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&asopis pro p&stovini matematiky, ro¥. 105 (1980), Praha

AN EXAMPLE OF REMOVABLE SINGULARITIES FOR BOUNDED
HOLOMORPHIC FUNCTIONS

Jikf MATYSKA, Praha
(Receiyed August 1, 1977)

I. INTRODUCTION

The results concerning removable singularities for bounded holomorphic functions
are usually described in terms of analytic capacity which is a set function introduced
by L. AHLFORSs in [1] (and given name later by V. D. EROCHIN). Information about
the definition of analytic capacity and its basic properties can be found e.g. in [14],
[4], [6], [10]. The concept of analytic capacity will be used here for conciseness
only and all we actually need are the following two propositions:

I. A set F (relatively) closed in a domain D of the complex plane C is a set of
removable singularities for bounded functions holomorphic on D \ F if and only if
every compact K < F is a set of removable singularities for bounded functions
holomorphic on C\ K.

II. Let K be a compact subset of C. Then the following properties are equivalent:
(i) K has zero analytic capacity.
(i) K is a set of removable singularities for bounded functions holomorphic on

C\K.
(iii) Every bounded function holomorphic on C\ K is a constant function.

Much research has been done on the relations of the analytic capacity to various
metric characterizations of the set. We shall be interested in its relation to the linear
(Hausdorff) measure of the set only. The first steps in this direction were made by
P. PAINLEVE at the end of the last century. The results of his treatise [11] imply,
among other, that every compact of zero linear measure has also zero analytic
capacity. About 1909 several communications appeared in Comptes Rendus, where
A. DENJOY investigated the behaviour of Cauchy integrals on the support of the
corresponding measure. It was shown there that, given a compact subset of a straight
line with positive measure, one can construct a nonconstant function bounded and
holomorphic on its complement in the complex plane (cf. [2]). Thus a compact
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situated on a straight line has zero analytic capacity if and only if it has zero linear
measure. Let us note that CH. POMMERENKE in [12] and L. D. Ivanov in [7] obtained
later a deeper “result, namely that the analytic capacity of a compact on a straight
line is one quarter of the corresponding linear measure.

We shall say briefly that a set lying in the complex plane has the Denjoy property
if each of its compact subsets of zero analytic capacity has also zero linear measure.
Thus every straight line has the Denjoy property, but a simple arc need not have this
property at all. In fact, several examples of compact sets with zero analytic capacity
and positive linear measure were constructed by A. G. ViTu$kiIN, L. D. Ivanov and
J. Garnerr (cf. [17], [9], [5]) and any such compact is a perfect discontinuum,
which lies on a simplé arc by a result of Denjoy from 1910 (cf. [2]). The assertion
that every rectifiable curve has the Denjoy property is usually called the Denjoy
conjecture. This assertion has been generally proved only recently*). Earlier some
results were obtained concerning comparability of the linear measure and the analytic
capacity of sets with additional conditions on the curves or continua on which
they are situated (cf. L. D. IvaNov [8], N. A. Sirokov [13], J. Fuka and J. KrAL [3]).

According to the Denjoy conjecture, the rectifiability is sufficient for an arc to
have the Denjoy property, and one may ask to what extent it is necessary. A common
feature of all mentioned examples is that the corresponding sets with zero analytic
capacity and positive linear measure are in a certain sense very “dispersed” and it is
therefore not clear & priori whether such a set can be situated on a “nice” curve.
Modifying a method of Vituskin it is possible to construct a real function satisfying
the Holder condition such that its graph carries a compact of positive linear measure
and zero analytic capacity. In the following we construct such a function satisfying
the Holder condition for every exponent o € (0, 1). The graph of this function has
not the Denjoy property although the function is only “a little worse” than a Lipschitz
function, the graph of which is rectifiable.

II. ESSENTIAL CONSTRUCTIONS NEEDED IN THE SEQUEL

1. As usual, we shall denote by C the set of all complex numbers which will be
identified with the Euclidean plane R%: For E = C we shall denote by int E and
diam E the interior and the diameter of E, respectively. If A, B = C, then

(1) dist (4, B) = inf{ja — b|:ae 4, be B}.

