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ON THE EQUIVALENCE OF WIDDER-MIYADERA'S AND
LEVIATAN'S REPRESENTABILITY CONDITIONS FOR THE LAPLACE
TRANSFORM OF INTEGRABLE VECTOR-VALUED FUNCTIONS

MIROSLAV SovA, Praha

(Received November 23, 1978)

There are two theories of representability of functions as Laplace transforms of
vector-valued functions integrable with a power greater than one: that of Widder-
Miyadera [1], [2] based on the behaviour of certain integrals of derivatives and the
other of Leviatan [3] based on the behaviour of certain sums of derivatives. The
purpose of this paper is to give a direct proof of equivalence of these conditions which
is desirable because both theories use different technical tools.

The main result is given in Proposition 8 which is new also in the simplest, i.e.
numerical, case. This result is then applied in Theorem 9.

1. We shall denote: (1) R — the real number field, (2) (w, o) — the set of all real
numbers greater than w where w € R, (3) M; — M, — the set of all mappings of the
whole set M, into the set M,.

2. By E we denote an arbitrary Banach space over R with the norm | -||.

3. We need only the most elementary properties of Banach spaces and of functions
with values in a Banach space.

4. Proposition. Let Fe (0, ) - E. If
(o) the function F is infinitely differentiable on (0, ),
(B) F () = 0 (4 > o), |

(v) there exist constants M 2 0 and $ > 1 so that
L 1%
J’ p*P* 2| FO(u)|* dp < M(—pl—;)— for every pe{1,2,...},
0
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then

(2) the functions e *'*((q + 1)[1)**! F@((q + 1)[t) are integrable over (0, )
for every A > 0and p,q€{0,1,...},

(b) (——l)pﬂJ' ety p<q + 1) F@ (q + 1) de _);v:aal;ly F@(2)
0 T

q! T
for every A > 0and pe{0,1,...}.

Proof. We obtain from the assumptions () and (y) by means of Holder’s inequality
and substitution that for every A > 0 and p, g€ {0, 1, ...},

we—lrtp q + 1 ! F(q) q + 1
0 T T
< ®((q + 1\**! Fa+n (4 + 1 )3 dr s w(e—}.ttp 9/(8—1) ¢-vrs —
- 0 T T 0
® 18 poo (9-1)/8
[+ of e a] [ [T open] ™ <
0 0
L 3/(8-1)
< Mg +1)! [j (e”ﬂfr!’)s/(“-l)]
0

which immediately gives the property (a).
Now we turn to the proof of the property (b).
We obtain again from the assumptions («) and (y) by means of Hélder’s inequality
and substitution that
t

l)k( k+1 (k) E el < i Ek+1F(k) ]_(
T “Jolk!'\z T
1) "
o llk!'\7 T
[0 (Y | pw E) *ael” -
o (K)*\z 1

®©
_ [J (I%"" [H9+9-2 "F(k)(#)"s du] (911 < MIBE=D for every ¢ > 0
1/t

and ke{1,2,...}.

dr £

dr £

™

IIA

Let E* be the set of all continuous linear functionals on E.
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We see from (1) that

[ ()

ke{1,2,...} and I e E*.

< |1 M8 ¢S-173 for every t > 0,

The inequality (2) enables us to apply Theorem 11b, Chap. VII of [1] to every
function IF, l€ E*, and, taking into account the assumption (B), we obtain im-
mediately that (b) holds for p = 0. The general validity of (b) can be then proved
by induction on p analogously as in the proof of Lemma 4.15 in [5].

Remark. A simple and direct proof of a more general version of Proposition 3
(under weaker assumptions and with strong convergence) will be given in [4].

5. Lemma. Let F € (0, ) — E. If the function F is infinitely differentiable on
(0, ), then for every A > 0 and pe{0,1,...},
L F(s = se) >y, FO().
dir
Proof. We first need to prove that
(1) for every pe{1,2,...}, there exist constants a,, a,, ..., @, such that a, = 1 and

e F(S —se™) = (= 1)”2( 1) @, S FO(s — se™)

for every A > 0 and s > 0.

