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PERIODIC SOLUTIONS OF A WEAKLY NONLINEAR
WAVE EQUATION

MILAN STEDRY, Praha
. (Received July 14, 1975)

INTRODUCTION

In this paper the existence of a solution to the equations

(0.1) u,(t,x) — u,(t,x) =eFu)(t,x), teR", xeR,
(0.2) u(t,x) = u(t,x + 2n) = —u(t, —x), teR*, xeR,
(0.3) u(t + 2n + ed, x) = u(t,x), teR*, xeR

is investigated for every &€ [—&, &9]. The number &, > 0 is supposed to be suf-
ficiently small and the number A > 0 is supposed to be fixed. The operator F, has
the form

(0.4) F(u) (t, x) = f(t, x, u(t, x), ut, x), u,(t, x)).

The function f, is assumed to satisfy the next two conditions:
(0.5) f;(ta X5 Yos Y1s .Vz) =fz(t’x + 2”1 Yos V15 .VZ) =
= —flt, =%, =yo, =¥, ¥2) = [t + 21 + €4, X, Yo, Y15 ¥2)

for every (8, X, Yo, Y1, ¥2) € R* x R* and e [—¢,, &)

(0.6) If the derivative
D= D:DﬂoDﬁxDﬂz

Yo y1y2

satisfies @ + Bo + By + B2 < 2, « £ 1, then the function Df, is continuous on
R* x R* for every g€ [—&o, £o)»

lal_?; sup {Ich(t, X5 Yos Y1s y2) - Dfo(t’ X5 Vos Y1s }’2)| ;
te [0, 2n + 1], x € R, Iyol, |y1|, ly:l =< Q} =0

128



for every ¢ > 0 and

1“;1 sup {‘Dfe(t’ X, .VO’ YI’ y2) - ng(t, X, }_’0’ 3_’1’ fz)l 5

te[0,2n + 1], xeR, |yi—-y,-] Sri=01,2 ¢ee[—¢,&]} =0

for every (yo, ¥y, ¥2) € R%.

The first section of this paper contains two assertions on the existence of periodic
solutions of the problem described (Theorems 1.1 and 1.2) which are deduced under
some additional assumptions on F,. This part is modelled by [1].

In the second section it is shown that a solution to (0.1)—(0.3) with F, given by

(0.7) Fy(u) (t, x) = g(u, u,, u,) + ht, x)
exists for every ¢ with |s] sufficiently small provided
(0.8) the second derivatives of g are continuous on R,
(0.9) 9(¥o, ¥1, ¥2) = —g(=Yo, =y1,¥2) for (yo,y1, y2)e R?,
(0.10) 9560 ¥1: ¥2) Z 715 |930(¥os Y1 ¥2)| £ 0
|9,.(Yo» y1> ¥2)| £ 72 for (yo» y1, ;)€ R,
0.11) - Y1 — 72— 29 >0,
(0.12) h, = h(t,x) : R* x R —+ R and (h,), are continuous for every & € [ —&, &,

h(t, x) = h(t, x + 21) = —h(t, —x) = h(t + 2n + €1, x) for (t,x)eR* x R

and
lim sup {ID,, ht, x) — D, ho(t, x)|; te[0,2n + 1], xeR} =0.
e—0

These assumptions, from which (0.11) describes “some sort of monotonicity of F,”,
are similar to those in [3] where 2n-periodic solutions were investigated. Eventually,
Section 2 contains a brief discussion of the existence of a (2n + &A)-periodic solu-
tion to

(0.13) Uy — Uy, = &(3u’u, + hyt, x))
for every ¢ from a neighbourhood of 0 provided (0.12) is satisfied and

2n
j ho(9, x — 9)d9 * O for some x € R.
0 v

Section 3 contains some auxiliary assertions.
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The problem analogous to (0.1)—(0.3) was investigated by J. P. FINK and W. S.
HALL in [1]. These authors developed a general theory for a system of first order
equations and as a by-product they obtained the existence of periodic solutions for
one special type of the wave equation (cf. (0.13)). In their paper the difficulties con-
nected with the existence of periodic solutions whose periods depend on a parameter
were also thoroughly discussed and therefore everybody who wants to be informed
in detail is referred to [1].