Given E = Cand & > 0 we put
@) #(E) = inf{Y diamE, : E < ) E,, diam E, < ¢} .
n=1 n=1

*) The validity of the Denjoy conjecture is a consequence of the recent result of Calderén on
the boundedness of Cauchy’s operator. It is necessary to combine Calder6n’s result from [16]
with earlier results of Davie, HAvIN and HAvinsoN (cf. [17], [18], [19]).

134



v

The linear (Hausdorff) measure of E is defined by
(3) #(E) = lim o# (E) = sup #(E) .
e~0+ e>0

It can be easily shown that the linear measure of the orthogonal projection of E into
an arbitrary straight line is not greater than the linear measure of E.

2. Let 4 = R be a compact interval. Given positive integers k, j such that 1 <
< j £ k we denote by (j | k) 4 the j-th of the compact intervals which arise by
dividing 4 into k non-overlapping parts of equal length. Moreover, if q € (0, 1) we
denote by (j| k; g) 4 the compact interval concentric with (j | k) 4, the length of
which is a (1 — g) — multiple of the length of (j I k) 4. Thus we put

@ (194 =(a+ G-0"7 % asi 200,

k

(i|k;q)4 =<a+(j—1+<}q)b_;__a, a+(j—%q)b;a>
in the case 4 = {a, b).

Given a compact interval 4 =« R and numbers k, g, v such that k is a positive
integer,0 < g < 1,v > 0, there exists a unique function ¢ : R — R with the following
properties:

(51) ¢ is continuous in R;

(52) o(x) =0 for x ¢ 4;

(55) o(x) =(=1y"1'v for x e(j] kig)d, j=1,2,...,k;

(54) ¢ is affine on each interval J = 4 \ Gl(( j| k; q) 4).
=

In what follows we shall use
©) o= o4 k) = (207 #(d)

and the corresponding function ¢ will be denoted more explicitly by ¢, , (if neces-
sary). Then obviously

(7) max |@,4(x)| = v(;i; k).
If we put, in addition,
® o(d; k. q) = q o(d; k) = (20)* g #(d),

then ¢ is the length of intervals contiguous to (j | k;q) Ain (j| k) 4.
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3. The following constructions will depend on the choice of two sequences of
numbers, one of them being a sequence of positive integers k, and the other a se-
quence of real numbers ¢,€(0,1), n = 1,2,... We shall restrict this choice by
some additional conditions later, but we shall assume in the following that the
numbers k, and q, are fixed and we shall not designate the dependence on this choice
any more.

We shall denote by #~ the set of all sequences of positive integers j, such that
1<j,£k,n=12,... For {j,} € # we define by induction

(9) Zj; =(j1lk1) <0, 1>, ij =(]1|k1;qx) <0, 1>;

The intervals 4, will be termed the unreduced intervals of order n and the
intervals 4;,  ; will be termed the reduced intervals of order n; moreover, the
interval <0, 1) will be termed the (reduced) interval of order 0.

It is easily shown by induction that the following assertions hold:

(a) any two different unreduced intervals of the same order n do not overlap and have
the same length £,;

(b) all reduced intervals of the same order n are mutually disjoint and have the same
length h,;

(c) we have ho =1, h, = k; *h,_y, by = (1 — q,) h, for n = 1,2, ...; this implies

(10) hy=[]k,'(1 — gqm), n=0,1,2,...;
m=1
(d) the number of all reduced intervals of order n is
(11) Po=[lkn, n=0,1,2,...
m=1

Furthermore, it is seen that the quantities o(4,,, ;. _.; ki) and o(4;,, ,;._.; Kn» 4n)
depend on n only and we shall denote them simply by v, and o,, respectively; thus

(12) vo=021 - q)) 1 h,=(k) ' hy_y, 0= qy,.