In proving (1) we proceed by induction on p. The case p = 1 being clearly in order,
we pass to the verification of the induction step.

First, we get

Fs = se) = [(—1)?2( 1) a,

—il

= (- 1)”Z( D" ey S FO(s — se™) +

(i+1)i/s

+ (- 1)"2( 1) a;————— FU*D(s — se™*) =

dp+ 1

dlp+1

F(‘)(s - se’”“‘):]

—i

= (- l)”Z( 1)i*!ia e 'F("(s-—se A1)

el i+1 € Hs F(i) —A/s
+ (- - a;—q " .
( l)pl;( ]')l sp+1-, (s se )
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Further, we put

q'l =ay, ap =1, aj=a;+(j—1)a;_,
for every je{2,3,..., p}.

Then we get from the preceding considerations
—jAls

ot @) - a3
- FO(s — se™F)

dﬂ,ﬁ'l

p+1
F(s — se™) = (=1)*1 ¥ (= 1) a) =
j=1

sp+l—

which confirms the validity of the induction step. Hence (l) is proved.
Now the statement of our Proposition is an immediate consequence of (1).

6. Lemma. Let ¢,y €(0, o0) —» R. If the functions ¢,y are continuous and
nonnegative, then for every 3 > 1,

U:qv(n) ¥(n) dn]s = U‘00 o(n) dn]s_ 1 I : o(n) (W(n))* d .

0
Proof. It is clear that we can suppose [ ¢(n)dn > 0.
Let now 3 > 1 be fixed. For a, = 0, a = 0 we get

a® — ay — a5~ Ya — a,) =J di(ns —ay — 9ay”'(n — ao))dn =
o A1

= SJ (**=ayHdpz0
a0

and consequently

a® — ay =2 9a37'(a — ay).

Taking ao = ([§ o(n) dn)™* [§ o(n) ¥(n) dn and a = () we get

W) - [( j o) dn)" j " ola) vt dn]“’ >

0

2 9057 [vto) ~ ([ ot an) " [ oty an].

0
Multiplying this inequality by ¢(n) and integrating over (0, o) we get evidently

j:¢(n) @) dn - (F o(n) drz)“H (r () ¥(n) dn)&l 20

0 o

which gives the desired inequality.
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Remark. The above inequality is a special case of the Jensen inequality. Since
this inequality is still infrequent in standard text-books of advanced calculus (at
least in the above simple form), we give its proof.

7. Lemma. e”“¢? < e~ PpP[aP for every a > 0, ¢ > Oand pe{1,2,...}.

Proof. It suffices to find the maximum of the function e~ £?, ¢ > 0, by standard
methods.

8. Proposition. Let Fe (0, 0) > E, M 20 and 1 < § < oo. If the function F
is infinitely differentiable on (0, o), then the following two statements are equi-
valent:

(W) () F(A) » 0 (2 > ),

@© S
(II)J‘ po 2| FO)|* dp < M(Tp‘) for every pe{1,2,...},
0

<[4 (p), °
© L[] =35
Proof. (W) = (L). For the sake of simplicity, let us define

1) £, = ( 1) (q -:J)qHF("’ (q -: ) for every t > 0 and qe{0,1,...}.

According to Proposition 4 we get from (W) (I) and (1) that

(2) the functions e~ *¢” f,(t) are integrable over (0, ) for every A > 0 and p,q €
e{0,1,...},

@) (-1 J e~ 427 £,(2) de 2K FW(3) for every 4 > 0 and pe {0, 1, ...).
0

It follows from (W) (II) after a simple substitution that

@ [ o [T o (1)

-4t 1.[ p* 2| FO(W)|* dp £ M e+l every ge{l,2,...}.
0 q

T (@)

On the other hand, using the identity

@ P
J. @ e *dr ==
o D!

