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PATHS IN POWERS OF GRAPH

ELENA WiszTOVA, Zilina
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1. Introduction. By a graph we shall mean a finite undirected graph with no loop
of multiple edge (i.e. a graph in the sense of monographs [1] or [2]). If G is a graph,
then we denote by V(G), ¥;(G), and E(G) the vertex set of G, the set of vertices of
degree one in G, and the edge set of G, respectively. The distance between vertices u
and v of G will be denoted by d(u, v, G). By the n-th power G" of G (where n = 1)
we mean the graph with the properties that ¥(G”) = V(G) and that vertices u and v
are adjacent in G"if and only if 1 £ d(u, v,G) £ n. If n 2 1 and u is a vertex of G,
then we denote by G(u, n) the set of vertices which are adjacent to u in G".

If G and G, are graphs, then we denote by G, U G, the graph with V(G, U G,) =
= V(G,) v ¥(G,) and E(G, v G,) = E(G,) v E(G,).

Let G be a graph. A path connecting vertices u and v in G is referred toasau — v
path in G. In the present paper a path in G will be regarded as a subgraph of G.
A path P in G is called hamiltonian if V(P) = V(G). We say that G is hamiltonian
if it contains a hamiltonian path.

Let G be a nontrivial graph. We say that it is hamiltonian-conneceted if for every
pair of distinct vertices u and v of G, there exists a hamiltonian ¥ — v path in G.
Hamiltonian properties of powers of graphs, especially of the second and third
powers, were studied very intensively: see, for example, SEKANINA and CHARTRAND-
KAPOOR. Some further references can be found in LESNIAK [7].

In the present paper we shall study a certain general modification of hamiltonian
connectedness for higher powers of graphs.

Let G be a graph. For every positive integer i, we denote by 9,(G) the set of all
ordered pairs (Uy, U,) with the properties that U, and U, are disjoint subsets of V(G),
and |U,| = 'U;l = i, Denote.

2(6) = U 2(0).

Let (Uy, U,) € 2(G). We shall say that a set 2 of paths in G is a (Uy, Us)-path
system in G, if
(i) given P € 2, then one end-vertex of P belongs to U,, and the other belongs
to Uz,
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(i1) lgi’l = |U1[,

(iii) every vertex of G belongs to at most one path in 2. We shall say that 2 is
a (U,, U,)-path system on G, if it is a (U1, U,)-path system in G, and every vertex
of G belongs to at least one path in 2. Let G be a tree, and let 2 be a (U 1» Uz)-path
system in (on) G", where n = 1. We shall say that 2 is n-good for G if for every
P € 2 and every pair of distinct vertices v and w of P it holds that if d(v, w,G)<n
and no u € V(P — v — w) belongs to the v — w path in G, then vw € E(P).

Let G be a graph, and let i be a positive integer. We shall say that G is i-traceable
if |V(G)| = 2i and for every (Uy, U,) € 2/G), there exists a (U;, U,)-path system
on G. It is obvious that a nontrivial graph is 1-traceable if and only if it is hamiltonian-
connected. In the present paper we shall prove that if G is a connected graph with at
least 2i vertices, where i = 3, then G**! js i-traceable. We recall four theorems
which will be very useful for this purpose.

Theorem A (J.-L. JoLVET [3]). If G is a connected graph with at least n = 1
vertices, then G" is n-connected.

Theorem B (see Theorem 5.14 in HARARY [1]). 4 graph with at least 2n vertices
(n = 1) is n-connected if and only if for every (U,, U,) € 9,(G), there exists a (Uy,
U,)-path system in G.

Theorem C (M. SEKANINA [5]). If G is a nontrivial connected graph, then G* is
hamiltonian-connected.

Theorem D (M. Sekanina [6]). Let a, b, ¢ and be distinct vertices of a connected
graph G. Then there exist aa — b path P, in G* and a ¢ — d path P, in G* such that
APy, P,} is a ({a, ¢}, {b, d})-path system on G*.

Corollary 1. Let G be a connected graph. If |V(G)| 2, then G* is 1-traceable;
if [V(G)| = 4, then G* is 2-traceable.

