sin2 - + C(r9 n)l + 

+ ( Z c2*)2 [C(r, n) - C(r + 1, n) + 4B2(r + 1, n)] + 
*-=r+2 

+ C2(r+i) ( Z c2t) [-4£(r + 1, n) £(r + 1, n) + 2C(r, n)] . 
fc-=r+2 

Using (2.11) we conclude R = 0. 
So, (2.10) holds. 

3. PROOFS OF THEOREMS 

Theorem 2. The inequality (2.7) [and so (1.2) as well] is a consequence of Lem­
ma 3. Choose r = Af. Then 

(3.1) L =*Z_C2* D(k, n) - 2B(k, n) £ c2lf + D2(M9 n) c2
2M . 

i = i i=*+i 

According to (2.11) and (2.9) we conclude that 

(3.2) _ £ 0 . 
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Conditions for the equality follow from (2.5), (2.6) and (3.1). 

Theorem 3. If we use Theorem 2 for real numbers yl9..., y2n defined as follows 

f**> k = 1,..., n , 

l*2/.-*+i > k = n + 1, ..., 2n, 

we get the required inequality. (See the proof of Theorem 4 in [6].) 

Theorem 4. In [6], Section 4, the following is proved: 

8tg * F = £ A - tg2 --) [(*, - xf+1)
2 + (>-. - yi+1)2] + 

w i=i \ n / 

+ 4 t g 2 * £ ( x ? + >>?), 
П i = l 

where .4,- = [xi9 yt], i = 1,..., H, in the coordinate system S = {0, x, y} in £2 

with O being the centroid of P. In the system S the assumptions of Theorem 2 for 
{*/}' {yJ a r e satisfied. Hence Theorem 4 follows from Theorem 2. 
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