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THE LAPLACE TRANSFORM
OF ANALYTIC VECTOR-VALUED FUNCTIONS
(COMPLEX CONDITIONS)

MIROSLAV SOvA, Praha

(Received February 28, 1977)

In this paper, we deal with the problem of characteristic properties of the Laplace
transform of vector-valued exponentially bounded functions on the positive halfaxis
which are analytic in that sense that they are, roughly speaking, developable in power
series about the points of the positive halfaxis with linearly increasing radii of con-
vergence. These properties can be described in the following way: the functions in
question are infinitely differentiable on the positive halfaxis R* and their derivatives
satisfy the inequalities B(I) in Theorem 8 with certain constants M = 0, w = 0,
ez0.

We give necessary and sufficient representability conditions of complex type in
terms of the existence of a certain analytic continuation of the Laplace image to
a fan-shaped domain symmetric around a real halfline (with the angle greater than )
as shown in Theorem 8.

On the other hand, the class of analytic functions in the positive halfaxis, which
are considered as originals of the Laplace transformation and which are roughly
described above, is characterized by the existence of a certain analytic continuation
to a wedge-shaped domain around the positive halfaxis (with the angle less than )
as shown in Theorem 10.

The above described problems wete studied in the special case of the so called
analytic or holomorphic or parabolic semigroups, but in the proof of representability,
very special properties of the resolvent were exploited, which is not possible in the
general case of the Laplace transform (cf. [1], [2], [3]).

The advantage of complex representability conditions lies in the fact that the
behaviour of derivatives of the Laplace image need not be examined.

1. In the sequel, C will denote the complex number field, R the real number field
and R* the set of all positive numbers. If M,, M, are arbitrary sets,then M, - M,
will denote the set of all mappings of the whole set M, into the set M,.

2. By E we denote a general Banach space over C with the norm |- .
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3. Proposition. Let fe R* — E and let M, w, g be nonnegative constants. If
(o) the function f is infinitely differentiable on R,

(B) I @(1)]| = Me*'(q! Y/t%) for every te R* and q€{0,1, ...},
then there exists a function ® € {z; Re z + 1/2(1 + ¢) |[Im z| > w} — E such that

(a) @ is analytic in the domain {z : Re z + 12(1 + ¢) |Im z| > w},

(b) |®(2)| < 2M/(Re z + 3(1 + @)~ [Im z| — ) for every zeC,
Rez + 31 + )7 ! |Imz| > o,

(c) @(z) = [ e * f(r) dr for every zeC, Rez > .
Proof. First of all, it follows from (o) and (B) that

q
= Me*' q!y, (j) 0?7/ = Me” q!(1 + @) for any teR* and g€{0,1,...}.
j=o
Let us now write

(2) @(2) = J‘Qe"‘f(t) dr for Rez> o.

0
Then by (o), (B) and (2)
(3) @, is an analytic function in the domain {z : Re z > w}.

It follows from (1) and (2) that

=

@ | o) - ||(—1)q 2 j e e £(2) do

0
©
< J. e Rezr
0

_ M
Rez - w

= “(— 1)"j:e-“ :-—; (v f(z)) de

., .
d_r‘l(T f(?)

dr §J e ReT Me* gl(1 + g)* dr =
0

q'(1 + o) forany Rez>w and qe{0,1,...}.
Now we shall prove that there exists a function -
Pdef{z:Rez + §(1 + ¢)™! [Imz| > w} » E such that

(5) @ is analytic in its domain,

(6) @(z) = ®y(z) forany Rez > o,
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() o) = Z PP(z + (1 + @)~ [Im z|) (3(1 + @' [Im 2]}t for any
q!

Rez + 3(1 + o) ! |Imz| > o

To this aim let us first fix z e C so that
(8) Rez+ 1+ o) ! |Imz| > .

In examining the series (7), we denote for the sake of simplicity
(9 zo=z+ 11+ ' |Imz|

Using the notation (9), we can write (7) in the form
19) o) = 5 2C c 2y

Since Re z, > w by (8) and (9), the series (10) represents the analytic extension
of @, in its domain of convergence. Hence we need only to prove that z lies in this
domain. We have by (4)

(q)(zo)(z—z)'l <Z ]450(20 [lz zlq<

Ms

< M Z ((1 +o)|z - zo|)

