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JOINS OF CONGRUENCES IN Q-GROUPS

FRANTISEK SIK, Brno

(Received June 15, 1979)

The symmetric and transitive relations in a set G (also called partitions in G)
form a complete lattice with respect to the set theoretic inclusion; it is denoted
by P(G). If G is a universal algebra, the congruences in G, i.e. stable partitions in G,
also form a complete lattice with respect to the same ordering. This lattice is denoted
by o#(G) and is a closed A-subsemilattice of P(G). The joins v p and V 4 in these
lattices do not coincide in general — in contrast to the joins in the lattice n(G) of all
partitions on G (i.e. reflexive partitions in G) and in the lattice (G) of congruences
on G (stable partitions on G), it is namely v, = v, = v Naturally, the P-join
of any two partitions B and C in an algebra G does not depend on any algebraic
structure defined on the set G, so even the %-join of congruences on the algebra G
does not depend on it. In more detail, what is understood by the notion of indepen-
dence of the join of congruences on an algebraic structure defined on G: Let Band C
be congruences on an algebra G with a system of operations F, and €, the lattice
of all congruences on (G, F,). If F, is another system of operations on the set G, %,
the lattice of all congruences on the algebra (G, F ,)and B, Ce %,,then B v, C =
= B vg, C.

We shall be interested in a less restricted problem, namely for F; = @, i.e. in
searching those pairs B and C of congruences in an Q-group G, X -join of which
does not depend on the given algebraic structure defined on the set G. Thus we
shall investigate properties characterizing pairs B and C of congruences in an Q-group
G with the property B vp C = B v, C, and some related problems. We leave
the problem of the stronger independence of joins mentioned above open.

We review some of the notation and theory that is needed. A more detailed in-
formation may be found in [1—4], especially as to congruences in algebras, see [1] I.

Given a binary relation 4 in a set G and x € G we define A(x) = {y € G : yAx}
and U4 = U{4(x) : xe G} ([1] 3.5). If A is a symmetric and transitive relation in G
(i.e. a partition in G) and A(x) # 0, then the set A(x) is said to be the block of the
partition 4 and the set |J4 the domain of the partition A.

Let G be an algebra. Then #(G) is a complete lattice with respect to the ordering
by inclusion. For {4,} = o#/(G) we have AxA4, = NA,. If G is an Q-group then the
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set of all nonempty congruences in G is a closed sublattice of the lattice 2 (G), [1]
1.1. Let A be a (nonempty) congruence in G. Then |J4 is an Q-subgroup of G, 4(0)
an ideal of U4 and 4 = UA[A(0), [1] 1.4. If {4,} < H#(G) then U(VxA,) =
= (U(UA,)) and (VIA,,) (0) = <<UAa(0)>>QI, where A = (U(UAJ) is the Q-sub-
group generated by the set J(UA,) and {UA4,(0)Yy is the ideal generated in A
by the set |J4,(0), [1] 1.6.

The results of the present paper are based on Lemma 1.6, in which a description
of blocks of the partition B v p C is given, where B and C are congruences in G and G
is an Q-group. Further, criteria are given for the validity of the following identities:

(BvpC)d(UBNUC)=(B vyxC)I(UBnUC) (Theorem 2.3),
B vpC = B v 4 C (Theorems 2.5 and 2.7),
(BvxC)d(UBuUUC) =B v, C (Theorem 2.9),
(BvxC)M(UBuUUC) = B vp C (Theorems 2.11 and 2.12),

where the partition 4 7] U (or A [ A), called the closure of the subset A(<=G)
in the partition A(4 € P(G)), is the set of all blocks of A that are incident with A
and AMA (=AM A) ={A'nUA: A" e 4, A’ 0 U + 0} (called the intersection
of the partition A and the subset UA) — see [4] 2.3.

In what follows G will denote an Q-group and B and C (nonempty) congruences
in G, unless otherwise indicated.

1.1 Lemma. If x € UB n UC then BC(x) = x + BC(0) = BC(0) + x.
Proof. For xe UB n |JC we have
y€BC(0) + x <>y — xe BC(0) <> 3Jae G, (y — x)BaC0 <>
<« 3JaeG, yB(a + x) Cx <> yBCx <> y € BC(x) .
Similarly y € x + BC(0) <> y € BC(x).