dr =

I\
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for every A > 0 and pe {0, 1,...} we obtain from Lemma 6 that

o (% G e o) &) s g [ B emip@ar or vy 1> 0,

pe{0,1,...} and g€{0,1,...}.
It follows from (4) and (5) that

© 35 j sl < % ( j G s o) dr) <
P = j (£, %) et -

= ,1.91—1 -L ”fq(r)"s dr = qTH , }

Letting now g tend to infinity we obtain easily from (3) and (6) that (L) holds.
(L) = (W). First we prove

(1) the series Y (& — a)t/k! F®(a) is absolutely convergent for every o > 0 and
k=0

¢ — of <.
Indeed, it follows from (L) by means of Hélder’s inequality that

5, B o) - 5, (K=Y (£ 1rovar) <

S[LE)TTE G ] s

su[E ()T

k=0 4

Since the last series is a geometrical series w1th quotient less than 1 the desired
property follows.

It follows from (1) by means of Taylor’s theorem that
(@ FO=Y% (6—;—'ﬂ‘ F®(a) for every & > 0 and [¢ — o] <a.

k=0 :

Taking « = s and ¢ = s — se™** we get from (1) and (2) that

(3) the series Y e"“‘/‘(—;’f)—f F®)(s) is absolutely convergent for every A > 0 and
k=0 H

s>0,
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Y] — Q)
(4) F(s —se™*) =Y e""‘/‘(T's)— F®(s) for every A > 0 and s > 0.
k=0 :

On the other hand, we can prove that
8) o
F™(s) is absolutely convergent for every

5) the series S e A — = (=s)f
) theseries 3e74 (-2} 5
A>0,s>0and pe{l,2,...},
) P _ )k
(6) the series Y e~ #/* ( - i) (k_'S) F®(s) is uniformly convergent in A > g > 0
K=1 !

for every s > 0 and pe{1,2,...}.
Indeed, by Hélder’s inequality we obtain from (L) that

"5 ( ) [P <

J P\S/G-DS-1)8 [ § sk 871/9
S| X (e A= IF9E)] =
k=i k=i \ k!
P\ 8/(8—-1)(8-1)/8 )
< [%] [Z ( e Ak (’—(> ) ] for every A > 0, s > 0,
s k= s

pe{l,2,..} and i,je{1,2,...}, i <.
Further, by Lemma 7 with a = 4/2s we get

d —Ak/s k\P\¥¢-D 1 J ~ (9] P)S/(3=1) <

®) ,;i (e (;) ) = PG/e-1) ,‘; (e k) =

- 3/(9-1) j
< 1 e PpP(2s)P\*¢ e~ (A/29k(8/(3=1)) _
= gP8/(8-1) AP

k=i

Pe=Pp?\3/(3-1) j
= (2 e)f pp) E(e“(""zsx“’/(s ¥ for every A >0, s >0, pe{l,2,...}
and i,je{1,2,...}, i <j.

The statements (5) and (6) now follow immediately from (7) and (8).
We obtain from (3) and (6) that

dr
dA? «

©) Z —AK/s \—s) F®(s) = Z e-l"/’( s) ( ks)k F®(s) for every A > 0,

s> 0 and pe{1,2....}.
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Consequently, by (4) and (9),
14 @ P(_ )
(10) (—;%,F(s — se %) = Ze""/’(— I—C) (_k_'S)_ F®(s) for every 1 >0, s > 0
k=1 S H

pe{l,2,..}.
It is easy to see that

) Feme(Ef e Lo (1 3
k=1 S k=1 § S

o0
gse"“f e #rP dr = se™H p foreveryu>0 s > 0 and pe{Ol
. Jo I‘

It follows from (L) by means of (11) and of Holder’s inequality that

e (-5 C o] s S (B el

k!

EL~OT () o
[ OT [Ze O G e

© k
< [se w P! ] Z ""‘/‘( ) ( ”F"‘)(s)”) for every u > 0, s > 0 and

p+1
3

ref0,1,...}.
Now (12) together with (L) implies the following important estimate:

(13)J pS+8-2 2e~nk/3( s)pg_;!_f_)k}?(k)(s) *

<[] B o -
_ @ sS—lLe w0~ Dyyp~ 1Ze—nk/s( ) ( ||F(">(s)[|> du =

p!