2. Results. We first prove five lemmas.

Lemma 1. Let G be a connected graph with p = 2 vertices. Then for an arbitrary
pair of distinct vertices x and y of G there exists a hamiltonian x — y path P in G*
with the property that there exists s € G(x, 2) such that xs € E(P).

Proof. We prove the lemma by using induction on p. If p = 2, the result is obvious.
Assume that p = 3, and that the result is proved for every nontrivial connected
graph with at most p — 1 vertices. Let x and y be distinct vertices of G. Since G is
connected, there exists a spanning tree T of G. There exists exactly one vertex r of G
such that ry e E(T), and that r belongs to the x — y path in T. Clearly, T — ry
consists of two components, say T, and T,, where x € V(T) and y € V(T;). Obviously,
at least one of the trees T, and T, is nontrivial.
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First, let T, be trivial. Then there exists s € V(T;) such that sy e E(T;). According
to Theorem C there exists a hamiltonian s — y path P, in (T})*. If we denote by P
the path P, + xs, then we get the result of the lemma.

Next, let T, be nontrivial. Then there exists t € V(T, — x) such that ¢t e T(y, 2).
By the induction assumption there exists a hamiltonian x — t path P, in (T,)®
with the property that there exists s € T(x, 2) such that xs e E(P,). If T, is trivial
and we denote by P the path P, + ty, then we get the result. Assume that T, is non-
trivial, and consider z € V(T,) such that yz € E(T,). According to Theorem C there
exists a hamiltonian z — y path P, in (T;)’. Obviously, d(t, z, T) < 3. If we denote
by P the path (P, U P,) + tz, then we get the result of the lemma, which completes
the proof.

Corollary 2. Let G be a connected graph with at least three vertices, and let
u € V(G). Then there exist vertices x, and y, of G — u such that x, € G(u, 1), y, €
€ G(u, 2), and that there exists a hamiltonian x, — y, path in G* — u.

Corollary 2 immediately implies the following result, which is due to Chartrand
and Kapoor [4]: If G is a connected graph with at least four vertices and u € V(G),
then G* — u is hamiltonian.

Lemma 2. Let T be a tree with at least 2i vertices, where i > 1, and let (U,, U,) €

€ D(T). Then there exists a (Uy, U,)-path system in T which is i-good for T.

Proof. According to Theorem A, T is i-connected. From Theorem B it follows
that there exists a (U,, U,)-path system in T".

Consider a (Uy, U,)-path system 2 in T® which has the following property: if
P € 2, then there exists no path P’ such that V(P') < V(P), [V(P')| < |V(P)|, and
that (2 — {P}) U {P'} is a path system in T°. We shall show that 2 is i-good for T.

On the contrary, we assume that £ is not i-good for T. From the definition of an
i-good path system it follows that there exists P, € 2 such that there exist distinct
v, we V(P,) with the properties that ow ¢ E(P,), d(v,w, T) 2 i, and that no ue
€ V(P, — v — w) belongs to the v — w path in T. Since v and w are distinct vertices
of P,, we have that there exists a v — w path Q in T® which is a subgraph of P,.
Since vw ¢ E(P,), we have |V(Q)| 2 3. We dendte by P’ the path P, — V(Q — v — w).
Since P’ and P, have the same end vertices, we have that (2 — {Po}) u {P'} is
a (U,, U,)-path system in T%, which is a contradiction. Hence the lemma follows.

Let T be a nontrivial tree, and let (Uy, U,) € 2(T). We denote by T(U,, U,) the
minimum subtree T’ of T with the property that U, u U, < V(T’). Obviously,
Vi(T(U,y, Uy)) € Uy v U, . )

We shall say that T is (U,, U,)-primitive if there exists no ye V(T(Ul, U,)) -
— (U, U U,) with the property that each component T, of T — y satisfies (N(Tp) n
N Uy, V(T,) nU,)e X(To). It is obvious that if T is (U, U,)-primitive, then
T(Uy, U,) is also (U, Uyz)-primitive. ’
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Lemma 3. Let T be a tree with at least 2i vertices, where i = 1, and let (Ul, Uz) €
€ D(T). Assume that T is identical with T(U,, U,), and that T is (U,, U,)-primitive.
Then there exists a (U, U,)-path system on T' which is i-good for T.