Re zy — w g=0 Zo

Consequently, it suffices to prove that

(11) |z =z < =l |

1+
We have by (8) and (9)
2 = zo] = 1 + 0 [Im 2] £ 3(1 + 0 [0® + (m 2]
SH1+ 0 '[(Rez + ¥1 + @)7! [Im z|)* + (Im 2)*]*/* =
=41+0)'|Rez+4(1+¢) ' |Imz| +ilmz| =
=H1+o 7 |z+ ¥l +0) 7 mz|| =41+ ) |zo| < (1 + )7 |20

which verifies (11).
The above considerations prove (5)—(7).
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Finally, we estimate by means of (4) and (7)

(12) || é”; 24z + 41 ;")_1 1 2) (41 4 g [1m 2]
M 2 ( 1+ o) 1{Imz|_>

Rez+i~(1+g) Himz| — @ q=o \|z + ¥(1 + o)~ [Im z||
forany Rez + ¥l + ¢)~!|Imz| > w. .

For the series in (12) we obtain further the estimate

(13) f( 1+ o) 1IImf”-l )"

4=0 |z + 31+ o)t IIm z”

-5 ( H1+0) ! [ms] ) =500+ 07y -

=0 \[(Rez + 3(1 + @)~* |Im z|)* + (Im z)*]*/

_ 1 _Al+o)
1—41+e7" 1+2

It follows from (12) and (13) that

(14) [o()] < Rez + (1 +22/;"1 [Imz| - o

Rez + H1 + ¢)7 ! [Imz| > w.

2.

for any

The statement of Proposition 3 follows from (5), (6) and (14).

4. Remark. The extension constructed in Proposition 3 is not the largest generally
accessible. Nonetheless, the construction of a larger extension calls for a more
sofisticated technique and hence we restrict ourselves to the above result which is
sufficient for our purposes.

S. Proposition. Let N, x be two nonnegative constants, u a positive constant and
def{z:Rez + plmz| > x} > E. If

(x) the function ® is analytic in the domain {z : Re z + p|Im z| > x},

® leG) =

‘N
Rez + pllmz| — »

forany zeC, Rez+u|Imz| > x,

then there exists an infinitely differentiable function fe Rt — E such that

(@ "f(q)”(t)" < Ne'(4 + p?)' ey q! I:(l + %2>Z M]q
p

v u o
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for every teR*, q€{0,1,..} and &>0,
(b) &%) =j e * f(r)dr for every A > x.
0

Proof. By means of Cauchy’s formula we can write (a figure helps)

n/2 +arctg(u/2) i
1) ¢(A)=L[ _"iﬁiii_f_e_)_ewd(ﬂ
2n —n/2—arctg(u/2) o+ re'? — 4

+ L rm (=30 0 = 38 +38) 45 (where ofr) = (1 + 4u3)727)

2ni e cx—-%,ulﬁ|+iﬂ—}.
forany x <a<Aid and r> 41— a.

By simple estimates based on () we obtain easily that

(2) LJ'n/Z+arclg(n/2) ¢(a + reinp)

- €?dp > 0(r—» o0) forany A>a > x.
2n —n/2~arctg(n/2) & + re'® — 4

It follows from (1) and (2) that

2i—p,. [ &(a— 4ulp| +iB)
3)  P(1) = 1 dg =
3 o)== lmf-cma—%ﬂlﬁlﬂﬂ—i g

Rl rr) O — 3u|B] + iB)
i row —c(r) A—o+ %ﬂlﬂ' - iﬂ

forany A > a > x.

Ml roow

dp (where cfr) = r(1 + }u?)~1?)

By our assumption (f), we can write for any 4 > a > x

|#(= — 3u(8| + iB)] _ N S
|4 =« + 3u|B| —iB] T (x — * + 4u|B|) [(A — « + 3u|B])* + B]'* ~

< N
T (A= + 3ulB)) (2 — o + $ulB])

which guarantees

(4) forany A>a>x, thefunction ®(a — 3u|B| + iB)[(A — « + $u|B| + iB)
is absolutely integrable on —o0 < f < .

