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INTRODUCTION 

Let G be a graph. For an edge x = uv of G, let N(x) denote the set of all vertices 
which are different from u and v, and are adjacent with u or v. The subgraph of G 
induced by N(x) is called the neighbourhood of the edge x and is denoted by G(x). 
G is said to be edge-locally connected if the neighbourhood of every edge is con­
nected. G is said to be edge-locally n-connected if the neighbourhood of every edge 
is n-connected. The edge-local connectivity of G is the maximum n such that G is 
edge-locally n-connected and is denoted by ek(G). 

The concept of edge-local connectivity is edge-analogue of local connectivity of 
Chartrand and Pippert [2]. In [2] sufficient conditions for graphs to be locally 
connected and n-connected are given in terms of sum of degrees of pairs of vertices. 
VanderJagt [4] improved this sufficient condition for a graph to be locally con­
nected. In this paper sufficient conditions for graphs to be edge-locally connected., 
and n-connected are given; further, it is shown that the sufficient condition for a graph 
to be edge-locally connected cannot be improved when the order of the graphs is 
congruent to l(mod 3) or 2(mod 3). 

The number of vertices a graph G contains will be denoted by p(G). Other ter­
minology is in conformity with that of [1]. 

SUFFICIENT CONDITIONS FOR GRAPHS TO BE EDGE-LOCALLY CONNECTED 

Theorem 1. If G is a graph of order p such that for every pair u, v of vertices^ 
deg u + deg v > %(2p — 1), then G is edge locally connected. 

Proof. Assume that G satisfies the hypothesis of the theorem but is not edge-
locally connected. Let x = uv be an edge of G such that G(x) is disconnected. Let Gx 

be a component of G(x), and G2 = G(x) — Gt. Since for every pair w, v of vertices 

112 



of G, deg u + deg v > | (2p - 1), it follows that p(G(x)) ^ %(2p - 1). Consider 
a vertex wř of Gu i = 1, 2. Then deg(w ls G) ^ p(G) - p(G(x)) + p ^ ) - 1, and 
deg(w4, G) ^ p(G) - p(G1) - 1. Hence 

deg (wl5 G) + deg (w2, G) g 2 p(G) - p(G(x)) - 2 g 

3Š 2p - i(2p - l) - 2 = | (2p - 1) - 1 . 

This contradicts the fact that deg wx + deg w2 > | (2p — l). Hence the theorem 
follows. 

The following corollary is immediate. 

Corollary. If for a graph G of order p, min deg G > %(2p W 1), then G is edge-
locally connected. 

We now show that Theorem 1 can be improved when the order of a graph is 
congruent to l(mod 3) or 2(mod 3). 

Theorem 2. Let G be a graph of order p = 3fc + 1 containing up to k vertices 
of degree 2k and remaining vertices of degree exceedtng 2k. Then G is edge-locally 
connected. 

Proof. Suppose a graph G satisfies the hypothesis of the theorem but is not 
edge-locally connected. Then min deg G = 2fc, for otherwise by the corollary to 
Theorem 1, G is edge-locally connected. Let x = uv be an edge of G such that G(x) 
is disconnected. Let Gt be a component of G(x) of minimum order, and G4 = G(x) — 
- Gv Clearly, p{G(x)) ^ 2fe - 1. Supposz p(G(x)) = 2fc + r W 1, where r is 1 non-
negative integer. Then p(G1) ^ k + [-|(r — 1)], where as usual [x] denotes the 
greatest integer not greater than x. Now for a vertex w of Gl9 

(1) deg (w, G) ^ P(G) - p(G(x)) + p{Gt) - 1 ^ 

^ 3fc + 1 - (2fc + r - 1) + fc + [i(k - i ) ] - l ^ 2Jk - r + [i(fe - 1)] + 1 . 

Since r is a non-negative integer, — r + [£(r — 1)] + 1 is nonpositive. Also, since 
min deg G = 2fc, it follows that — r + [ |(r — 1)] + 1 = 0 and equality occurs 
in (1). Now - r + [ i (r - 1)] + 1 = 0 if r = 0 or r = 1. Also, p(G1) = fe + 
+ [ l ( r ~~ 1)] when equality occurs in (1). 

Čase 1. Suppose r = 0. Then p(G(x)) = 2k - 1 and p ^ ) = fc - 1. Now 
p(G(x)) = 2fc — 1 implies deg (u, G) = 2fc and deg (u, G) = 2fc. Also, the degree 
of every vertex of G± in G is 2k. Thus G contains k + 1 vertices of degree 2fc which 
contradicts the hypothesis. 
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Čase 2. Suppose r = 1. Then p(G(x)) = 2fc and p(G1) = k. Hence G2 is also 
a component of G(x) of minimum order fc. Hence the degree of every vertex of G2 
in G is 2fc. Since thre degree of every vertex of Gt in G is 2fc, G contains 2fc vertices 
of degree 2fc which is again a contradiction. Hence the theorem follows. 

On the samé lineš the foliowing theorem can be proved. 

Theorem 3. Let G be a graph of order p = 3fc + 2 containing up to 2fc + 1 
vertices of degree 2fc + 1 and a// others of degree exceeding 2k + 1. T/ien G ís 
edge-locally connected. 