The author is grateful to O. VESVODA who attracted his attention to paper [1].

1. GENERAL THEOREMS

Let H, be the space of all real valued 2n-periodic functions s which have generalized
derivatives up to order k and satisfy

J-zns(f) d¢ =0 and fzn(s(k)(ﬁ))z dé < 4.

[ 0

The space H, endowed with the inner product

(r, ) = J‘Z"’("’(é) s0(&) de

0

is a real Hilbert space. The norm in the space H, will be denoted by | |k. Putting
H) = {se H,; s(x) = —s(—x) for all xe R}
and endowing 5, with the norm |-|,, we set

U, = C¥[0, ); #,) n C([0, ©); #,) 0 C([0, 0); #,)
and
Ur = C¥([0, T]; #,).n C([0, T]; #,) n C°([0, T]; o#,)

for 0 < T < . The space Uy equipped with the norm

2
fullr = % Jullcorr

is a Banach space. For the sake of simplicity we fix T = 2n + 1 and introduce an
operator Z: H, - U by

Zs(t,x) =s(t+x)—s(t —x), teR*, xeR.

The space of all linear continuous mappings from X into Y will be denoted by [X,Y ].
For Ae[X, Y] we put

l4llex.r = sup {|4x]¢; xeX,

xS 1)
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Using Lemmas 3.1 and 3.2, we verify that a function u € U,, satisfying (0.1)—(0.3)
for & + 0 exists if and only if there is a pair of functions (4, s) € Uy x H, such that

(1.1) *G,(u, s) (t, x) = —u(t, x) + Z s(t, x) +
+ ;ij‘(: Jjj:;:Fiu)(S, é)df d3 =0 , te [0, T] , Xx€ R ,
(12) “Gy(u, ) (x) = i(s'(x) —(x - ad)) +

1 2n+ed
4 EJ F.(u)(%x — 9)d9 =0, xeR.

0

Sufficient conditions under which a solution of (1.1) and (1.2) exists are described
in the following two theorems.

Theorem 1.1. Let A > 0 and let a function f, satisfy (0.5) and (0.6). Let the fol-
lowing assumptions be satisfied:

(i) There exists s € Hy such that Msy = 0 where

(1.3) Ms(x) = As"(x) + %jano(Zs) (9, x—9)d¥=0, xeR.

0o

(ii) There exists a constant m and a family of operators Y°e [H,, H,] such that

(1.4) VeY® =1y, for ee[—ep 8], €¢+0,
(L.5) 1Y,y £ m for ee[—eo 6], €+ 0
where

(1.6) Veo(x) = le| ' (¢'(x) — o'(x — [e] 1)) + %J:’tFé(ZSO) Zo(9,x — 9)d3, xeR.

Then there exists ¢, € (0, &) such that for every &, 0 < |e| < &, there is ue U,
satisfying (0.1)—(0.3). Moreover, denoting this u by u, we have

hm uue - ZS()”UT = 0 .
£-0
Theorem 1.2. Let the assumptions of Theorem 1.1 be satisfied. Let us suppose that
YV: =1y, for ee[—¢p ), €+0.

Then there exist two numbers r > 0 and ¢, € (0, &,] such that for every &, 0 <
< |e| S e, there is a unique u e U, satisfying (0.1)—(0.3) and |u — Zs, |y, < 7.
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Moreover, denoting this u by u®, we have

-

lim |u® — Zso|y, = 0.
£=0

Proof of Theorem 1.1. Let us put X = Uy x H,, Y = Uy x H, and °G(u, s) =
= (°Gy(u, 5), °G,(u, 5)) where G, and °G, are given by (1.1) and (1.2) respectively.
Assuming ¢ € (0, & ], we shall prove that the mapping °G satisfies the assumptions
of Lemma 3.3. Routine but lengthy calculations show that the mapping °G : X —» Y
is continuous for every fixed ¢ € (0, &, ]. The derivative “G’ of °G with respect to (u, 5)
is given by