= %?fss-lkgl( )( "F""(s)") j e n((k/5)+5(3 1))#1! 1 du =

dp =
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s O3 (4 (5 1) P(‘)‘) s

S

é (p|)3 ss— 1
p

Eod
118

Sk 3 (p,)s
(E ”F‘”(s)”) < M~ forevery s > 0 and pe{l,2,...}.
: p

The above preparatory considerations enable us to conclude the proof of (L) =
= (W).

It follows from (10) and (13) that
© P

(14) | wubr*s-2 & F(s — se™")

0 dp?

pe{l,2,..).

By Fatou’s lemma and Lemma 5 we get from (14), letting s tend to infinity, that

S (p|)9
du < M >~ for every s > 0 and
p

© 3
(IS)J' pHPrem 2 FO)|*dp < M @) for every pe{1,2,..}.
0 p

On the other hand, as an immediate consequence of (L) we have
(16) F(ﬂ.) -0 (,1 - oo).
From (15) and (16) we see that (W) is proved.

9. Theorem. Let $ > 1, M 2 0, = 0 and F e (w, ©) - E. If the space E is
reflexive, then the following three statements (A), (B) and (C) are equivalent:
(A) (I) the function F is infinitely differentiable on (w, ),
(1) F(3) > 0 (1 - o),

(1) j.w(p — )82 FO()|® dp < M(p!)’ for every pe{1,2,...},
o p

(B) (1) the function F is infinitely differentiable on (w, ©),
('1 — w) (p)
o 5 [E=Lpreo] s s

(C) there exists a function f € (0, 00) = E such that
(I) f is measurable on (0, o),

(1) j:[e-mnf(r)u]“ dr < oo,

for every 1> w,

(1) jwe'ly(t) dt = F(4) for every A > o.
0
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Proof. First, we find easily that we can restrict ourselves to the case w = 0.

In this case, the equivalence (A) <> (B) is proved by Proposition 8.

The remaining equivalences may be proved in two ways. We can use Widder-
Miyadera’s theorem [2], i.e. the equivalence (A) <> (C) and we get at once the equi-
valence (B) <> C; or we can start with Leviatan’s theorem [ 3], i.e. with the equivalence
(B) <> (C) and the equivalence (A) <> (C) follows.

Remark. It may be useful to draw attention to the fact that the theories of Widder-
Miyadera [1], [2] and of Leviatan [3] are technically strongly different and therefore
Proposition 8 represents a useful bridge to pass from one to the other. Moreover,
naturally, if both theories are supposed to be proved, Proposition 8 is, in reflexive
spaces, their simple consequence (in terms of the preceding Theorem 9, (A) < (C)
and (B) <> C imply (A) <> (B)).

Remark. In Proposition 8, we omitted the case 3 = 1 because we are interested
only in the case of Laplace transforms of functions and not of measures. Moreover,
this case was solved essentially (for numerical valued functions) by Widder [1].

References

[1] Widder, D. V.: The Laplace transform, 1946.

[2] Miyadera, I.: On the representation theorem by the Laplace transformation of vector-valued
functions, Tohoku Math. J., 8 (1956), 170—180.

[3] Leviatan, D.: Some vector-valued Laplace transforms Israel J. Math., 16 (1973), 73—86.

[4] Sova, M.: On a fundamental theorem for the Laplace transform, to appear.

(5] Sova, M.: Linear differential equations in Banach spaces, Rozpravy Ceskoslovenské akademie
v&d, Rada matem. a p¥ir. v&d, 85 (1975), No 6. ’

Author’s address: 115 67 Praha 1, Zitna 25 (Matematicky ustav CSAV).

126



		webmaster@dml.cz
	2012-05-12T11:00:10+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