1.2 Lemma. If xe UB N JC then BCB...(x) = BC(x), where the product on
the left-hand side contains a finite number (22) of factors.

Proof by induction on the number n of factors. It suffices to show BCB...(x)
< BC(x) for xe UB n |JC, because the converse inclusion is evident. In fact, if
xe€UB n UC then yBCx = yBCxBxCx ... x = y(BCB ...) x.

The inclusion < is valid for n = 2. First, we shall prove it forn = 3. If xe UB n
n JC then

y € BCB(x) <> 3a€ G, yBCaBx < (by 1.1) Jae G, ye a + BC(0), ae x + B(0) <>
<> yex +B(0) + BC(0) =
= x + B(0) + B(0) + UB n C(0) = x + BC(0)
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(by [1] 3.5.5). By 1.1, the last expression is equal to BC(x). The inductive hypothesis:
Letn 2 4and let xe \UB n |JC imply BCB. .. (x) = BC(x), whenever the number p
of factors on the left-hand side fulfils 2 < p £ n — 1. Now, let xe UB n JC,
yBCB. ... x and let the product contain n = 4 factors. Then there existsae |JB n JC
such that yBCa(BC...) x, thus by 1.1 y — a e BC(0). By assumption ae€ BCB ...
...(x) € BC(x), hence y = (y — a) + ae BC(0) + BC(x) < BC(x). The last
inclusion follows from the implication tBCO, zBCx => (t + z) BCx. So we have
got that x e UB n {JC satisfies BCB ... (x) < BC(x), which was to be proved.

1.3 Lemma. If xe YB n C then
B v p €(0) = B(0) u BC(0) U C(0) U CB(0) =
= [B(0) + UB n C(0)] u [C(0) + UC n B(0)],
B v, C(x) = B(x) v BC(x) u C(x) U CB(x) =
=x+BvpC0)=BvpC0)+ x.

The member in the first square bracket or in the second one is an ideal of the Q-group
B(0) + UB n UC or C(0) + UB n UC, respectively. The order of summands (in
one or both the square brackets) may be changed.

Proof. The first assertion is Corollary 3.5.7 [1]. Proof of the second one follows
by a similar agument: Denote B, = BCB... and C, = CBC...., provided the product
on the right-hand sides contains n (g 1) factors. Now, the assertion follows from 1.2
and 1.1 because

B v, C(x) ="§1 B,(x) ungl C.(x) = B(x) U BC(x) U C(x) U CB(x) =
= [x + B(0)] v [x + BC(0)] v [x + C(0)] u [x + CB(0)] =
= x + [B(0) u C(0) U BC(0) U CB(0)] = x + B v 5 C(0).

Analogously we obtain the identity B v » C(x) = B v, C(0) + x.

1.4 A generalization of the first assertion of Lemma 1.3 for an arbitrary number
of congruences will be given in the following

Theorem. Let B, (x € A) be congruences in G. Then

(VeB)© =0 U Were-n ),

acAd 0 n=1ajg,..,

where W(x;) = B, (0), W(xy, ..., %) = W(ay, ..., %,-1) 0 UB,, + B,(0),
=2,3,...and ay, ..., o, is an n-tuple of elements of A.
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Note. In the definition of W(ay, ..., a,) it is possible to interchange both the
summands (because B, (0) is an ideal of |)B,,).

Proof. Denote V' = Vp B, and let W stands for the expression on the right-

aeAd
hand side of the required identity. Let y € ¥(0). Then 0B,,y,B,,V> ... ¥, 1B,._ VuBs,y
for suitable y,,...,y,€G and a4, ..., a, € A.
Hence