G/ (u,5) = (Giu, 5), “Gi(u, 5)
where
(*Gi(u, 5) (v, 0)) (1, x) = —o(t, x) + Z o(t, x) +

t px+t—9
+§J"[ Fi(u) o(9, &) d¢d9, te[0,T], xeR,

(°G3(u, s) (v, 0)) (x) = e (0’(x) — o'(x — €A)) +
1 2n+ed ,
+ EJ’o Fu)v(9,x — 9)d9, xeR

for (v, 0) € X. These relations imply that °G'(u, s) € [X, Y] for every (u, s) e X and
e€(0, &]. Denoting u, = Zs,, we obtain

lim sup {”‘G’(u, s) — °G'(uo, 8o)|tx,v15 €€ (0, &), [[(, 5) = (4o, so)||x £ 0} =0.

e—0+

The assumption (i) yields
111;1 "aG(uo, So)”y =0.

We shall now define a pair of operators by

(4,(v,0)) (1, x) = —v(;, x)+ Zo(t,x), te[0,T], xeR,
(A,(v, 0)) (x) = &7 (0'(x) — o'(x — €d)) + —lz—J‘:nF o(uo) (8, x — 9)d3, xeR.
Putting °A = (4,, °A,), we easily verify |
(1.7) \fi‘&“zG'(“o, s0) = “Allx,n = 0.

We shall show that there exists a constant m, and a family of operators B°e [ Y, X,
0 < ¢ < g, satisfying
(1.8) *AB* =1y,

(1.9) B,y < my
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for every ¢ € (0, €] For the sake of simplicity we put

Po(x) = %Jané(uo) u(9, x — 9)d3.

0

Then we set

By(w,n) = Y(n + Pw), Bi(w,n) = —w + Z B3(w, )

for (w, n) € Y. The assumptions (1.4) and (1.5) show that the operator Bt = (Bj, B%)
satisfies (1.8) and (1.9). In virtue of (1.7) we can apply Lemma 3.5 to the operator
*G’(uo» o). Hence there are m > 0, & € (0, &, ] and a family of operators T%,0 < &¢ < &
such that *G'(u,, so) T® = Iy and ]| Te"[y,x] < m. Thus all the assumptions of Lemma
3.3 are satisfied and therefore the theorem is proved for ¢ positive. The case ¢ €
€ [ —&o, 0) can be treated in the same way if Lemma 3.3 is applied to the pair of
operators ("°Gy(u, 5), ~°G5(u, 5)) where *G5(u, s) (x) = °G,(u, s) (x + &4). This com-
pletes the proof.

Theorem 1.2 can be proved analogously to Theorem 1.1 if Lemma 3.4 is applied.

2. APPLICATIONS

We start by proving the following assertion:

Theorem 2.1. Let two functions g and h, satisfy (0.8)—(0.12). Then there exist
&, €(0, &, r > 0 and sy € H; with the following property: For every ¢, 0 < |s| <ég
there is unique u € U, satisfying |u — Zso|y, < r and (0.1)—(0.3) with F, given

by (0.7). Moreover, denoting this u by u, we have

lim |[u® — Zso[y, = 0.
-0

Proof. The theorem will follow from Theorem 1.2 if we prove:
(a) There is s, € H; which satisfies

2n

@.1) i) + (u)-lj Fo(Zso) (8, x — 9)d8 =0, xeR.
0

(b) There is (V*)™! e [H,, H,] satisfying

(Vo)™ ey ey <

for every e € [—&o, &), & + 0.
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Here V*is given by (1.6). Firstly, we shall show that (a) is valid. Let us denote by K
the linear operator from [H;, H,] given by

Ks(;c) =(22)! ( f :s(é) dé + (2m)~! J :"5 s(¢) d:), xeR

and by @ the continuous and bounded operator from H, into itself given by

® o(x) = J-ZRF0(2 AZKo)(9, x — 9)d9 =

0

- f ” ( .[ o(8) d&, o(x) = o(—x + 29), o(x) + o(—x + 29)) ds +

0 -x+29

27
+f ho(9,x — 9)d9, xeR.
0

The operator K is a linear compact mapping from H, into itself which satisfies

(Ks,s); =(s,5) =0.
Denoting

g9,(x,¢) = g,,( j:a(n) dn, o(x) — o(¢), o(x) + a(c)), j=0,1,2,

2n

h(x) =f ho(9, x — 9)d$
0

we have

(©0) (9 = [0 0.0) 4 (1050 ) + 0305 ) ) 06 + ).