By exhibiting examples, it will now be shown that for graphs of orders more than 9 
Theorems 2 and 3 cannot be improved. Let Gx and G2 be disjoint graphs. The union 
of Gx and G!2, denoted by Gx u G2, is the graph whose vertex set is the union of vertex 
sets of Gt and G2 and edge set is the union of edge sets of Gt and G2. The sum of Gt 
and G2, denoted by Gx + G2, is the graph whose vertex set is the union of the vertex 
sets of Gt and G2, and two vertices are adjacent if and only if they are adjacent vertices 
of Gí9 or adjacent vertices of G2, or one is a vertex of Gx and the other is a vertex 
of G2. 

Example 1. Let p = 3fe + 1, k > 2. Let Gx, G2, G3 and G4 be pair-wise disjoint 
graphs, where Gx = X2, G2 = Xfc, G3 = Xfc_l5 and G4 = Kk. Let G = (Gt u G2) + 
+ (G3 u G4). Then in the graph G, the degree of every vertex belonging to V(GÍ) 
or V(G3) is 2fc; the degree of every vertex belonging to V(G2) or V(G4) exceeds 2fc. 
Thus G contains k + 1 vertices of degree 2fc and remaining vertices of degree more 
than 2fc. But G is not edge-locally connected as the neighbourhood of the edge in Gt 
being G3 u G4, is disconnected. Hence Theorem 2 is best possible. 

Example 2. Let p = 3k + 2, k > 2. Let Gl9 G2, G3, and G4 be pair-wise disjoint 
graphs, where Gx = K2, G2 = Kk, G3 = Kfc, and G4 = Kfc. Let G = (Gx u G2) + 
+ (G3 u G4). Then G contains 2fc + 2 vertices of degree 2k + 1 and remaining 
vertices of degree more than 2fe + 1. But G is not edge-locally connected as the 
neighbourhood of the edge in Gt being G3 u G4, is disconnected. Hence theorem 3 
is best possible. 

SUFFICIENT CONDITION FOR GRAPHS TO BE EDGE-LOCALLY n-CONNECTED 

Theorem 4. Let G be a graph of order p such that for every pair u, v of vertices, 
deg u + deg v > f(2p + n) — 1, where 1 <a w lš JP - 3. 77ten G is edge-locally 
n-connected. 

Proof. Suppose that G satisfies the hypothesis of the theorem but is not edge-
locally n-conneeted. Let x = uv be an edge for which G(x) is not n-connected. Fol-
lowing two cases arise. 
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Čase 1. Suppose G(x) = Kp for somej g n. Assume that G contains a vertex w 
which is not adjacent with u or t?. Then deg w ^ j + l ^ n + 1 and deg w !g jp — 3, 
so that deg u + deg 0 <£ p + H — 2. By hypothesis, jp 4- n - 2 > £(2p + n) - 1. 
This implies that n > p which is not possible. Hence every vertex of G is adjacent 
with u or t;. Suppose now that there exists a vertex w which is adjacent with only one 
of u and v, say w is adjacent with u. Then deg w = j and deg u ^ j + 1. Hence 
deg u + deg w ^ j + j + 1 ^ 2 n + l. Again, by hypothesis 2n + 1 > f (2p -f n) — 
— 1. This implies that n > p — \ which again, is not possible. This proves that 
G = Kp; and hence G is edge-locally n-connected for every n, 1 S n ^ p — 3, 
which is contrary to the initial hypothesis. 

Čase 2. Suppose G(x) contains a set T of í (^n — 1) vertices whose removal 
from G(x) results into a disconnected graph. Let Gt be a component of G(x) — T 
of minimum order, G2 = (G(x) - T) - Gl9 and G3 = G - (N(x) u (w, t;}). Let 
JP(^Í) = mu l = 1, 2, 3 and w be a vertex of Gv Then deg u ^ m1 + m2 + t + 1 
and deg(w, G) ^ p — m2 — 1. By hypothesis, degu 4- deg w > a, where a = 
= f(2p + n) — 1. Hence deg w > a — deg w, so that p — m2 — 1 > a — mx — 
— m2 — t — 1. Hence 

(2) mi > a — p — t. 

(3) m2 > a — p — ř, since m2 ^ mi . 

Now, m3 = p — mx — m2 — t — 2. Hence from (2) and (3) 

(4) m3 < p - 2a + 2p + 2ř - t - 2 = 3p - 2a + t - 2 . 

Let w' be a vertex of G2. Then deg (w', G) ^ m2 + m3 + / + 1. Hence 

(5) deg (w, G) + deg (V, G) ^ (mj + m3 + ř + 1) + (m2 + m3 + t + 1) = 
= (mi + m2 + m3 + t + 2) + t + m3 = p + t + m3 < 

< p + í + 3 p - 2 a + í - 2 , from (4) = 

= 4p - 2a - 2 + 2t S (4p + 2n - 3) - 2a - 1, since í g n - 1 . 

Now a = §(2p + n) - 1. Hence 3a = 4p + 2n — 3. Substituting this in (5), 
deg (w, G) + deg (w', G) < 3 a - 2 a - l = a ~ l = f (2p + n) - 2. This is again 
a contradiction to the initial hypothesis. Hence the theorem follows. 

Corollary. / / G is a graph of order p for which min deg G > §(2p + n) — 1, 
w/iere 1 ^ n ^ p — 3, then G is edge-locally n-connected. 
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