y1€B,,(0) = W(xy), y,ey, + B,(0) = B,,(0) nUB,, + B,,(0) =
= W(x;) nUB,, + B,,(0) = W(xy, «3), ..., y; = yi-y + B,(0) =
< W(oy, ..., 2i-1) " UB,, + B, (0) = W(oy, ..., ), ..., ye y, + B, (0) =
' S W(oty, .., #y—y) N UB,, + B, (0) = W(ay, ..., o).
Therefore V(0) = W. Now let a5, ..., ®, be an arbitrary n-tuple of elements of A.
Then W(xy, ..., a,) = V(0). In fact, if n = 1 then W(x,) = B,,(0) = V(0). We use
induction on n. By the inductive hypothesis W(ay, ..., a,_;) = V(0) we have
W(ay, ..., a,) = W(ay, ..., %,—y) nUB,, + B,(0) =
< v(0) nUB,, + B, (0) = ¥(0).
We obtain the last inclusion as follows. For v e V(0) n UB,, the block v + B, (0)

of the partition B, meets ¥(0), so v + B, (0) = ¥(0) for all ve ¥(0) n UB,, and
thus

V(0) A UB,, + B,(0) < V(0), W(ay,...,a) < V(0) and W< V(0).

Finally ¥(0) = W < ¥(0), hence V(0) = W.

We can obtain the first assertion of Lemma 1.3 as a special case of Theorem 1.4
in the following way. Denote B = B; and C = B,. Evidently W(1) = B,(0) =
< B,(0) n UB; + By(0) = W(2,1); analogously W(2) = W(1,2). Further
Ww(1,2,1) = [B,(0) n UB, + B,(0)] n UB; + B(0) = [B4(0) n UB, + B,(0) +
+ B,(0)] n UB; = [B,(0) + B,(0)] n UB; = B,(0) n UB; + B,(0) = W(2, 1).

Similarly W(2,1,2) = W(1,2), W(1,1) = W(1) and W(2,2) = W(2). Iterating
this procedure we obtain ¥(0) =) U W(xy,...,,) = W(1,2) u W(2, 1) which

n=1aj,..., a,

is the required assertion. .
1.5 In the next theorem, another construction of the set (Vp, B,) (0) is given.

acA

Theorem. Let B, (x € A) be congruences in G. Then

(V2B ©) = U {UB. o [U B0)] + B0} .
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Note. It is possible to interchange the summands on the right-hand side (because
B,(0) is an ideal of {JB,). Again, on the right-hand side, ) can be put in place

peAd,p*a

of | . The symbol [U] denotes the subgroup of G generated by the subset U of G.

acA

Proof. Denote V =V, B,. We have

acAd

U{UB, [ B(O0]] + B0} =

=U{UB,n U U (B.,(0) + ... + B,,(0)) + B,(0)} =

acA n=1 ay,..., apn

=U U U {UBa N H:Ban(o)’ ) Bau(o)]] + Ba(o)} ’

aed n=1 ay,..., an

where «, ..., &, runs through all n-tuples of elements of 4. We shall show that
UB, n [B,,(0), ..., B,,(0)] + B,(0) = ¥(0),

and so the inclusion 2 in the assertion of Theorem will be proved.

Thus, let by, ..., b, be arbitrary elements of the set B, (0)u...u B, (0) with
b, + ... + bye UB, and let be B,(0). If k = 1 then b, + b e V(0), since the block
b, + B,(0) of the partition B, meets V(0) and B, < V. We use induction on k.
Suppose that by,..., b, €B,(0)u...UB,, (0), byy + ...+ b eUB, be
€B,0) and b, + ...+ b; + be V(0). Then byy + ... + b, + be(B,,,(0) +
+ b+ ... + by + b) = B, (0) + V(0) for some o . Since for an arbitrary
ve V(0) the block B,,,,(0) + v of the partition B,,,, meets ¥(0) then B, (0) +
+ v = V(0), whence B,,,,(0) + V(0) < V(0). Finally b,y + ... + by + be V(0)
which completes the proof by induction.

1.6 In the next lemma the description of blocks of the partition B v p C is given.
This is the crucial lemma for our study.

Lemma. The following implications hold:
(1) xeUBNnUC=B vpC(x) =x + B v, C(0) = B v,C0) + x,
(2) xe UBN[B(0) + (UB nUC)] = B v, C(x) = x + B(0) = B(0) + x = B(x),
(3) xe UCN[CO) + (UBNUC)] = B v, C(x) = x + C(0) = C(0) + x = C(x).