Proof. According to Lemma 2, there exists a (U,, U,)-path system 2, in T*
which is i-good for T.

If 2is a (Uy, U,)-path system in T%, then we denote

V(2)=NV(Q).
Qe2

Assume that 2 is a (U,, U,)-path system in T* which is i-good for T, and that
there exists a vertex ve V(T) — V(2). Since T is (U,, U,)-primitive, there exists
a component T; of T — v such that (V(T,) n U,, V(T,) n U,) ¢ 2(T;). Therefore,
|V(T1) N U1| =N |V(T1) N U2|. Since |U1| = |U2 there exists a component T, of
T — v such that T; is different from T, and |V(Ty) n U,| # |V(Ty) 0 U,|. This
implies that there exists a path P € 2 with the property that there exists v,, v, € V(P)
such that vv, € E(P), and that v belongs to the v; — v, path in . We denote by P’
the path obtained from P — v,v, by adding the vertex v and the edges v,v and vv,.
It is easy to see that (2 — {P})u {P'} is a(U,, U,)-path system in T’ which is
i-good for T, and that V(2 — {P}) u {P'} = V(2) u {v}.

If V(2,) = V(T), then 2, is a (U,, U,)-path system on T'. Assume that V(2,) *
# V(T); if we reiterate the above procedure, then from 2, we can construct a (U,,
U,)-path system on T* which is i-good for T.

Hence the lemma follows.

Let T be a nontrivial tree, and let (U, U,) e 2(T). If ve V(T(U,, U,)), then we
denote by T(v, Uy, U,) the component of T — E(T(U,, U,)) which contains v.
Further, we denote by m(T, U, U,) the number of vertices ve V(T(U,, U,)) —
— Vi(T(U,, U,)) with the property that T(v, U,, U,) is nontrivial.

Lemma 4. Let T be a tree with at least 2i vertices, where i = 3, and let (Ul, Uz) €
€ 9(T). Assume that T is (Uy, U,)-primitive and that m(T, U,, U,) = 0. Then
there exists a (Uy, U,)-path system on T'*1.

Proof. We denote the tree T(U,, U,) by S. If v € V;(S), then we denote T(v, U,, U,)
by T(v). Moreover, we denote

W = {we Vy(S); T(w) is nontrivial} .

Corollary 2 implies that for every w e W there exist x,, ,, € V(T(w) — w) such that
x,, € T(w, 1), y,, € T(w,2), and that there exists a hamiltonian x, — y, path in
(T(w))> — w, say a hamiltonian path P(w). According to Lemma 3, there exists
a (Uy, U,)-path system on S* which is i-good for S, say a (U, U,)-path system 2.
We distinguish two cases:
1. There exists no P, € # with the following properties:
(i) P, contains only two vertices, say a and b;
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(ii) a, be W; and

(iii) d(a, b, T) = i.

2. There exists P, € 2 with the properties (i)— (iii). _

Case 1. Let P be an arbitrary path in 2, and let u and v be the end vertices of P.
There exist vertices u’ and v’ such that uu’, vv’ € E(P). Obviously, P is a path in T*.
If u € W, then (P U P(u)) — uu’ + uy, + x,u’ is a path in T***. Let u, v € W; then
either |V(P)| 2 3 or d(u,v, T) < i; this means that (P U P(u) L P(v)) — uu’ —
— o' + uy, + x,u’ + v'x, + y,vis a path in T'*!. This observation yields that the
paths of 2 can be extended to a (U,, U,)-path system on T**!.