Finally, let us notice that the distance of two neighboring reduced intervals of
order n, which lie in the same interval of order n — 1, is exactly 20, and that the dis-
tance of any two reduced intervals of order n in any other position is greater than 20,.
Therefore the distance of two' unreduced intervals of order n + 1, which are not
included in the same interval of order n, is at least 20,

4. Using the ordering of fhe real line we shall introduce a new indexing for intervals
of the same order. We shall denote by 4{™ the reduced interval of order n, which lies
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on the I-th place (1 £ I < p,)in the ordering from the left to the right; the analogous
notation will be used for unreduced intervals etc. This means that we set

(13) AP =01, A" =(j|k)ALV, AP =(j| kg 477V
with positive integers /', j uniquely determined by conditions

(13) =0 -1k, +j, 12j=<k,.

Let us notice that 1 < I' < p,_,,since 1 £ 1 £ p,.

Both the intervals A{” =4, ., and 4 = 4, have a common center,
which we shall denote by s{ or s;, ;. Hence

(14) AP = (5 = 0 s + 0,

AP = (s = vy + 04 SV + 0, — 0,0 = <5V — Fhy, 5+ 3R,

5. For every positive integer n we define

Pn-1
(15) ll’ll = 121 wsn—‘)q’dj("'l);kn,qn 4 )
(16) Zu = lem b4

where ¢ ... are the functions described in Section 2 restricted to the interval <0, 1)
and where each w {"~is either 1 or —1. The choice of these signs is fully arbitrary
and we shall not restrict it anywhere.

Since the reduced intervals of the same order are disjoint, it follows from (15)
that the function y, takes the constant value v, or —v, on each reduced interval
of order n and that

(17) max [l/r,,(x)l =u,.

0sxs1

Furthermore, it follows from (16) that the function y, is also constant on each reduced
interval of order n with

(18) Ynt 1(Sirinss) = Zn(Sscrrsn) £ Ons
ifl1<j,Skse.es1 Sjpsr S kpyy, and that
(19 max |1(x)| £ Y. vm-

0sxs1 m=1

6. Further we put
(20) LP = 2" x {xalst™) = 0ms 2a(s”) + 000 .
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If we denote by I'{" the boundaries of these rectangles (with negative orientation if
needed), then we have

(1) (") =4, + 0,) = A1 + q,) v, =2k, (1 — g)) " (1 + q,).
Jlseeisin®
If ll’ - l”l 2 2, then obviously dist (L{?, L{”) = 2v, = (1 — g,)" ' h,. Let us

consider two rectangles L, L{®, the projections 4™, 4™, of which are subsets of
the same interval 457", Then |%(s{”) — x(s{?;)| = 2v, by the definition of the
function @4,¢-y, , and hence dist (L”, L{?,) = 2(v, — 7,) = 2(1 — q,,) v, = h,.

This means that
2 dist (Ly,.... ju-1,jw > Ly ) Z hy

lfl _S...Il ékh'-"léjn—l ékn—l’ 1 é]; é km 1 é];: ékm]rlt 4:.’:,:'

1sesesin=1:Jn"

7. We desire to find a condition for the validity of the inclusion

(23) Ly, oojmines © 0t (Lyy . 5)
In virtue of the inclusion 4;, ; .., < 4;, ;. it suffices by (18) when
(24) : Upt1 + Onty < Oy

Since v,41 + Gpyy = (2kys1) 1 (1 + Gps1) by and o, = 1g,(1 — g,)* by, the con-
dition (24) is equivalent to k;.4(1 + gn+1) < (1 — gs)™' g, or, which is the same,
to the condition

(P1) kns1 > (1 + Gns1) (q;l -1).

The choice of k, is not restricted by this. But if we choose k; = 2, then v; + 0, =
= (2k;)"* (1 + g,) < % and any rectangle Lj") is contained in the rectangle

(25) LY =<0,1) x (=%, %>.