The blocks (1) are exactly the blocks of the partition (B v, C) 71 UB n UC, the
domain of which is (B(0) u C(0)) + (UB n UC); the blocks (2) and (3) are the re-
maining blocks of the partition B v » C. The blocks (2) cover the set |JB\[B(0) +
+ (UB n UC)], and the blocks (3) cover the set (JC\[C(0) + (UB n UC)].
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Proof. (1) follows from 1.3. Thus the system of sets {B v, C(0) + x : xe UB n
n UC} is equal to the set of the blocks of the partition (B v, C) 1 (UB n UC).
The domain ¥ of this partition is ¥ = B v, C(0) + (UB nUC) = {[B(0) +
+UB A C0)] U [C0) + UC n BO)T} + (UB 1 UC) = (B(0) u C(0) +

+ (UBn UC).

If xe UB\ X, then B v, C(x) = B(x) and if x e JC\ %, then B v p C(x) = C(x).
Finally let us recall that JB\X = UB\[B(0) + (UB n UC)], as [C(0) +
+ (UBnUC)] nUB = UB n UC. Analogously UC\X = JC\[C(0) +
+ (UBn UQ)].

2.1 Definition. {\UB, JC) is the Q-subgroup generated in G by the set
UB v UC and ¢B(0), C(0)Yy is the ideal generated in A = (B, UC) by the set
B(0) L C(0).

2.2 Lemma. Let U, B, € be subgroups of a group G. If W u B = €, then the sets A
and B are comparable by inclusion.

Proof. If the sets A and B are incomparable by inclusion, then there exists ele-
ments x e A\B and y e B\ AanditholdsCax + ye A uB = C, a contradiction.

2.3 Theorem. The identity

) BvpC)d(UBNUC)=(BvyC)I(UBNUC)

holds if and only if B(0) = |JC or C(0) = UB, and simultaneously B(0) + C(0)
is an ideal of {\UB, JC>.

Proof. The condition (1) is equivalent to the following one:
B vpC(x) =B vy C(x) foreach xeUBn|C.
By 1.3,if xe B n C then
B v, C(x) = x.+ B v, C(0) =
= x + {[B(0) + UB n C(0)] u [UC n B(0) + C(0)]}

and further
B v C(x) = x + ¢B(0), C(0)Yyq, where A= <<UB,UCy ([1]1.6).

Then the identity B v, C(x)b = B v 4 C(x) is true for each xe|UB n |JC if and
only if the following identity (2) is valid:

2 [B(0) + UB n C(0)] u [UC n B(0) + C(O)] = {B(0), C(0)Yy -
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Let (2) hold. The left-hand side of (2) is the union of two Q-subgroups. Denote them
by A and B. The right-hand side is an Q-subgroup. By 2.2 the sets U and B are
comparable. Thus we have e.g.

(3 B(0) + UB n C(0) = UC n B(0) + C(0).
The right-hand side is a subset of |JC, hence B(0) = (JC. Now, (2) has the form
4) B(0) + €(0) = ¢B(0), C(0)y .

It follows that B(0) + C(0) is an ideal of {(JB, JC).

If we start from the converse inclusion in (3) we obtain C(0) = (JB and (4).

To prove the converse implication it suffices to verify that (2) is true whenever the
conditions of Theorem are fulfilled. The left-hand side of (2) is equal to B(0) + C(0),
and by supposition, this is an ideal of (UB, UC), hence B(0) + C(0) =
= {B(0), C(0)}yg. This completes the proof.

2.4 Corollary. If B and C are congruences on G then B vpC = B v, C
(= B V@ C).

2.5 If we investigate conditions which guarantee the validity of the identity
B vpC = B v, C for congruences B and C in G, we may restrict ourselves to

incomparable congruences, because comparable congruences fulfil it evidently.

. Theorem. If B and C are incomparable congruences in G then

(5) BvpC=Bv,C

if and only if

(6) B(0) + UC=UB or UB+ C(0) =UC
or equivalently if

) UB v, C)=U(BC) or =(CB)
or equivalently if

() U(B vx C) = U(BC) or =U(CB).

