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Časopis pro pěstování matematiky, roč. 106 (1981), Praha 

ON A FUNDAMENTAL THEOREM 
OF THE LAPLACE TRANSFORM THEORY 

MIROSLAV SOVA, Praha 

(Received November 23, 1978) 

In this note we deal with an important theorem which plays a decisive role in 
Widder's theory of representability for the Laplace transform. This theorem was 
discovered by D. V. Widder and is to be found under the name "general 
representation theorem" in his classical book: The Laplace transform, 1946. Its 
main idea is, roughly speaking, that Laplace transforms of the so called Post-Widder 
approximations constructed for a given function and defined on the positive halfaxis, 
tend to this function if it has certain properties which are always fulfilled for Laplace 
images. 

In the sequel we present a proof of a theorem of this type not only for numerically 
valued but also for vector-valued functions. Our assumptions are a little stronger 
than those of Widder but they are sufficient in all necessary cases. 

The present proof is new, simple, elementary and, moreover, independent of the 
inversion theorem. Its technique diners considerably from that of Widder and is 
similar to that used by the author under more special assumptions in § 4 of his 
paper: Linear differential equations in Banach spaces, Rozpravy Ceskoslovenske 
akademie ved, fada mat. a prir. ved, 85 (1975), No 6. 

We shall denote: (1) R — the real number field, (2) (0, oo) — the set of all positive 
numbers, (3) Mx -» M2 — the set of all mappings of the whole set Mt into the set M 2 . 

Further, E will denote an arbitrary Banach space over R with the norm || *||. We 
shall need only the most elementary properties of Banach spaces and of functions 
with values in a Banach space. 

nn 1 
1. Lemma. — e n ^ JJ- for every n e 1{, 2, ...} . n\ t/n 

Proof. We have clearly 

(1) V^e~ ,**'>SeT"e~'(1 + $«"""'&*••••'• 
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Now we prove that 

(2) e"*1 (1 + -Y ^ e""1/4" for every n e {1, 2,. . .}. 

Indeed, the inequality (2) is equivalent to e~"<1/,l)+a/4,l,2)(l + 1/n) g 1 for every 
n e {1, 2,.. .}, and to verify this last inequality it suffices to show that 
e~a+a2/4(l + a) S 1 for every 0 -g a ^ 1. But the function e"a+a2/4(l + a) has the 
value 1 at the point 0 and is clearly nonincreasing for 0 ^ a S 1-

It follows from (1) and (2) that 

(3) (" + ^ ' e - ^ ^ e - ^ - e " " for every ne{l ,2 , . . .} . 
(n + 1)! n! 

Further we prove 

(4) e"1/4* - i - ^ ^ for every n e {1, 2,...}. 
XJn y [n + 1) 

Indeed, (4) is equivalent to %J\{n + l)/n] S e1/4rt, i.e. to 1 + (l/n) ^ e1/rt for 
every n e {1, 2, . . .}. But the last inequality is clearly true. 

The desired inequality can now be proved by induction on n. 
Indeed^ it is true for n = 1. If it is true for a fixed n e {1, 2,. . .}, we obtain from 

(3) and (4) that 

V1 + V c-(* + l) < e-l/4« !^~~n < e-l/4» J L < 
(n + 1)! n! %fn " t/(n + 1) 

which proves the induction step. 
The proof is complete. 

2. Proposition. Let F e (0, oo) -• E. If 

(a) the function F is twice continuously differentiable on (0, oo), 

(p) f £J'+1||FU>(£)|| d£ < oo, [ V l - 7 - 0 ® ! <X < oo for every j e {0, 1, 2}, 

then 

(a) /ne function e_A't*_1 F(l/r) is integrable over (0, oo) /or eper>> A > 0 and 
ae{0,l,...}, 

(b) ((g + ! ) ^ + l r e-(,+mv-i F A\ dT . ^ A f ( A ) / o r e w r y A > 0 
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Proof. Let us first observe that the assumption (P) is equivalent to 

dт < 00 , 
r1 + 3 

fWll dт < oo «L-K) 
for every ft > 0 and j e {0, 1, 2}. 