Now it follows from (3) and (4) that

(5 o@=-L=2 j Ox = 38| + iB)
4ni J_o A —a+ dulp| - iB

dp forany A > a> x.
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On the other hand, it follows easily from the assumption (B) that

(6) e HPI2* DY@ — 1u|B| + i)t B(a — dulB| + iB)| <

< Ne* e—ulﬂlt/Z[(a - %"Iﬂbz + ﬂ]q/Z
- x—n+ bl

forany teR*, a>x and

qe{0,1,...}.
Further, it is easy to see that
(7) forany TeR*, a>x and ¢e€{0,1,...}, the function

e—ulﬂlTIZ[(a _ %“Iﬁl)Z + '32]q/2
) o — %+ %ul[ﬂ

It follows from (6) and (7) that

(8) He(a—ulﬂllﬂiﬁ)r(a _ %ﬂlﬂi + iﬁ)“ <P(oz — %#|ﬁ| + 1ﬁ)“ <

< Ne3eTI2 e—uIBIT/4[(a - %ﬂlﬁl)z + ﬂZ]q/Z
. w =+ 3]
]t-—T|<%T, a>x and qe{0,1,...}.

is integrable over — o0 < f < 0.

for any t, Te R* such that

Owing to (6) and (7) we define

(9) f(t) _ 51[—1 on et 1-ulBl/2+ip)t <15(x +1-— %"Llﬂl + lﬁ) (1 — 3usign ﬂ) dp

—

for teR*.

By means of Cauchy’s formula, we obtain form (7) and (9) and from the assumption

(B) that
(10) 1) = i 'r e HPZHID @y — 1u|B| + iB) (i — $u sign B) dB

forany teR* and o > x.
It follows easily from (7), (8) and (10) by induction on g that
(11) the function f is infinitely differentiable on R*,

(12) f 9y =

= L7 ez oy (8] + gy (o — du|B] + i8) (i — dusign ) 4B

2mi ) _

forevery teR*, a>=x and qe€{0,1,...}.
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Using the assumption (B), we can estimate by (12) as follows:

. N(4 + “2)1/2 PG ulﬂl/z)r«a I |ﬂ|)2 + |ﬂ12)"/2
03 o) s M [ e A ap <

2)1/2 Lat oo
SN(4+;1) &

—upt/2 — 2 274/2 =
e sl ICRa (G T AR

J 0

2\1/2 _at o :

= N. (4 +u ) € e—uﬂtll[az — 20 dup + %ﬂzﬁz + ﬂZ]qIZ dg <
(e — %) Jo

< N(4 + u2)1/2 eat (*c0

e-nﬂt/z[(x + (1 + %#2)1'/2 B]q dg =
2n(a — %)

JO

= N(4 + #2)”2 e me—uﬁ!ﬂ S (4 ocf(l + %“2)(41-1')/2 pi dg £
2n(a — %) Jo =0 \Jj

N(4 + ”’2)1/2 eat

=< (r+ i#z)qlzi (q) o Jweuﬂ'ﬂﬁq—i dp =
27!((1 - %) i=0\J ° 3
=W a2 (4. (g =0
pr e (RS LU (J) i

forany teR*, a>x and qe€{0,1,...}.

Now we take & = (1 + xt)[t in (13) which yields

. N(4 + u’)"z e are (A\ (LAY (g =) _
149 |rom] = o (1 + ot ) U+ (1) g (Quyitt
t |

2\1/2 xt q q-j+1
_ Netd+ )Ry w2 z 1-'(1 + xt) (3> <
<o n

2n

< Ne(4 + p?)'/? e [(1 + Jp)1r? “] q! z (1 + sy

U 1 j!

forany teR* and qe{0,1,...}.
By (14),
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(15) |re@l =

(=2 j(l + xt)
Ne(4 + p?)'2 a2 Pa! & fx+ 1Y \x+ 1 <
= nu (1+iﬂ) ; —t;j;o o j! -
2\1/2 xt
LRI .
p p

sy g [0

s o j=0 Jj!

< 'Ne(4 + #2)1/2 e [(1 + %”2) 2._ ®+ 0+ 1]“ q_‘ SUHIx+a+1) <
u

7 0 t
< Ne2(4 + ”’2)1/2 e(x+a)t _q__'_ (1 + %FZ) ?_ x+d4+1[
nu ! u o

forany teR*, qe{0,1,...} and &> 0.

Now we need to prove
0
(16) &%) = .[ e *f(r)dt forevery 1> w.
(1]

Indeed, by (10), (11) and (12),

(17) one...,u f(‘l') dr = 2i—u J'we_;,: (on (@ BIBl/2+ip)t ¢(a _ %ﬂlﬂl + lﬂ) d'ﬁ) dr
V] 0- -0

4ni

forany A > a > x.