In what follows we shall always suppose that the numbers k,, g, are chosen so
that k; = 2 and that the condition (P1) is fulfilled for n = 1, 2, ... . We have then
(23) for every sequence {j,} € # and all rectangles L{” are contained in the rectangle
LY. From (22) we then obtain easily by induction that any two different rectangles of
order n satisfy

(26) o dist (I, L) 2 h, (I # 1)

(even dist (I{?, L) > h,_,, if both rectangles lie in different rectangles of order
n—1). o )

8. The assumptions made about the choice of the numbers k,, g, guarantee
ux_liform convergence of the functions y,. Indeed, from (24) we obtain by induction
Unsz + oo+ Unyp + Onyp < 0,44 for any integer p 2 2 and hence
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' . 0
(27) Z vp§0n+1+an+1 < Op.
p=n+1
According to (17) this means exactly that the series Y, ¥,(x) is uniformly convergent
n=1

on <0, 1> and we put
(28) 2(x) =lim y(x) = Y yu(x) for x€<0,1).
n—o n=1
We have thus defined a continuous function the graph of which we denote by G, i.e.

(29) G ={x +ixx)eC:xe(0,1>}.

e o
According to (27), [x(x) — m(x)| £ ¥ v, <o, and hence (4{” x R)n G <
p=n+1
< int I,
9. The rectrictions of the function y to the intervals 4{™ are to a certain degree
analogous to the function y itself. Let us introduce some transformations of the

complex plane to describe this analogy which is important in the sequel.
Given positive integers n, I < p, we put

(30) T{(w) = hyw + (s{” — h,) + ix(s{ = ih,)

for any w e C, so that T is a composition of a homothety and a translation. The
transformation T maps the interval <0, 1) of the real line on the line segment
4" x 3,(4{) and the inverse transfotmation maps the graph of the function y
on the graph of the function y{™, which is defined by

(31) 211 = b (s + ke — 1)) — 2(s” — 1)) .

The restriction of the function x{™ to the interval <0, 1) results by an analogous
construction as the function y, if we use the chosen sequences of numbers kns 4n
beginning from the (n + 1)-th member. It is namely

(32) 770 = b glwp(sﬁ”’ + hit — 3)).
p=n
The inequality (27) implies then the estimate

(33) maX ly(")(t)l = h 1(0,”.1 + 0',,.4_1) < ”+1

10. Definition of compacts H, K. We put

W  Pn ) ©
(34) H= A"=U N4 i
n=0 =1 {jn}e¥ n=1
® pn . a
(35) K = no ‘U IJ(‘R)—_- U n L]l.---.jn s
n= =

1 {Jn}e¥ n=1
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and further
(36) . H® =HA AP, K® =K LP
forn=0,1,2,...;1=1,2,..., p
We will prove that
(37) K=Gn(H x R);
this means that K is the graph of the restriction of the function y to the set H. If

o}
x € H, then there exists a sequence {j,} € # such that xe ) 4;,-
n=1

.....

=N4 j;, """" jn)- According to Section 8 it follows that x + ix(x)e N L, ;.- < K.
n=1

LERLRS PI'
n=1

This means that G n (H x R) = K. On the other hand, if x + iy € K, then there

Since 4j,+,.. ;...  4j,»,.. . » it follows that x € H. Further, it holds | y — x,,(x)l =
x + iyeG. Hence K =« G n (H x R).

It can be shown similarly that
(38) K}") =Gn(H" x R)

for any n, I £ p,.

III. PROPERTIES OF THE OBJECTS CONSTRUCTED

1. Linear measures of H and K. Since the reduced intervals of order n are disjoint,

it holds

#(U 4 = pahe = T101 - 02,
and hence ‘
(3) #() = T1(1 - an)-

Now we shall compute the linear measure of K. Let ¢ > 0. Since diam Lp =
= 202 + 02)1? = 20,(1 + g2)' = k;'h,_,(1 + g2)'?,

() #(K) S (1+ )T - a0
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holds for any n large enough. Hence [](1 — gm) = O implies o#,(K) = 0, because
m=1
4,€(0,1). If [](1 — g,,) >0, then limg, =0 and (40) implies #(K) =<
m=1 ‘n—

émljx(l — g,,)- In each case by making ¢ = 0+ we obtain #(K) =m1-=-[1(1 = qm)

According to (39) we have thus #(K) < #(H). The opposite inequality is a con-
sequence of (37), since the linear measure does not increase by the orthogonal projec-
tion. Combining these facts we get

(41) H(K) = H#/(H) = H(l ~ ) -

2. Decomposition of a function holomorphic on C \ K. Given a complex function f
holomorphic on C\ K such that lim f(z) = 0 we define functions f{" n =0, 1, ...;

z—

1=1,2,..., p, holomorphic on C\ K{ in the following way: If z € C\ Li”, we put

@) 7106 = @iyt [ TQ

rm {—z

and then we continue this function holomorphically to C \ K{". The functions f™
vanish at oo and

(@) 1) = $.£2)
on C\K.