Case 2. Without loss of generality we assume that a € U; and b e U,. We denote
by Z the set of all vertices of the a — b path in T which do not belong to U; u U,.
Since S is (U,, U,)-primitive, we have that there exists no xe V(S — a — b) —
- (U, = {a}) v (U, — {b})) — Z such that every component S, of S — a — b — x
satisfies (V(S,) N Uy, V(So) N U,) € D(S,). Consider an arbitrary vertex ce Z.
We denote by S, or S, the component of S — ¢ which contains a or b, respectively.
Assume that ¢ has the following properties:

(1) Every component S, % S,, S, of S — c satisfies

(V(So) N Uy, V(So) N U,) e 2(S,)
(2) either
[V(S.) nUy| = |[V(S)) nU,| + 1,

[V(Ss) nUy| = |V(Sy) " U,| — 1
or

[V(S,) " Uy| = |V(S))nU,| -1,

[V(Sy) " U,| = |[V(S)) " US| + 1.
Then every component S, of S — a — b — c satisfies

(V(So) n Uy, ¥(So) nU,)e 2(So)-

We denote by Z’ the set of all ¢ € Z which have the properties (1) and (2). Moreover,
we denote Z, = Z' U {a, b}. Then every component S’ of S — Z, satisfies

(U, A V(S), U, 0 V(S)) e 2(S"),
S is (Uy n¥V(S'), Uy A V(S'))-primitive
and S’ is identical with S'(U, n V(S’), U, n V(S')).

According to Lemma 3, for each component S’ of S — Z,, there exists a (U; n V(S’),
U, 0 V(S’))-path system 2. on (§”)'~! which is (i — 1)-good for S’. Denote

P, = UPs., over all components S’ of S — Z,,.
Subcase 2.1. Let |Z,| 2 3. Then there exists an a — b path P in T°~* such that
V(Po) = Z, and that 2, U {P,} is a (U,, U,)-path system on S*~! which is (i — 1)-
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good for S. If we denote 2 = 2, U {Po}, we have a (U,, U,)-path system on S*
which is i-good for S and which fulfils the condition of Case 1.

Subcase 2.2. Let |ZO' < 3. Then Z, = {a, b}. We denote by P, the graph with
V(P,) = {a, b} and E(P,) = {ab}. It is clear that S — a — b has exactly one com-
ponent. This implies that 2, is a (U, — {a}, U, — {b})-path system on (S — a —
— b)i~* which is (i — 1)-good for S — a — b (and therefore for S). Denote 2’ =
= Py U {Py}.

Subcase 2.2.1. Assume that there exists P, € ' — {P,} with the property that
at least two vertices of P,, say vertices v and w, belong to the a — b path in S. We
can assume that d(a, v, S) < d(a, w, S); for an illustration see Fig. 1. Obviously,

¥ Xr r S Xs Yo

: :
ot

Fig. 1.

Ja Xa a Xs s

d(v,w, S) < i — 2. Since P, is (i — 1)-good for S, we have that vw € E(P,). Let r
and s be the end vertices of P;. There exist vertices ' and s’ such that rr’ and ss’
are edges of P,. Without loss of generality we assume that if s € W, then re W. We
denote by P, the path
(Po U P(a)) + ay, + x,b
and by P, the path
(Py U P(b)) + vx, + yw, if r,s¢ W,
(Py U P()UP(r) + vx, + yyw + 1y, + x0, if reW, s¢W,
(Py U P(b) U P(r) U P(s)) + vx, + yw + X7 + ry, + 5y, + x5, if r,seW.
It is easy to see that both P, and P, are paths in T *!, If we continue for the paths
in 2’ — {Py, P,} as in Case 1, we can extend %' to a (U,, U,)-path system, say 2,
on T**! such that Py, P, € 2.

Subcase 2.2.2. Assume that for every Pe &' — {Po} at most one vertex of P
belongs to the a — b path in S. Since d(a, b, S) = i, we have that for every P € #' —
— {P,} exactly one vertex of P belongs to the a — b path in S. Since [V(s)| = 2i,
there exists v € V(S) which is adjacent to a vertex on the a — b path in S, say a vertex z.
Since a, b € V;(S), we have that a # z # b. There exists P; € #' — {P,} such that
v € V(P,). Obviously, there exists exactly one vertex w € V(P,) which belongs to the
a — b path in S. Without loss of generality we assume that d(a, z, S) < d(a, w, S).
We have that d(v, w, S) < i — 1. Since 2, is (i — 1)-good for S, we have that vw €
€ E(P,). Obviously, 2 < d(a,v, S) £ i and d(y,, w,S) S i + 1. Assume that ve W
(see Fig. 2).
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If d(a, v, S) < i, then d(x,, x,,S) S i + 1.
If d(a,v,S) =i, then z =w, and therefore d(x,, x;,, S) =4 <i+ 1 and
d(w, yp, S) =3.