We see easily that (1) implies (a). 
Let us now fix a X > 0. 
For the sake of brevity we denote 

^=CK)h+DIK) 
+C'?IKDh+L?KD 
+r^G)h+DK) 
+ ( 1 + 1 2 ) | | F ( 2 ) | | + ( A + 23)| |F(1)| | . 

It follows from the assumption (a) and from (l) and (2) that 

(3) 

dí?j + 

döì + 

de + 

\F£\-XF{X) 

IJ^-idoV W/ HI-L(И)HG)И = 
-|-LІІ-.5(?'(І)+?'(D)*+"«+"«И 

HІ-LШИ)+И)+И;)И 
+ k2F{k) + A3F(A)ldJ ^ 

s ( t - д - . ) Г 2 Г l | Ш L ř + 4Г lЫҢ 
L Jя-tí? II Wll J я - t в * L W l 

+ Г -i H-1)!d* + Я W« + Я З « Ғ ' W « 1 -î 
Jя-t Ѓ?5 II Wll J 

-И) 

dø + 

for every t > 
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V1 

T \T 
-Lғf-л-1 u -(4) | 1 F Q - A F ( A ) | 

-ir=e'©H-i-r(?'Q+?'e)H-
- i-n-rsC?'©*?'©)*^^^-
Hi-nnnDf'CH'"©)-
+A2 Fw+A- FwidJi < r r r (41 F(-)I+41 r(±)\ + 

J II J , U - Ve3 II Wl l e4 II Wl l 
+ -ikf1)!)^ + A2iFWi + ^ ' W i l d e r <= e II W l l / J 

< r irp'7-K1)! +4 H1)!+Akf1)k + 
J. ' 2 U , Veil Wll e2ll Wll e3ll Wll 

+ <r2A2||F(A)| + v> A3|F(A)||] d<r < £ " A [2 £" ' 1 | F Q | | de + 
+4 r ^ kf1)!dQ+r ^ 1 F"(-)\

 dg+iFwi+1^ F 'Wiid<r= 
Jo e II \ e / | | Jo e II \e/ll J 

< K I — da - K | - - A) for every 0 < T < - . 
~ J. *2 V / A 

We need the following auxiliary identities which are well known or easy to prove: 

(5) I e"AV dT = ----- for every a e (0,1, ...} , 
Jo A«+1 

for every T > 0 and q e {0, 1,...}, 

(7) e-'*-V f- - ^ = - - [e-*AV] for every g e {1, 2, . . .} . 
\T / q dT 

(8) 
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Now, we obtain from (3), (4), (5), (6) and (7) that 

(fa + i)*)-*1 

*! 
; T e-(t+D-v-i F tl\ dT _ A f(A) 



g_±Jl_)__ j ~ e - — x« (1EQ - 1 Ғ(A)) dx| < 

šX--i±i^[f"tЄ-<--^(x - ±)dx + ["V— ҶU)dx]; 

((g + 1)Я),+1-[f" e ^ Ҷ x - i)dx +|Л"'e-^v(l - l) dx] -< K 

= K (fø + l ) ^ 1 [ ! I"0 1 (e-(í+i)^v+1) dx 
L (9 + l)AjA-.dxV + 

+ - Ґ ' - ( e - ^ v ) ^ ! = --
«Jo dx J 

(« + l)Л 

_Л(<. + -)*Г1Г 1 e-(g+1) , 1 
L + --q\ l(q + 1 ) 1 Xq+1 g X* '} 

(q + 1)! U g J 
Tl 1 (a + l V + 1 e " ( ^ + 1 ) 

= K - + 2Ae L5LZLJJ for every _e{l,2,. . .} . 
IX J (q + 1)! 

Using Lemma 1 we see easily that (8) implies (b). 