Note. Due to the symmetry between B and C in (5) the summands in (6) can be
interchanged. '

Proof. 5 = 6. Because UB u UC = {|UB, UC), 2.2 implies that either YB =2 JC
or UB € UC, say UB 2 UC. Then we have B(0) + UC = UB. If # then there
exists x e UB\[B(0) + UC] nad by 1.6, this x satisfies B v C(x) = B(x) = x +
+ B(0). Since B v 4 C(x) = x + «B(0), C(0)Y, s, (5) implies B(0) = ¢B(0), C(0)Y, 5,
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thus B(0) 2 C(0) and finally B 2 C, a contradiction. Analogously, if (JC =2 UB,
then UB + C(0) = UC.

6 =5. Let B(0) + UC = UB be true. We shall prove that B(0) + C(0) is an
ideal of (UB = (B, NC). The proof is based on the elementary procedures to
follow. Denote by b or b (with indices if necessary) elements of | ) B or B(0), respective-
ly. Similarly for C and C(0). The set B(0) + C(0) is an Q-subgroup (since C(0) <
< UB). We shall show it is normal in (JB. Arbitrary elements b, b, ¢ and suitable
elements b’,b",b”, c,¢" satisfy b+b+¢é¢—-b=b +c+b+Cc—c—b =
=b+b +c+é—c—b =b+b"+b"+ ¢ eB(0) + C0)

If w is an n-ary operation in G we shall shortly write g;w instead of g, ... g,o.
For arbitrary elements b, ¢;, b; and suitable elements b, b’, b", b”, ¢;, ¢ we have
bo=0b;+c)o=co+b b+ +b)o=(b+c)o+b =(b+c¢c+
+&)o+b =(;+c)o+b" +b =co+d +b" +b.

Hence

—bw+(b;+¢+b)w=

=-b-cw+cw+c+b +b =>b"+ceB0)+ C0).

So we have shown that B(0) + C(0) is an ideal of (JB.

By 2.3, (Bv,C)JUC = (B v,C)UC is true. By 1.6, (B v,C) JUC =
=B vpC holds and the identity B(0) + JC = UB (= U(B v 4 C)) yields
(BvxC)JUC = B v 4 C. This completes the proof of 6 = 5. The remaining
part of the assertion follows from [1] 3.7.5.

2.6 Corollary. ([1] 3.11) If UB = UC then B v,C = B v 4 C.

Proof follows from 2.5 since B(0) = UB = JC implies B(0) + UC = UB.
The converse implication is true for commuting congruences.

2.7 Corollary. If B and C commute and B || C then
BvpC=Bv,C ifandonlyif UB={C.

Proof. =: If B and C commute then [1] 3.9 yields B(0) u C(0) = UBn UC
and by 2.5 the condition (6) is fulfilled. This condition gives UB = {JC.
The converse follows from 2.6.

2.8 Proposition. Let G be an Q-group. Then the following conditions are equi-
valent:

(a) The lattice #(G) is a sublattice of the lattice P(G).

(b) H(G) is a chain.

(c) #'(G) has three elements only, G|G, G[{0} and {0}/{0}.
(¢) G has no proper Q-subgroups.
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Note. If G is a group then the condition (¢) reads: G is a cyclic group of prime
order.

Proof. a = d. Let A be a proper Q-subgroup of G, B = G[{0} and C an arbitrary
congruence in G with |JC = 2. If C(0) # {0} then B and C are incomparable, thus
A = G by 2.5, a contradiction. Hence C(0) = {0}. In particular, for C = A/A we
have C(0) = A = {0}, a contradiction. Therefore G has no proper Q-subgroups.

d=c=b=-a isevident.

2.9 Theorem. The identity

) BvxC)dUBuUUC)=Bv,C
holds if and only if

(10)  B(0) = C(0) is anideal of {UB,UC) or Bv,C=Bv,C.

Note. The condition (9) reads that the set of all blocks of the partition B v, C
is a subset of the set of all blocks of the partition B v 5, C. These blocks of the
partition B v 5 C cover the domain {JB u (JC of the partition B v p C.