3. Uniform boundedness of ™. We shall assume that the function f established
in the previous section is bounded and we set ||f|| = escu\rl)K | £ (2)). 1 mﬁx(l = ) = 0,
then K has zero linear measure and f vanishes everywhere by the result of Painlevé
cited in Introduction. Thus we shall assume that H (1 — 4m) > 0. Then lim g, = 0

n—o0

and there exists g* = max g, < 1.
n=1,2,...

Let us fix positive integers n and | £ p,. If I # I and z € L), then (21), (26) and
(12) imply the estimates

(44) lf(2)] < (2m)=* || £ (dist (L, LP)) ™" H#(T) <
S @)Ul A = g7 201 + g,) S 2270 f) (1 - g%)t
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Let us set further
(45) ‘ f7(2) = £(z) - fi"(2)

for ze C\K and let us continue this function holomorphically to (C\ K) u K{™.

Pn
On I'™ = N I'{" we have by (44)

I'=1
I'*1

H# 1l

(46) 1”@ = 7] @+ 22711 = g%)7Y).

Since lim f{"’(z) = 0, the same estimate holds on C\L"* with [["* = U LY.
= &

This implies

(47) 2@ < 271 (1 + =741 = g*)7Y)

on C\L”*\K{", since f{"(z) = f(z) — f{""(z) on this set. On L"* we have the
estimate (44), hence (47) holds on the whole set C\ K{",

4. New integral representation of f{™. Retaining our assumptions and notation
we put

(48) MH") = (2ri)~t|  f(0)d¢
rm
for every admissible n,-l. Let us show that we can extend the set function A to a com-

plex measure with support in H.

P
For x € €0, 1) \ H let n, be the smallest n such that x ¢ | 4{™. Let us further denote
=1

by J™ the set of all I’s such that the interval A{” precedes x. Since

kn+1

(49) AHy,....i.) =j; MHj,.....inid)
the value of Y A(H{™) is independent of n for every x € (0, 1)\ H and n 2 n,.

leJx(m

We can thus define a function P on <0, 1) \ H putting

(50) P) = % AHP),

where we choose n = n,.

Let x, y € <0, 1)\ H, x < . If we choose n 2 max (n,, n,), then
PO) - P()= ¥ MHP) with IO = IO,
(n) ‘.

ledx,y
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and hence

[PO) = P s Z |/1(H‘"’)l s@nT ] X ).

ny

But #(I{") = 2(1 - q,)" (1 + q,) #(4{) by (21) and, consequently,
[PO) = PG| < 27 f] (1 - a) 7' (1 + q) T #(4”) <

leJx y(n

sl - )t - %)
We can thus extend the function P to <0, 1) in such a way that

(1) | [P(y) = P(x)| < 227 |£ (1 = g*) 7" [y — ]
holds for every x, y € 0, 1). '

The function P is then the distribution function of a complex measure A, which is
absolutely continuous with respect to the Lebesgue measure and the density of which
is, moreover, bounded. This means that there exists a bounded complex function p
on the interval {0, 1) such that

(52) P(x) = J "He) dt

for every x € 0, 1). Since P is constant on each interval contiguous to the set H,
we can suppose that p(x) = 0 for every x € R\ H. Then

(59 ) = [ e eyt s@a

) 4, rym
for every admissible n, I.