The proof is complete. 

3. Lemma. Let F e (0, 00) -> E. If 

(a) the function F is infinitely differentiate on (0, 00), 

(P) f ^ + 1 | | F ( ^ ) | | d { < 00, f V - ^ I F ^ ^ H d ^ 00 for every pe{0,l,...}. 

then 

(a) the functions e-^r ( p + 1 ) F ( l 7 ) ( l/ r ) , e-"T p F ( p ) (l/f) and e - > r r ( p + 2 ) F ( ' + 1 ) ( l / t ) 

are integrable over (0, 00) for every fi > 0 and pe {0, 1, ...}, 

e - ^ т - P Ғ ( p ) / І ) d т _ (b) re-"*x-<p+2>F(p+1)(-)dx= -/.J"" 

-(p+D_p(p) | l ^ d T for every n > 0 and pe{0 , 1, ...}. e >"т 

Proof. By a simple substitution we see from (a) and (P) that 

dr < oo for every p e {0,1,...}, 

dT < oo for every P e {0, 1, ...}. 

(1) fx-<p+1>|jF(p>(-) 

(2) rx-i>+3> |F<P> (-) 
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Now the statement (a) is an easy consequence of (1) and (2). 
To prove (b) we need some auxiliary observations. 
First we prove that 

(3) for every pe{0 , 1, ...}, there exists a sequence ak> fce{l, 2,...}, such that 

0 < a* < 1 for every k e {1,2,...}, ock -> 0 (k -> oo) and a^F ( p )(l/a f c) -> 0 (k -> oo). 

Indeed, suppose that (3) does not hold. Consequently, there exist 0 < 5 fg 1 
and e > 0 so that T~'P\\F(P)(1IT)\\ ^ e for every 0 < T < S. This implies that 
J0 T- ( P + 1 ) | |F ( P )(1/T)|| dT = oo which contradicts (1). 

Analogously we prove that 

(4) for every p e {0, 1, ...}, there exists a sequence ft, k e {l, 2, ...}, such that ft > 1 

for every k e {1, 2,...}, ft -> oo (k -» oo) and ft~p~3F(p)(l/ft) -> 0 (k - oo). 

If the property (4) did not hold, then there would exist S ^ 1 and e > 0 so that 
T" ( ; , + 3 ) | |F ( P )(1/T)|| ^ e for every T > O\ Consequently j ? T" ( p + 3 ) | |F ( p )(l/T) dT = co, 
which would contradict (2). 

As an immediate consequence of (3) and (4) we have 

(5) for every p e {0, 1,...}, there exist two sequences ak9 ft, k e {1, 2, ...} such that 
0 < afc < 1, ft > 1 for every k e {1, 2,...}, afc -> 0, ft -^ oo (k -> oo) and 
e-Aakafc-

pF(p)(l/<xfc) -> 0 and e" % f t" p F ( p ) ( l/f t) -• 0 (k -> oo) for every A > 0. 

On the other hand, we see immediately from (a) that 

,) AFO>>/T\ = _ lF^
p+1){-\ for every t > 0 and p e {0, 1, ...}. 

Using (5) and (6) and integrating by parts we get for k > 0 and p e {0, 1,...} 

re-MtT- (p+2)F(p+i)/l\d T = _ re-,TT-pi /V'^-YWT = 

Л/1* 

= - lim ""e-^-^-F^Í-^Wdr = 

- -js.['"*s""(s) - •"-*""© - 0<e""v')fW©'"] -
= - lim Hi rV<"T-'F<p> (-) dT + p pe-" tT-(, '+1)F( ' ,) [-] dT = 

= -n re-"It-"F^(-\dz - p re-MTT-(p+Df(p)li\dT 

which is the desired result (b). 
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4. Proposition. Let F e (0, oo) -» E. If the assumptions (a) and (P) 0f Lemma 1 
are fulfilled, then 

(a) the functions Q~lxtt~p~1F(-p)(\\i) and e"M^p-1F(l/r) are integrable over (0, oo) 
for every /j > 0 and Pe{0, 1, . . .} , 

(b) Te-^T-^+^F^ (-\ dT = (-l)*/i' [ V ' V - W ^ dT 

for every /x > 0 and pe (0, 1, . . . } . 