Fig. 2.

Let r and s be the end vertices of P,. The above observation shows that there exist
ana — bpath P§ in T**! and a r — s path P{ in T*** such that V(P5) n V(P}) = 9
and

V(P3) 0 V(PT) = V(P,) U V(T(a)) L V(T(3)) v V(T)) © V(T(S)).

If we continue for the paths in ' — {P,, P,} as in Case 1, we can extend 2’ to
a (U,, U,)-path system, say 2*, on T** ! such that P§, P} € #*.
If Tis a tree with at least six vertices, then we denote

2%(T) =f§3'@"m .

Lemma 5. Let T be a tree with at least six vertices, and let (U, U,) € 2*(T).
Assume that T is (Uy, U,)-primitive. Then there exists a (Uy, U,)-path system on
T'*Y, where i = |U,|.

Proof. If m(T, Uy, U,) = 0, then the result follows immediately from Lemma 4.
Let m(T, U,, U,) 2 1. We shall assume that for every tree T’ with at least six vertices
and for every (Uj, Uy) € 2*(T") such that T” is (U, U)-primitive and that m(T,
Uj, Uy) < m(T, Uy, U,) there exists a (Uf, Uj)-path system on (T")"*!, where
i = |Uyl. .

Sinlce |m(T, Uy, U,) 2 1, there exists ue V(T(Uy, Uy)) — Vy(T(Uy, Uy)) with the
property that T(u, Uy, U,) is nontrivial. We denote by S the graph T — V(T(u,
U,, U,) — u). Obviously, S is a tree, (Uy, U,) € 2*(S), and S is (U,, U,)-primitive.
Since m(S, U, U,) = m'T, Uy, U,) — 1, the induction assumption implies that there
exists a (Uy, U,)-path system, say 2, on S***. Let Q, be the path in 2 with the proper-
ty that u belongs to Q,. We distinguish the following two cases:

1. There exists Qe 2 — {Q,} with the property that there exist distinct v, w e
€ V(Q) such that vw € E(Q) and u belongs to the v — w path in S.

2. There exists no Q € 2 — Q, with the above property.
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Case 1. Corollary 2 implies that there exist x,, y, € V(T(u, U,, U,) — u) such that
x, € T(u, 1), y, € T(u, 2), and that there exists a hamiltonian x, — y, path, say P,
in (T(u, Uy, U,) — u)®. Since d(v,w,S)<i+ 1 and Q % Q, we have that
d(v,u, S) < iand d(w, x,, S) S i + 1.

If d(v, u, S) < i, then d(v, y,, S) £i + 1, and we denote by Q' the path
((Q = vw) U P) + vy, + wx,. If d(v, u, S) = i, then uw € E(S), d(v, x,, S) = i + 1
and d(y,, w, S) < 3 < i, and we denote by Q' the path ((Q — vw) U P) + vx, +
+ wy,.

It is clear that Q' is a path in T**'. Therefore, (2 — {Q}) U {Q'} is a (U, U,)-
path system on T'*!.

Case 2. We denote by u, and u, the end vertices of Q, such that u, e U, and
u, € U,. Divide the tree S into two nontrivial trees S; and S, such that

(i) S is identical with S,uU S,,
(ii) V(S1) N V(S2) = {u},
(iii) u € ¥4(S,), and
(iv) u, € V(S,) and u, € V(S,).
We denote by T, the tree S; U T(u, Uy, U,). Clearly, T is identical with T, U S,.
Since there exists no path Qe 2 — {Q,} with the property defined in Case 1, we

conclude that for every Qe 2 — {Q,} either V(Q) < V(T;) or V(Q) = V(S,).
Denote:

Upy=U;n V(Tl)’
Uz = (U n V(TY) v {u},
Uy = Uy 0 V(Sy) v {u},
Uss = U, 0 V(S,).

Obviously, (Uyy, Uy,) € D(Ty) and (U,y, Usy) € 9(S,). It is easy to see that Ty is
(Uy1, Uy,)-primitive, S, is (U,,, U,,)-primitive.

