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EXTENSION OF A HOMEOMORPHISM OF A TOPOLOGICAL
CIRCUMFERENCE

ILsa CernY, Praha
(Received June 11, 1975)

In the present paper we prove that any homeomorphic mapping h of a topological
circumference T < S into § (S being the closed Gaussian plane) can be extended to
a homeomorphic mapping of the whole S onto S. The only more advanced results
used from the topology of the plane are the Jordan theorem and the theorem on the
O-curves.

The result just formulated is of crucial importance for the topology of the plane as
well as for its applications e.g. in the theory of functions of a complex variable. It
implies immediately a.o. the theorem on accessibility of all points of the boundary 0Q
of a Jordan region Q from the region as well as other analogous theorems (concerning
the outer topological properties of topological circumferences) useful in the theory of
conformal mappings and other fields. '

However, the application of the above theorem in the mentioned direction in
elementary courses of the theory of functions is essentially hindered by the fact that
the usual proofs given in the literature are based a.o. on the theorem on accessibility
of boundary points of a Jordan region Q from Q (cf. e.g. [1], pp. 374—381). The
present paper offers an almost elementary proof of the theorem, showing how the
proof from [1] can be modified not only to remove the above mentioned drawback
but also to avoid the use of other theorems, not widely known and difficult to prove.

Let us first introduce the necessary notation, definitions and theorems. The closed
Gaussian plane is denoted by S, the open Gaussian plane by E. The boundary of
a set M < S will be denoted by oM, the closure by M. If @ + M < E, then

b

diam M = sup lz' -z

z',z2"eM

besides, we put diam @ = 0. If diam M < oo, then M is said to be a bounded set.
If0+ M, c Efori =1,2, then

dist (My, M) = inf |2/ — 2|,

z’eMy,z"eM;,
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If for instance M, = {a} is a one-point set, then we write dist (a, M,) instead of
dist ({a}, M,).

If M < S is either a closed or an open set and if p, g € S — M are two points, we
say M separates the points p, q in S, if p, g belong to different components of the
set § — M. (Cf. [2], p. 108.)

Let us recall the Janiszewski theorem (see e.g. [2], p. 172): If the sets My, M,
(=S) are either both closed or both open, if p, q are two points from S — (M, U M),
if neither M, nor M, separates the points p, q in S and the intersection M, 0" M,
is connected, then the set M, U M, does not separate the points p, q in S, either.

For any ¢ € (0, ) and z € E the set

U(z,e) = {z' € E; |z' — 2| < ¢}

is called an e-neighbourhood (briefly: a neighbourhood) of the point z; for each
M c E we put

UM, ¢) = UMU(z, £).
A segment with end-points a + b from E is the set
u(a,b) = {z;z =a + (b — a), 10, 1)} ;
the corresponding open segment is defined to be
o(a, b) = u(a, b) — {a, b} ).

The points z € o(a, b) are called the interior points of the segment u(a, b).

An arc is a homeomorphic image of a segment. The images of the end-points of
the segment in the corresponding homeomorphic mapping are called the end-points
of the arc. If L is an arc with end-points a, b, then

E=L- {a, b}

defines the corresponding open arc. The term topological circumference stands for
a homeomorphic image of a circumference. Under a polygonal line we shall mean
here an arc or a topological circumference which is the union of a finite number of
segments.

A region (i.e., a connected open set) whose boundary is a topological circum-
ference is called a Jordan region. We shall use the term poiygon for a bounded
Jordan region whose boundary is a polygonal line, or for the closure of such a region;
the actual meaning will be always clear from the context. Any maximal segment
contained in 02 will be called a side of the polygon Q while each end-point of any
one of its sides will be called its vertex.

1) {a, b} is the two-point set consisting of the points a, b.
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The Jordan theorem (see [2], p. 108) asserts that for every topological circum-
ference T < S, the set S — Tis the union of two disjoint Jordan regions whose com-
mon boundary is T. If T < E then one of these regions contains the point oo (we shall
denote it by Ext T) while the other one is bounded (and will be denoted by Int T).

The theorem on 6-curves will be applied in the following form (see [2], p. 184):
If Q is a Jordan region, Lan arc with end-points a, b in 0Q and satisfying L c @,
if M,, M, are arcs with the same end-points a, b for which M, U M, = 0Q, then
Q — Lis the union of two disjoint Jordan regions Q,, Q, which fulfil 0Q; = M; v L
for i =1,2.