Proof. The statement (a) is an immediate consequence of the corresponding state
ment of Lemma 3. 

To prove the statement (b), we conclude first from (a) that 

(1) (_ I)P+ i fV*VF (~\ dT = (- l)p — T Pe-VV- AF [-] drl 

for every tx > 0 and p e {0, 1, . . . } . 
Now we proceed by induction on p. 
The case p = 0 is evident. 
Consequently, we now suppose that (b) holds for a fixed pe{0, 1, ...} and all 

ix > 0 and we prove it for p + 1 and all fi > 0. 
Under these circumstances, we obtain from (b) with regard to (1) that 

(2) (-iy>+i tip+i fV*w/^dT = (-i)v+i—rfV^v-^/'-'jdTl = 

= ̂ + 1 A["^ ( -1 )^^ fV^V^F/'-'jdTl = 

= fip+1 - Lrp f°°e-^T-(p+1)F(p)/'-N)dTl = 

= -fi J e-"TT-"F(p) ( -1 dT - p J e-"TT-(p+1)F(p) ( - ) dT for every fi > 0. 

Using Lemma 3 we get from (2) that 

( . ^ p + i ^ + i p e - ^ F ^ d T = re-^T~(^+2)F(p+1)^dT 

for every fi > 0 which proves the induction step. 
The proof is complete. 

5. Theorem. Let F e (0, oo) -» E. If 

(a) the function F is infinitely differentiable on (0, oo), 
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(0) f S'+ 1 | |F<»(£) | |d£<cx,, f V - 1 | | l ! < ' ) ( « ) | | d € < o o for every p e { 0 , l . . . . } , 

fhen 

(a) the functions e " A % + l)/f)*+1 FU)((g + l)/0 « r^ integrable over (0, co) for 
every A > 0 and q e {0, 1, . . . } , 

(b) iz^L r e - ^ / i ± i Y + V ^ ^ - ^ i i ' j d T -,..,„ F(A) for ever>> A > 0. 

Proof. The first statement (a) is an immediate consequence of the corresponding 
statement of Proposition 4. 

By the statement (a) we have in particular that 

(1) the function Q~Xt(l\t) F(l\t) is integrable over (0, oo). 

Further, it follows from (a) that 

(2) the function (l/t) F(l\t) is continuous on (0, oo). 

Now we get by Proposition 4 with p = q and /L -= k(q + 1) after a simple substitu
tion that 

( 3 )^rc"a t(-f-7+ v , ,(£T- i)d t = 

= t i i * (a +1) re-^
+i>rT-<*+i>wlN)dT = 

for every k > 0 and q G {0, 1,...}. 

The statement (b) is now an immediate consequence of (3) by virtue of Proposi
tion 2. 

The proof is complete. 

6. Lemma. For every t > 0 and JJL > 0, |(e",/u - l)\n + f| = i/xf2. 

Proof. 

e - " - 1 
+ t 

Џ 
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7. Theorem. Let F e (0, oo) -> £. / / the assumptions (a) and (P) of Theorem 5 
are fulfilled, then 

(a) the functions Q~kttp((q + l)jt)q+1 Fiq)((q + l)/ř) are integrable over (0, oo) 
/ a r čt;ery A > 0 and p, q e (0, 1,...}, 

(b) (-ir* rv*« A + iy+i „<„ /« + !• 
«! 

£e-*v(i±i) f +>(i±i)dx^.f«(A) 

/or euery A > 0 and pe{09 1, . . . } . 