Since u € V(Ty(Uyy, Uy,)) N V(S(Usy, Usgy)), we have that m(Ty, Uy,, Uy,) <
< m(T, Uy, U,) and m(S,, U,y, Uy,) < m(T, Uy, U,).

Obviously, max (4, |U 11‘ +1, |U21| + 1) £ i+ 1. Combining the induction
assumption and Corollary 2, we get that there exists a (U,y, U,,)-path system 2,
on (T,)*! and a (Uy,, U,,)-path system 2, on (S,)'*!. Let P, € #; and P, e 2,
be the paths with the property that u € V(P;) n V)P,). Since T is identical with
Ty U S, and V(Ty) n V(S,) = {u}, we have that

(21 = {P}) U (22 = {P2}) v {(P, v P,)}

is a (U,, U,)-path system on T***, which completes the proof.
Now, we can state the main result of the present paper.
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Theorem 1. Let i = 3 and let G be a connected graph with at least 2i vertices.
Then G'*! is i-traceable.

Proof. Since G is connected, it is spanned a tree T. Let (U,, U,) € @,(T). It is suf-
ficient to prove that there exists a (U,, U,)-path system on T***. ’

It is easy to see that there exist vertex-disjoint subtrees T, ..., T, of T, where
k = 1, such that V(T) = V(Ty) v ... U ¥(T;) and, for every j = 1, ..., k,

(T}) 0 Uy, V(T)) nU2)€D(T) and
T; is (V(T;) n Uy, V(T;) n U,)-primitive .
Since i = 3, we have that
cmax (4, |[V(T) n Uy + Lo, [V(T) Uy +1) S i+ 1.
Combining Corollary 2 and Lemma 5, we get that for every j = 1, ..., k there exists

a(V(T;) n Uy, V(T;) n U,)-path system, say 2;, on (T;)'**. This means that 2, U ...
... U 2, is a (U, U,)-path system on T***. Hence the theorem follows.

Remark 1. G'*! in Theorem 1 cannot be replaced by G'. For example, if G is the
graphin Fig. 3 and U, and U, are the sets of vertices denoted by 1 and 2, respectively,
then there exists no (U,, U,)-path system on G'.

Fig. 3.

Remark 2. According to Corollary 2, if G is a connected graph with at least four
vertices, then G* is 2-traceable. This power cannot be decreased. For example, if G
is the graph in Fig. 4 and U, and U, are the sets of vertices denoted by 1 and 2,
respectively, then there exists no (U,, U,)-path system on G>.

In the end of the present paper we shall prove two results concerning 2-traceable
graphs.

Fig. 4.

Theorem 2. Let G be a 2-trabéable graph with at least five vertices. Then G is
3-connected.

Proof. On the contrary, we assume that G is not 3-connected. Since |V(G)[ > 3,
there exists a set U, of two vertices of G such that G — U, is disconnected. Let G’
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be a component of G — U, with the minimum number of vertices. Since [V(G)| 2 5,
we have that |V(G) — U, — V(G’)| 2 2. Consider an arbitrary two-element subset U,
of V(G) — U, — V(G'). Let v € ¥(G’). It is obvious that in G the vertex v is separated
from U, by U,. This implies that there exists no (U,, U,)-path system on G, which
is a contradiction. Hence the theorem follows.

Theorem 3. Let G be a 2-traceable graph with at least five vertices. Then G is
hamiltonian-connected.

Proof. According to Theorem 2, G is 3-connected. Let u and v be distinct vertices
of G. Since G — u — v is connected, there exist distinct verticesaand bof G — u — v
such that ab € E(G). Since G is 2-traceable, there exists a ({u, v}, {a, b})-path system
on G. Without loss of generality we assume that there exist a u — a path P, and
a v — b path P, such that V(P,) n V(P,) = 0 and V(P,) u V(P,) = V(G). This
means that (P, U P,) + ab is a hamiltonian u — v path in G. Hence the theorem
follows.

Remark 3. The cycle with exactly four vertices is 2-traceable but not hamiltonian-
connected.
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