For fixed n, I and z e C\ L{” let us examine the sums YA(H{™) (s + ix(st™) —
—z)~1, where m is large enough and I’ are indexes such that H{™ < A{". We find
out that
(54) O L) N

) | am X +ix(x) — z

5. Removability of singularities on K. Now let us prove that K is a set of removable
singularities for bounded holomorphic functions. If K has zero linear measure, then
this is true by a result of Painlevé as we have mentioned above. If K has a positive

linear measure, then it suffices to show that the bounded function f examined in the
previous sections vanishes everywhere. Since we have

1
(55) f(z) = J‘ —.p—(——x)————dx
oXx +ix(x) -z -
as a special case of (54) it suffices to show that the functlon p vanishes almost

everywhere on R.
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For n, 1 fixed let us change the variable in the integral (54) setting
(56) . x = 5{"1) = ht + s{” — 4h, .
The function S{® is the real part of the function T from (30) and it maps the in-

terval <0, 1) onto 4{™. Every function f™ will thus be expressed by an integral over
the interval (0, 1). Using the substitution (56) we get

' SP)
57 w(z) = [ SO g _ g,
(57) 5900) = [y & = FP)
where y{" is defined by (31) and z = T”(w). From Section 3 it follows that the func-
tions F{™, n =0,1,...; I = 1,2,..., p, are uniformly bounded on C\ L.
Let-x, € H be a Lebesgue point of the function p. For every positive integer n we
denote by 1, the index for which x, € 4{”. Then

mm~mﬂ:“

t—w

=<

1
< (dist (w, L)) ~* J |pSi(1) — p(xo)| dt +
0

1
1 _ 1 4 <
o\t +ix(t) —w t—w

< (dist (w, L)) ~? h,,'lf [p(x) — p(xo)| dx +

41,

+ {p(xo)] (dist (w, L)) * max 57l

+ |p(xo)|

for every w e C\ L. According to (33) we have thus

(58) mw-mﬂ:“

=
t—w

< (dist (w, L))" h* f (%) = plxo)| dx +

a1,
+ kyite|p(xo)| (dist (w, L)) =2
Sincelim g, = 0, (P1)implieslim k, = co. Using further the fact that x, is a Lebesgue

L had" <] n—co

point of p we infer from (58) that
- .M

(59) Tim F(w) = p(xo) f L
R ol —Ww

Since the functions F{ are uniformly bounded on C\ I, the function p(Xo) .
. f4(¢ = w)™* dt must be bounded there, too. But [} (t — w)"'dt =In(1 — ")
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for every w < 0 and this function is not bounded on (—oo,0). This means that

p(xo) = 0.
Since p vanishes on R\ H and p(x) = 0 at every Lebesgue point x € H, p vanishes
almost everywhere, q.e.d.

6. Modulus of continuity of . Finally, let us prove the following assertion:
Let w be a positive function nondecreasing on (0, 1) such that

(60) }il(l)l+ _(;)—((56_) =0, 00)=ow0+).

Then for every choice of numbers g, € (0, 1) there exist positive integers k, satisfying
(P1) such that '

(61) x(x) = 2(»)] = o] - )

for the corresponding function .
For this purpose let us choose the numbers ¢, > 0,n = 1,2, ...suchthat ) ¢, < 1.
n=1

According to (60) we may then fix numbers &, > 0 such that

(62) 8 < g4, l9)

if 0 < & < 9, Finally, we choose by induction integers k, such that (P1) holds and
2 o, £ 0,, that is

(P2) kn Z 6, quhy—y -

Then |yYu(*) — vu(¥)| S ¢;'x — ¥| S of|x — y|) if |x — y| <20, and
Il//,,(x) - :p,,(y)] < 20, = g, ' 20, £ ¢, (20,) L ¢, w(|x - y|) if Ix - yl 2 20,. This
means that

(63) [Vn(x) = ¥a(¥)| < enof]x = y])
for every x, y€<0,1)>, n = 1,2, ... . By adding up we get
(64) (%) = 2()| = of|x - ¥])

for every x, y € 0, 1).

7. Notes. a) Choosing w(6) = &(In (6=*) + 1) in the previous section, we obtain
a function the modulus of continuity of which is of order o(6) for every a € (0, 1).

b) An essential role is played by the set K. The function x can be modified in such
a way that it may be affine on the intervals contiguous to the set H. Its modulus of
continuity will not ‘““become worse” by this modification.
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