To justify the change of order of integration we estimate by the assumption (B) as
follows:

"e—;.te(a-ulﬁl/2+iﬂ)t (D(a _ ‘h‘lﬂl + 1ﬂ)" < e~ 4t gla—ulBli2) N

o= %+ up

Since the last function is integrable in (z, f) over (0, ) x (— o0, ), we obtain
from (17) by interchanging the order of integration that

(18) j‘we-hf(") dr = Z%EJ'W <j‘°°e..;_:e(a—ulﬁ|/2+l#)t d1'>¢(a“‘h‘|ﬂ| +iﬂ) dp=
o ni

- 0 .
_2i—up (o — 3ulB| + iB)
dni J_o A —a+ uf| —if

forevery A > a> x.

dg
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The relation (16) follows from (5) and (18).
The statements (a) and (b) are contained in (15) and (16) and the proof is complete.

6. Lemma. Let a = 0 and b > 0. Then for every £&,ne R and 6 > 0 such that
&+ %blnl > a + 0, the following inequality holds:

4(1+1+1)
1 < o b

€+b|n|-—a=1+(€2+n2)”z.

Proof. Let us choose £,7€ R and § > 0 so that

(1) &+ 3bln|>a+o.

First, we have by (1)

(2 e+blg—a=¢&+14bjn| —a+3bn|>38+1b|n|.

Further, we obtain from (1) if £ = a, then & + bln] —-a> |cf —aland if ¢ £ a,
then |¢ —a|=a— &< 34bly| which implies |¢ —a|=2|¢ —a +(<f—— a) <
< b|r1| +é—a=¢&¢+ blnl — a. Summing up we get
() &+bly| —a>|t—a

On the other hand,

@ |f=lt-a+as|e-d+as|t-a+a+45<
< (1 +2§)(|c—a| +19).
It follows from (3) and (4) that

(5) &+bn|—a>

— 352 ¢ - 15,
5+2alél Pz -1

By (2) and (5) we conclude
(6) &+ bln| —a> 4[5+ 1bln| + |¢] — 36] = 1[0 + || + bln|].
On the other hand,
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which implies
1\
() s+l oz (1 i) arld vz
1 1 -1 2 2)2
> 1+—+—) 1+ (& + ).
d b
Finally, (6) and (7) give the desired inequality.
7. Lemma. Let a =2 0, b > 0. Then for every &,ne R such that & + by > a the
following inequality holds:
1 L _AL+b)
L+ (& +n)V2 &+ b|v1| -
Proof. We have
+bln| —a =&+ bn| —a <]+ bn[ < (1 +b)(I¢] + ) =
S21+b)(E + 92 221 + b)(1 + (& + n?)H3).

8. Fundamental theorem (complex form). Let y = 0 and let F be a function defined
on a subset of C containing (x, ) with values in E. Then the following two state-
ments (A) and (B) are equivalent:

IS

(A) for every x > y there exist N 2 0 such that
(I) {z:Rez + y|Im él > %} lies in the domain of F,
(IT) the function F is analytic in the domain {z : Re z + p|Im z| > x},
(Im) |F@)| = N1 + |z|) for every zeC satisfying Rez + plIm z| > x;
(B) there exists an infinitely differentiable function fe R* — E such that
(I) for every w > y, there exists M = 0 and ¢ > 0 so that
1 9
lro@] = merTE
for every te R* and q€{0,1, ...},
(I1) F(2) = [Fe™* f(z) dz for every A > .

Proof. An easy consequence of Propositions 3 and 5 and Lemmas 6 and 7.

9. Remark. In the preceding part of this paper, we studied characteristic properties
of the Laplace transform of infinitely differentiable functions whose derivatives satisfy
certain growth conditions. In the subsequent Theorem we shall give an equivalent
property in terms of the analytic continuation to a wedge-shaped domain symmetric
around the real axis and satisfying a certain growth condition.

276



10. Theorem. Let fe R* — E. The following two properties (A), (B) are equi.
valent:

(A) the function f is infinitely differentiable and there exist three nonnegative
constants M, w, ¢ so that

” f(“)(t)” M_u_.g_

for any teR* and q€e{0,1,...};

(B) there exist nonnegative constants N, x, a positive constant u and a function
pelz: |Im z| < p Re z} - Eso that ¢ is analytic in the domain {z : lIm z|
< pRez}, ¢(t) = f(t) for any teR* and "go z)" < Ne**l for any z€C,
IIm zl < pRez.

Proof. (A) = (B): We shall suppose ¢ > 1 which is always admissible without
loss of generality.
Using Taylor’s theorem we get from (A) that

(1) f(x) = Z 1~ ( (t — 1)* forevery t,teR* for which |t — 1| < tfo.

Let us now denote Q = {z : there exists t € R* so that |z — t|_ < tfo}. Clearly
(20 R*cQ

Using elementary properties of analytic functions we get easily from (1) and (2)
that there exists a (unique) function ¢ € @ — E such that

(3) ¢ is analytic in ,
(4) o(t) = f(f) forevery teR*.