Proof. The statement (a) foliows immediately from (a) of Theorem 5. 
To prove the statement (b), we proceed by induction on p. 
For the saké of simplicity we shall occasionally write 

/ , ( , ) . í ^ ř ( l ± i j " , « ( l ± i ) for , > 0 and „ { 0 , ! , . . . } . 

The čase p = 0 folio ws from Theorem 5. 

We now prove the induction step, i.e., we suppose that for a fixed pe {0, 1,...}, 

(1) (-If f V A V / , ( T ) dr -*,_„ F^(Á) for every A > 0, 

and we prove that (l) implies 

Í
oo 

e - * v + 1 / , ( * ) < h - ^ o o F<P+1)(A) for every A > 0. 

To this aim we need some auxiliary observations. First we recall that clearly 

(3) f °°(* + *0 ~ F(P)(A) _ ^ 0 + F(P+I)(A) for every A > 0. 
/* 

Further we get by Lemma 6 that 

(4) 5 ^ _ + e -*T T^( l )dT £ + T 
IIJo L ^ J II Jo I A* 

g íf f e - A V + 2 | y ^ | dT f()r e y e r y ^>0, fi> 0 and qe{0, 1,...}. 
^ Jo 

Finally it follows from (l) which is supposed to be valid that 

(5) (_iy. ! *— t»fq(T) dr -
Jo n • 

i — ^ ->,->«, 0 for every X > 0 and /* > 0. 
0 

e"At*1/i(*)l<frŠ 
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On the other hand, a routine verification shows that we can write 

(6) (-l)p+1 [V*V+1/,(-)<.-- - F("+1\X) = 

- \(.iy f e_-C^>-e-TP/g(t )dT _ ^ + M) - i*W| + 

L Jo /* ^ J 

+ [ ( - ! ) P + 1 f fe~(A+^~ C"AT + e " ^ T'/.W dTl + 

+ P* '^ + ^ ~~ F ( P ^ - F^+1>(A)1 for every A > 0,/z > 0 and qe{0,1,...}. 

Let now e > 0 and X > 0 be fixed. 

By (3) and (4) we can find a fixed ja0 > 0 such that 

(7) 

(8) 

Ғ»(Я + JІQ) - ҒW(Я) _ ғ ( p + 1 ) ( я ) | ś e ^ 

/to 

(- lГ'íľ( : 0 0 / e ~ ( A + дo) __ e~Aт 

Яo 
+ e-AlT)z*j í(T)dT 

(9) 

for every q e {0, 1, . . . } . 

Further it follows from (5) that there exists a q0 e (0, 1, ...} such that 

00 e"(A+"0) - e " * ^ ^ d r _ ^ + fa) - FO\X) 
( - 1 ) " 

JИo Mo 
<І 

for every q __ q0. 

Summing up (6)~(9) we see that 

/*oo 

( - 1 Y + 1 e- A V + 1 / 4 (T)dT - F<"+i\A) s г 

for every q __ q0 which proves (2). 

This verifies the induction step and therefore the statement (b) is valid. 

The proof is complete. 

8. Proposition. Let F e (0, oo) -> E. If 

(a) the function F is infinitely differentiate on (0, oo), 
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(P) the functions Xp+i F(p)(A) are bounded on (0, oo) for every pe {0, 1 , . . . } , 

then 

/•l poo 

^ + i | | F ( P ) ^ | | d(* < ^ a n d {|,"'1||-F(P)(5)II d £ < °° ./^ ^ r y P e (°> *> •••}• 

Proof is easy. 

9. Proposition. Let F e (0, oo) -> E. If 

(a) the function F is infinitely differentiable on (0, oo), 

(P) F(X) -> 0 (A -> oo), 
/•oo 

(Y) there exists a B > 1 such that /x*p+*~2||F(p)(/*)||* d/j < oo for every 

Pe{l,2,...}, 

Jhen 

f ^ + i | E ( ^ ) | d£ < oo, f V " 1 ! - ^ ^ ) ! d£ < oo for every pe{0, 1, . . .} . 