Proof. Denote D = (B v 4 C)(0) and suppose (9). By 1.3, D = (B v, C) (0) =
= (B v, C)(0) = [B(0) + UB n C(0)] u [C(0) + UC n B(0)] = B(0) + C(0) < ,
thus D = B(0) + C(0) = [B(0) + UB n C(0)] U [C(0) + UC n B(0)]. The Ileft-
hand side is a subgroup, the right-hand side is the union of two subgroups. By 2.2
we have e.g.

(11) B(0) + UB n €(0) = €(0) + UC n B(0).

The right-hand side is contained in {JC, hence B(0) = (JC. Denote G, = B n JC.
Then etiher UB\ (D + G,) * 0, hence B(0) = (B v x C) (0) 2 C(0) by 1.6 and (9),
hence B(0) 2 C(0), or UB = D + G,, thus B = C(0) + B(0) + UBnUC =
= C(0) + UB nUC < UC by (11). Hence JB < C.

Simultaneously either JC\(D + Go) + 0, then C(0) = (B v C)(0) = B(0)
by 1.6 and (9), thus C(0) 2 B(0), or UC = D + G,, thus UC = C(0) + B(0) +
+ UBnUC = C((0) + UBn UC = UC by (11), hence C = C(0) + UBn UC.
Finally, we have

1) B(0) 2 C(0) or 2) UB = UC

and simultaneously ,

a) C(0) =2 B(0) or b) UC = C(0) + UBn C.

Hence we have one of the following four possibilities:-

1 A a = B(0) = C(0). From the above we obtain B(0) = C(0) = D, hence B(0) =
= C(0) is an ideal of (B, UC) = (10).

1 A'b = B(0) 2 ¢(0), UC = C(0) + UB nUC = B(0) + UBnUC < UB=
= C = UB, C(0) < B(0) = C < B = (10).

2 Aa=UBc< UC, B(0) < C(0)=B = C=(10).
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2 A b=C = C(0) + UB = (10) provided B || C; if not we have (10) again.
If we started in (11) from the converse inclusion we should attain the same result
(interchanging B and C).

The converse implication. The first part of the condition (10) yields (9) (by 1.6,
because both sides of (9) are equal to (UB u UC)/B(0)); from the second part (9)
follows trivially.

2.10 Corollary. The condition
BvxyC)J(UBuUUC)=BvpC+BvyC
implies the commutativity of the congruences B and C.
Proof follows from 2.9, because B(0) = C(0) implies B(0) u C(0) = UB n UC

which is a criterion of commutativity [1] 3.9.

2.11 Theorem. Put

B = UB\[B(O0) + (UBAUC)], €=UC~[C(0)+ (UBnUO],

D =B v, C0).
Then

(12) Bv,C=(Bv,C)r{UBulUC),
if and only if (13), (14) and (15) hold, where

(13) D (UBuUUC) = B v, C0),
(14) (B+D)nUC=0,
(15) C©+D)nUB=9.

Proof. Let (12) hold. Then (13) holds, too. We shall show (14). If B =+ @ then
by 1.6, xeB satisfies B v, C(x) = x + B(0) = B v 4, C(x) n (UBU UC) =
=[x+D)nUBJul(x + D) nUC]=[(x+ D)nUB]u[(x + D)nUC].

Therefore x + B(0) 2 (x + D) nUC. Hence we obtain (x + D)nUC <
c [x + B(0)] nUC = {UB\[B(0) + (UBNUC)]} nUC = (UBNUC)nUC =
= 0, thus (x + D) n UC = @ which is (14).

Analogously, from the supposition € + @ we obtain (15). Thus, the conditions
(13), (14) and (15) are necessary.

Sufficiency. By 1.6 and 1.3 we obtain from (13) the following results:

LxeUBNnUC=BvyCx)n(UBLUC)=(x+D)n(UBUuUC) =x +
+[®n(UBUUC)] =x+ B v, C0) =B v,C(x).

The middle equality may be obtained as follows. Evidently 2 holds. Conversely,
if x+deUBuUC for some de®, then de(—x + UB)u(-x+ UC) =
=BuC,thusde D n(UBuUUC).