Thus

(@) 2% = |

[

2n

J. :"(g (% €) + ga(x, €)) ('(x))* + golx, €) o(x) 0'(x) d¢ dx +

2n
+J~ k(&) o'(&) d¢ = 2n(y, — 72) |o"|(2, - 2n Yolo"o la’lo - lh"lo |a’|o .

0
As Ialo =< Io’lo, the preceding inequality yields
(%o, 0), >0

for all o€ Hy, |o|; = R where R =1 + (2a(y, — 7, — 7))~ |W|o. Hence there
do not exist t € [0, 1] andoe H,, lall = R such that

06+ tKds =0.
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Really, if there were such ¢ and g, then they should satisfy
0 = (o + tK®s, $0), = (o, Po), > 0.

But this is a contradiction. Therefore the Leray-Schauder theorem implies that there
is og€ H,, |0’0l1 < R satisfying

0'0+K¢0'0 =0.

Let us set s, = 2 AKa,. Then so € H, and s, satisfies (2.1). In virtue of (0.8) and
(0.12) we obtain s, € H;. Thus (a) is satisfied.

Secondly, we shall show that (b) is satisfied. Putting

i(x, &) = g,,(s0(x) = 50(2), so(x) — s0(£)s so(x) + s0(¢)) »

j=0,1,2 we can write
Veo(x) = le| " (o'(x) = o'(x — |¢] 4)) +
06000 = (0) + 0.9 ) + 70) +
+ 5l &) (o) — a(D) de

Let us denote by C3, the space of infinitely differentiable 2n-periodic functions on R.
Let ne C3, n Hy. Then

(VEPI, _’1/’/)0 = Isl—l (

+ % J-:" J’:"((ﬁl(x, &) + Ga(x, ) (")) + Folx, &) m(x) n'(x) A& dx +

"II

o= rnn”(x) n"(x — |¢] 2) dx) +

0

+ éj‘:" (J-:"(gxx(x, f) (ﬂ'(x) - q'(f)) + gzx(X, f) (n’(x) + ’7’(6)) +

+%maw@+mm@yvm»

As |nlo < |#']o < |1"]o and

ﬁwwwu—mnmé

2
0

’1”

we have
(2'21) (Veﬂ, “"1"')0 2 7‘(71 - Y2 - ?o) |'1”|(2) - Cll'l"o I'Iﬂlo =
2 27 n(y, — v, — vo) |n°]3 — cl@nlys — v, — o)) H ]G -
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The constant ¢, does not depend on 5. Similarly,
- 1 2z 2n
(Vom n')o 2 EJ j 71(n'(x) = n'(&) n'(x) dx A& +
0 V]
1 2n M2n
3 [ @0 - e - vy axae +
0 0
1 2n (2=
3] [ 00 - e axas +
0 0

2n 2=
+ %J J Go(x, &) (n(x) = n(E) m'(x)dxdé =1, + I, + I3 + 1.
0o Jo

Interchanging the variables x and & in I, and using the relations g 1(x, &) = g.4(¢, x)
and g,(x, &) = y, we can write

= %j: f :"(ﬁx(x, &) = ) (n'(x) — w'(§)) dx dg = 0.

Thus simple estimations of I, and 1, yield

(2.2,) (Ven n')o = myln’5

where y = y; — 7, — 2y,. Let 4 be an operator defined by

"

A= ="+ e, ¢y =ci2n*y(yy — Y0 — 72) 7.
By (2.2) 4 satisfies
(23) (V*n, An)o = vs|n"|s = vslnl3
with y3 =271 n(y, — v, — 7). Let
(V)" 0(x) = o (=1 (0') — #'x +]e| ) -

- %J‘:n(él(x, &) (o(x) — 9(9)): d¢ - % f :n(gz(x, 8) (o(x) — 9(¢))). dE +
#4709 000 - ot 0.

Then
(2.4) (V' @)o = (m, (V*)* 9)o
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for every 1, ¢ € C3, N H,. Using the negative norms (cf. [4], p. 165—167), we com-
plete the proof. The negative norm | | _x k positive integer is defined by

o] -« = sup {|(, w)o| [W|s*; 0 £ we H,}.