Proof. Let us first consider p e {1, 2,.. .}. 
By virtue of Holder's inequality we get from (Y) that 

p̂ +i(IE(p)(£)|d£ = fVv* 1 "^^!^^)! ]^^ 
Jo Jo 

r f l - | (9 - l ) /9rp l -11/9 
< £2/(9-1) £9P + 9-2|F(p)(£)| |9d£ = 

| - f l -](9-l)/9 r/•«) -11/9 

= {-/(»-«d<H M*'"""2!-^5^)!* d/i < oo , 

f° £P-1 | | f <p)(£)| d£ = r£-2(9-l)/9|-£p+l-(2/9)|f(p)(£)||-]d£ < 

](9-l)9|-fo> -11/9 

£9p + 9-2||F(p)(£)|9d£ < 

< rr%9p + 9-2 | F (p , ( ^|9 d j / 8
< 0 0 _ 

It remains to deal with the case p = 0. 
To this aim we first deduce from (p) that F(£) = Jf F'(ju) d/x for every £ > 0. 
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Now we get by Holder's inequality for £ > 0 that 

\F(t)\\% fVooi ^ = fV^-n^ -^ iH/o i i ] ^ = 

~U ^ " H IJ "2*-2lf'MII*d" =r(9-1)/sl I ^-2F'(nfdA . 

The desired inequalities with p = 0 follow immediately from this estimate and from 
(Y) with p = 1. 

10. Proposition. Let F e (0, oo) -» F. If 

(a) the function F is infinitely differentiate on (0, oo), 

(p) F(X) -» 0 (A -> co), 

(Y) fV"*1^0011 d^ < °° / ^ « * ^ P e {1, 2, . . .} , 

/hen 

f ^+ i | |F (^ ) | | d£ < co, f V ^ I I F ^ ) ! ! <-£ < oo for every P 6 {0, 1,...}. 

Proof. The case p = {1, 2,...} is immediately clear from (Y). 
We have only to deal with the case p = 0. 
First, by ((3) we get F(£) = J|° F'(/x) dpi for every £ > 0. 
This identity implies ||F({)|| ^ Jf ||F'(fi)|| d/i ^ J? |F'(M)||

 dM < °° w h i c h a t 

once gives J0 «'+1||F({)| d£ < oo. 
On the other hand, it follows from J? ||F'(/z)|| djU < co that there exists a sequence 

Ak > 0, fee 1, 2,..., such that Afc -> oo (fc -> oo) and F'(Xk) -> 0 (k -* oo). Since 
Jo° A*||F"0i)|| dJ" < °° (cf- M) implfes that J? ||F%u)|| d^ < oo for every £ > 0, 
we obtain that F'(<!;) = Jf F"(/j) dlx for every <j > 0. Consequently we can write 

l*f'(«)ll = II* J ? ( V / 0 A * ^ ) < M ^ J?HIF1r0lldJ" f o r eve ry * > 0. By virtue 
of (Y) this implies £ F'(£) -> 0. Using this fact and integrating by parts we obtain 
easily \\Z F'(£)| = fl J? F'Qi) d„ - J? /. F"0) d/ifl g J? | |F'0)| dM + J? ^||F"0)|| . 
. dfi for every £ > 0. The above results now give ||F(*)| = |Jf F'(/JL) dfi\\ = 

= I Jf (-//») M * '00 ^ 1 ^ Jf (-//») III*I"(!0II <-* S (l/«) [J? ||F'0)|| d^ + 
+ J? ^|F"0)| | d/i] for every i > 0. Consequently J? r I - 7 ® ! d£ ^ (J? T 2 d{). 
. [J? ||F'0)|| d/i + J? 4F"(n)\ dfi] = J0» ||F'0)|| dfi + J? M||F"0)|| d^ which 
proves the last desired inequality, by virtue of (Y). 

The proof is complete. 

Author's address: 115 67 Praha'l, 2itna 25 (Matematicky listav CSAV). 
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