308




IL. If x € B then by (14), B v, C(x) n (UB L UC) = (x + D) n (YB L UC) =
=[(x+D)nUBJU[(x +D)nUC]=(x+D)nUB=x+ (DnUB) s x +
+[®nUBuVUC)]=x+BvpC0)=Bv,Cx)< B vyCx)nUBuUQ).
Hence B v 4 C(x) n (UB u UC) = B v p C(x).

III. If xe @ then we obtain the same result B v, C(x) n (UB VY UC) =
= B v p C(x) analogously to the above.

2.12 Corollary. Let B v , C(0) = B(0) + C(0). Then
Bvp,C=(Bv,C)M(UBuLUC).

Note. The condition B v 5 C(0) = B(0) + C(0) is fulfilled e.g. on Abelian and
Hamiltonian groups. For those groups Corollary 2.12, i.e. the identity (12), may be
easily proved directly. Denote B = G/B(0), C = G/C(0). Then B v, C = (B v C)[1
M (UB v UC) = G/(B(0) + €(0)) M (UB v UC) = <UB, UCY/(B(0) + C(0)) M
MUBuUUC) = (B vy C)I(UBuUUC). Only the first identity is not evident.
It suffices to prove =. Let x[(B v C)M(UBuUC)]y. Then —x + ye
e [B(0) + C(0)] n (UBuL UC) = {[B(0) + C(0)] n UB} L {[B(0) + C(0)] nUC} =
= [B(0) + UB n C(0)] u [UC n B(0) + C(0)] = B v C(0). In the proof of Co-
rollary 2.12 we have proved 8 = @ = €. By 1.6, we have x(B v C) y.

Proof of 2.12. Using the notation from the above Theorem we shall show B =
= 0 = G; then the conditions (14) and (15) of Theorem are fulfilled. Indeed, x € B,
ye(x + D)nUC =y = x + by + ¢, = ¢ for suitable elements by e B(0), ¢, €
€eC0) and ceUC=>UBax+by,=c—coeJC=>x+ boecUBNnJC=>xE€
e (UB nUC) — by = B(0) + (UB n UC), a contradiction.

Analogously, we obtain a contradiction starting from the condition (x + SD) N
N UC * 0 for some x € €.

Finally, the condition (13) is fulfilled, too, because D n (UB u UC) = {[B(0) +
+ C(0)] n UB} u {[B(0) + €(0)] n UC} = [B(0) + UB n C(0)] U [UC n B(0) +
+ C(0)] = B v, C(0) ([1] 3.5.7).

2.13 Note. Let (12) be true. Then

B+0=Dn{B = B0 _
€+90=DnUC= cgo)}:c(o)”uB“ BO)nUC-

Proof. Forxe Bwehave B v, C(x) = x + B(0) = B v 4 C(x) n (UBU UC) =
=[x+ D)nUB]JU[(x+D)nUC] =[x+ (D nUB)]Ju [(x + D) nUC]
The last square bracket represents the empty set (by (14)), thus B(O) <~ Dn{B.
Analogously € + 9 = C(0) = D n C.

Let D n UB = B(0) and D n JC = C(0). Then B0)nUC =DnUpnUC =
= C(0) n UB.

309



References

[1] T. D. Mai: Partitions and congruences in algebras. Archivum Math. (Brno) 10 (1974), I:
111—122, II: ¥59—172, I1I: 173—187, IV: 231—253.

[2] H. Draskoviéovd: The lattice of partitions in a set. Acta Fac. Rer. Nat. Univ. Comen. Math.
24 (1970), 37—85.

[3] O. Borivka: The theory of partitions in a set (in Czech). Publ. Fac. Sci. Univ. Brno, No. 278
(1946), 1—37.

[4] O. Borivka: Foundations of the theory of groupoids and groups. Berlin 1974 (in German
Berlin, 1960; in Czech Praha, 1962).

Author’s address: 662 95 Brno, Janitkovo nam. 2a (Pfirodovédeck4 fakulta UJEP).

310



		webmaster@dml.cz
	2012-05-12T11:13:40+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