The completion of H, with respect to the norm ||_ « Will be denoted by H_,. Ap-
plying Fourier series, we easily show that for every ¢ € C5, N H,, there exists a unique
n e C3. N Hy such that An = ¢. By (2.3) and (2.4),

Inl2 [(VY* 0|-2 = (1, (V)* @)o = (V'n, An)o = y4|nl3 .
Hence

(2.5) |(V)* o] -2 = 3lnl2 -
By definition,
|o[-1 = sup {[(g, w)o| |w|s"; 0 + we H,} =
= sup {|(=1" + can’, w)o| [W|T "5 0+ we H,} < (1 + ;) nz.
This inequality together with (2.5) yields
(2.6) [(7o)* @] -2 2 ¥3(1 + ¢2) ™" o] -4

for every @ € C3, n H,,. Finally, let g€ H,. Let us put Q = (V*)*(C3, n H,). To
every ¥ € Q we assign the value’

l('/’) = (o, g)o

where ¥ = (V°)* . This is possible because by (2.6) the function ¢ is uniquely
determined for every . Using (2.6), we conclude

|l(‘/’)| s l‘pl-l lg‘l S+ ) lgl,) |'I’|—2 .

Hence [ is a linear functional on Q = H_,. According to the Hahn-Banach theorem,
there is a linear functional I’ on H _, such that I’ is an extension of / and the norm of I
equals that of I. By Lax’s theorem ([4], p. 167) there exists a unique v € H, such that

l(‘/’) = (‘/’a U)o

and

(27) lol2 27311 + ¢2) |g]s -

Putting = (V°)* ¢ for ¢ € C3, 0 Ho, we have .
') = (9, 9)o = (V)* @, )0 = (9, V*v)o,
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ie. (9,9 — V')o = 0. As g, V’v e H,, the last equality yields V*v = g. This implies
that (V¢)~! € [H,, H,] exists. By (2.7),

1Y) earsma < 73 '(1 + ¢c2).

Hence the condition (b) is satisfied. This completes the proof.

In the second part of this section we show that for every ¢ from a neighbourhood
of 0 there is a solution u € U, to the equation

(2.8) u,(t, x) — u(t, x) = &(3u®u, + ht,x)), teR*, xeR

satisfying the conditions (0.2) and (0.3). We shall suppose that the function h, fulfils
(0.12) and that the function

R(x) = f :nho(s, x — 9)ds

does not vanish identically. The existence of solutions follows from Theorem 1.2 if
the next two conditions are satisfied.

(c) There is a function s € H3, s % 0 such that
@) )+ @) [ 3le) - s () - ) <k + K =0, xeR,
(d) The operator V*e [H,, H,] given by
Veo(x) = o (0'(x) — o'x — [§ 2) +
#3609 - 40 () - o0 e +
+3 [ o) = 6 (00 - @) o) — (@) de. xe R

has an inverse (V*)™! € [H,, H,] whose norm is bounded by a constant independent
of e.

The existence of solutions to (2.8), (0.2) and (0.3) was proved in [1] under the
assumption that h, is a function n-antiperiodic in the variable x. The authors obtained
this result as a by-product when investigating a system of two first order equations.
The same theorems as in [1] have to be applied to complete the proofs of (c) and (d)
which are indicated below. They can however be applied after simpler calculations
and without the assumption of zn-antiperiodicity of the function h,.

Firstly, we shall treat (c). Let L, be the space of all 2n-periodic real functions s
satisfying

J. 2"s(f) dé =0 and fzns”(x) dx < .
0 0
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Let us denote by K the linear compact operator from Ly/3 into L4 given by

K s(x) = st(g) de + (zn)-lr"g 5(2)d¢, xeR.
As

0 [}

we can use the theorem which was applied in the corresponding step in [1]. Thus
there is s € Ly such that

s+ (20) K(J:"(s(-) — () dz;) + K =0,

Differentiating this equation, we can show that s e Hj. Clearly s # 0 and (2.9) is
satisfied.