Let us denote #(z) = Re z + (1/y/(e* — 1)) [Im z| for arbitrary z € C.
First

(5) #z)eR* forevery zeC with Rez >0,

(6) t(z) < |Rez| + \/( e IIm z| £ ( J@ - )>|z| forevery zeC,

1
Rez+ilmz—-|({Rez4+ ———|Im z
( ﬂf-ﬂl |)

= [(Im z)* + 7 1_

() |z -42)| =

]x/z

|Im 2]

= {iImz—

1
Ve - 1)
=2 |im z| forevery zeC.

Jie* -1
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Further, by (7) we have

2

®) z-tzle _  J*-1) fm 2 -
t(z) Re z >+ —L— |Im z|
Jie* - 1)
SR L
2 1

forevery zeC satisfying |Imz| < 1/{/(¢*> — 1) Re z.
It follows easily from (1)—(4) and (8) that

) {z:]lmz|<:/(ezl*_ljkez}gﬂ,

(10) o(z) = Zﬂ f‘if]__t'(z)) (z — #(z))* forevery zeC such that

1
Imz] < ———— Rez.
I l \/(QZ — 1)
Further we get
2
— 2 _|im |
(11) lz-t2le _ V@ -1) <
t(z) Rez + L Im z
2
J@ -1
0?
————— |Imz
1 20 -1
2@ -1)|lmzl + ————|Im z
forevery zeC suchthat |Imz| < % \/(—21——1—) ez
Q —

Now we get from (5), (6), (10) and (11)

12) |o@)| §§0Me“’"‘) (Lz_‘%é()_zllﬁ)q < Memr(z)qgo (29291 1)" <
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< Me?U+1ve-1)lz| 1 =M 292 -1 @1 1Y@ - 1)z
= 2 2 _1
1 — 2 Q
20% -1

for every ze C such that IIm z| < r_1 Re z.

2@ - 1)
But (2), (3), (4), (9) and (12) prove the assertion (B) if we take

20 -1 1

= ®=w 1 an =1————.
N=Me 1 C+¢w—n) Ry P

(B) = (A): First we prove the inequality

(13) |Imz| £ 4u Re z forevery z e C for which thereis t € R* suchthat|z — ¢| =

= tuf(n + 2).

Indeed, we have

2
(Rez — 1) + (Imz)? =2 —E

(v +2)?
and consequently
[Imz| <t k.
n+ 2
On the other hand,
b 2

Rez=t—t

=t .
n+2 u+2

Concluding we have

Imz éﬂ—-*:——z-ReZ—Il—':ERCZ
I I
2 2

which proves (13).

Now (13) enables us to apply Cauchy’s integral theorem and we can write

t
n (t £ eit>q+1 n+2
o \ B+2

forevery teR* and qe{0,1,...}.

2n
q! h+2 b
(14) f('I)(t) = 5__ et dr
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Consequently, (14) implies

u+ 2\?
2n Ne'w/nt+2) ’

q'(
dr = NeWrt2) —“,__ﬁ

. U q+1 1
0 n+2

Taking M = N, @ = p/(n + 2), ¢ = (u + 2)[u we get from (15) that (A) holds.
The proof is complete.

u+2

(13) Jrow] £ L4 J

11. Corollary. Let F be a function defined on a subset of C with values in E.
Then the following two statements are equivalent:
(A) there exist constants N; 2 0, x, = 0 and p, > 0 so that
(D) {z:Rez + ullIm zl > x,} lies in the domain of F,
(IL) the function F is analytic in the domain {z:Rez + u1|Im zl >},
(I1I) ”F(z)” S N,(1+ ]zl) for every ze C, Re z + ulllm z] > %3

(B) there exist constants N, 20, x, 20 and p, > 0 and a function e {z:
: [Im z| < p, Re z} > E so that

(I) @ is analytic in the domain {z : lIm zl < p, Re z},
(1) |e(z)| < N,e*! for every zeC, [Im z| < p, Rez,
(IM) [Se™* ¢(r) dr = F(A) for sufficiently large A€ R.

Proof. Immediate consequence of Theorems 8 and 10.

12. Remark. It is useful to compare Theorem 11 with theorems on generation of
the so called holomorphic or analytic or parabolic semigroups as presented, e.g.,
in [1], [2], [3], [4] and [5].

For higher order linear differential equations in Banach spaces see also [6].
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