In the end we shall show how to treat (d). Let g € H;. Let us denote W* = KV".
Then

W o(x) = [e] * (o(x) — olx — [e] 2)) +
3% 2
+32 j NCORROCOREOL:

and the equation W’s = Kg is equivalent to Vo = g. Let us put I = 3 [3" s*(¢) d¢.
Then we immediately verify

(Wee, 0)o 2 Ilalg ,
(Wea),a') 2 Ila’lf, - M1|a|0 |a'|0 ,
(W?e)", 6")o 2 I‘a”[(z, - leo'lo la"lo

for every o € H, with M, and M, independent of ¢ and ¢. Using the Lax-Milgram
theorem in the same way as in [1], we see that (d) is satisfied.

3. AUXILIARY ASSERTIONS

Lemma 3.1. Let ¢ & 0 satisfy 0 <2n + ¢éA < T. Let ue U, and s € H, satisfy

t px+t—9
G1) u(t, %) =Zs(1, x)+§f F)(%,¢)dédS, 1eR*, xeR
2 0Jx—t+9
and
(3.2) u(t,x) =u(t + 2n + ed, x), teR*, xeR.
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Then the pair of functions consisting of the restriction of the function u to
[0, T] x R and the function s satisfies (1.1) and (1.2).

Proof. (3.1) implies that (1.1) holds. Thus only (1.2) has to be shown. Let us put
® =27 + ¢A. Inserting u from (3.1) into (3.2) and making use of the obvious
relations '

r'_w Fi(u) (9, €)dé = 0,

-xt+tto-9

jwrﬂm—sm(u) (3,8) dzd9 = J: I”'_spe(u) (9,6)d 49 +

0 x—t—-w+9 x—-t+3
o Prx+t+o—-9
+ j J' Fi(u) (9, &) deds,
(V] x—t—0+3
we obtain

s(t + x + o) — s(t + x) + ;ij‘t+xF,(u)(9,€+ o — 9)déds =
0 JO

(0] t—Xx
=s(t—x+w)—s(t—x)+§J‘ J‘ F(u)(8,¢ + o — 9)dEdd
0JO
for every te R* and x € R. From here (1.2) follows immediately.

Lemma 3.2. Let ¢ + 0 satisfy 0 <2n + ed < T. Let ue Uy and s € H, satisfy
(1.1) and (1.2). Let us denote by i the function satisfying

(3.3) i(t,x) = u(t,x), te[0,2n +¢el), xeR
and
(349 u(t + 2n + €A, x) = i(t,x), teR*, xeR.
Then e U, and
; e t px+t—9
(35) a(t, %) = Z s(t, %) + 2 j I F.@) (9, &) dé 49
2 0Jx—t+3

for every te R* and x e R.

Proof. From (1.1) it follows that

uft,x) = s'(t + x)—s'(t—x)+ %J:F,(u) (9, x +t—9)ds +
; EJ'F,(u)(S, x —t+9)ds,
ut,x) =s'(t + x) + s'(t — x) + gJ"Fe(u) (%, x +t—9)d3 —

t
_ ij,(u)(S,x —t+9)ds
2Jo
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for te [0, T) and x € R. Let ® = 27 + ¢A. Using (1.2) we obtain
w(t + 0,3) - uftx) =2 J:{Ft(u) O+ x+1t—9)—Fu)(Sx+t—9)do
" ;J:{Fs(u)(S Fo, x—1+98) — Fu)(5x -t + 9},
u(t + o, x) — u(t, x)——j {(F(u)(3+w,x+t—9)— Fu)(%,x +t— 9)}d3 ~
- ;J‘;{a(u)(s + o, x—t+9)— Fu)(9x —t+ 9)}d9
for te[0, T — w) and x e R. In virtue of (0.2) we have
o9 = [t 9] 2z

By Gronwall’s lemma we deduce from the last three relations:
u(t, x) = u(t + , x)

for te[0, T — w) and x € R. This shows that there is a function i € U,, satisfying
(3.3) and (3.4). Induction will be used to prove (3.5). Let n 2 1 be an integer such
that (3.5) holds for ¢ € [0, nw]. Let 7€ (nw, (n + 1) @]. Then we have

xt+t—-w—-9
i(t, x) = it — 0, x) = Zs(r—wx)+ J J F(@1) (9, ¢)déds =
-t+tw+3
x+t— 3
Zs(t,x) + = I J‘ F(@1) (9, £) d& d3 + Z(r, x)
-7+ 3
where
P o px+1—9
E(r,x) =Zs(t — 0, x) — Zs(t, x) — EJ' J. Fy(u) (9, £)dEds.
0 Jx—1+3

By (1.2), Z(t, x) = 0. Thus (3.5) holds for te [0, (n + 1) w]. This completes the
proof.

The next two lemmas are modifications of the implicit function theorem and are
closely related to Theorems 2.3 and 2.4 in [1].

Lemma 3.3. Let X, Y be Banach spaces, m, & positive numbers and x,€ X. Let
a family of mappings °G : X —» Y, e€(0, &] satisfy the following assumptions:
(i) The mapping °G : X — Y is continuous and its derivative °G' : X — [X, Y]
exists for every €€ (0, £].

(i) lim sup {I*6'(x) = *6'(xo)|ex.vys €€ (0, 2], [x — xo|x < ¢} < 1/m.
e—0+
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(i) lim |*G(xo)|l¥ = O.

(iv) For every.ee(0,&] there exists T°e[Y,X] satisfying °G'(xo) T® = Iy,
| T v, xy < 7. ,
Then there exists &, € (0, £] such that for every ¢ € (0, §,] there is x* € X satisfying
*G(x*) = 0. Moreover, lim x* = x,,.

£-0

Proof. Let us choose a € (0, 1) and ¢ > 0 such that
sup {|G'(x) = *G'(xo)||tx.x3; X € B(xo, @), €€ (0, &]} < o/ .
Let & € (0, £] be such that ¢ € (0, & | implies

I*G(xo)y < (1 — ) o/

Let us put x5 = X, and xp.y = x, — T°°G(x;) for e€(0,¢,], n =0,1,.... We
easily obtain
(36) [xies = xillx = MGG v

for k =0,1,.... If for an integer n = 1 we have x; € B(xo, g), k=1,2,...,n, then
by [2] (relation 8.6.2),

(3.7) [*GEly = ['G() = “Glxk-1) = *G'(xo) (xk = xi-o)ll¥ =
< [k = xis[x sup {[*G'(x) = *G'(xo)|ex.vas €€ (0, &1], x € Blxo, 0} <
< aflxi — x|«
This estimate together with (3.6) implies
(38) ks = xilx < alxé = xi- ]
for k = 1,2, ..., n. Using (3.6) for k = 0 and (3.8), we obtain
(39) %1 = xollx = M *Gxo)[x/(1 — ).

Thus x;, € B(x,, @) for all € (0, £,] and all positive integers n. By (3.8) we can put
x* = lim x,. °G(x*) = 0 and lim x* = x, are consequences of (3.7) and (3.9) respec-

n— oo £-0

tively.
Lemma 3.4. Let all the assumptions of Lemma 3.3 be satisfied. Let
T**G'(xo) =Ix for e€(0,£].
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Then there exist two numbers &, € (0, £] and ¢ > 0 such that for every e € (0, §]
there is a unique x° € B(x,, @) satisfying *G(x%) = 0. Moreover, lim x* = x,.

e—=0

Proof. Let &, o« and ¢ be the numbers chosen in the proof of Lemma 3.3. Let
x1, X3 € B(xo, @), 0 < & < &, satisfy “G(x}]) = °G(x3) = 0. Then we can write

xi — x3 = —=T(°G(x}) — °G(x3) — °G'(xo) (x1 — x2)).
Using [2] (relation 8.6.2), we obtain
It = 5l < s =
-sup {[*G'(x) = *G'(xo)|ltx.x3s x € B(xo, @), 2€ (0, 4]} < alx§ — x3x -

As a < 1, we have x] = x3. This completes the proof.

Lemma 3.5. Let X and Y be Banach spaces. Let A€ [X, Y] and Be [Y, X] satisfy
AB =1y. Then for every Ae[X, Y], |4|wx. < 2|B|cr,x)~" there exists Bye
€Y, X] such that

(3.10) (A+ 4)B, =1y,
(3.11) |Baller.xa < 2| Bleyxa -

If in addition the operators A and B fulfil BA = Iy, then By satisfies (3.10), (3.11)
and By(A + 4) =Iy.

Proof is easy.
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