The concept of a net (cf. [1], p. 374) will be of importance for us. Let Q be
a bounded Jordan region, let T (2 <kZnnz 1) be arcs with end-points a,, b,.
The sequence

(1) T, =0Q, Ty, ..., T,

is called a (n-term) net in Q if

(2 T.cQ

and

(3) TN (Tyv... U Tioy) = {a by}

for each k = 2, ..., n.

The following assertion is easily proved (by induction with respect to n) in virtue
of the theorem on 6-curves (cf. [1], p. 374):

Lemma 1. Let (1) be a net in Q. Then the set @ — ) T, has exactly n components,
k=2

say Q4, ..., Q,, and
4) U =UT,.
k=1 k=1

The boundary of the only unbounded component of the set S — \J T, is Q. Each
n k=2

point z€ 0Q — U T, belongs to the closure of exactly one component of the set
n k=2

Q-UT.
k=2

Another concept needed in the sequel is the linear accessibility: Let Q be a region,
a € 0Q. We say that the point a is linearly accessible from €, if there exists a segment

u(a, b) such that u(a, b) — {a} = Q.
The following lemma is easily verified (cf. [2], p. 527):

Lemma 2. If Q is a bounded region then the set Z of all points from 0Q which are
linearly accessible from Q is dense in 02.

Let us recall another fact which we believe to be well-known:
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Lemma 3. Each point of the boundary of a polygon is linearly accessible from it.
The following result will be of importance as well:

Lemma 4. Let (1) be a net in Q with T,, ..., T, polygonal lines. Then every point
zeU T, ~ Q is linearly accessible from each component of the set Q — U T,

k=2 k=2
to whose boundary it belongs.

Proof. If z e[n) T, n Q, then for every sufficiently small neighbourhood U(z, €)
of the point z tl:e_szet U(z, £) — L”J T, is the union of a finite number of open circular
sectors and each component of :};ezset Q- \"J T, whose boundary contains the point z
includes also one of these sectors. Obviouksl_yz, the point z is linearly accessible from

any one of these sectors.
The following assertion plays an important role in the sequel:

Lemma 5. Let ¢ > 0. Let us denote by & the family of all squares
Cupn={z;(m —1)e < Rez<me, (n—1)e < Imz < ne} ?)

where m, n are integers. Let Q be a bounded Jordan region, M a straigt line inter-
secting Q. Then there exists a finite family & of segments which satisfies the fol-
lowing four conditions:

(4) LeZL=Lc M;
(4;) Le £, L=u(a, b) = o(a, b) = Q, a, be 0Q;
(43) L,L,e&, L+ L,=L, nEz =0;

(44) none of the components of the set Q — \J L intersects simultaneously two
Leg

squares C', C" € & which lie in different components of the set E — M.

Proof. Let £* be the family of all segments which are closures of the components
of the set M N Q. The family £* is either finite or denumerable and satisfies the
implications (4,)—(45) with & replaced by £*.

If the family &* is finite put & = £*. Then the implication (4,) is obvious as
well: every connected set included in Q and 1ntersectmg both components of the set

E — M intersects also the set M n Q = U L.
Le¥

It remains to prove the assertion under the assumption that the family £* is
infinite. In this case let us arrange the segments of the family £* in a sequence
L,,...,L, ... with mutually different terms. Let the endpoints of the segment L,

2) Re z, Im z stand for the real and imaginary parts of a number z € E, respectively.

108



be a,, b,. With regard to the fact that the open segments L, are disjoint and con-
tained in the bounded part Q N M of the straight line M we have

(5) |a,, — b,,l -0.

Let us choose an arc X of the topological circumference 02 which does not inter-
sect M, and let Y be the arc of the topological circumference 02 with the same end-
points as X, which satisfies X U Y = 0Q. Let ¢ be a homeomorphic mapping of the
interval <0, 1) onto Y. Denoting

(6) 0 =¢-1(a,), Bn=0-1(bs)")

we can assume that «, < B, for all n since the denotation of the endpoints of the
segments L, is immaterial in the sequel. We have §, — a, — 0 by (5) and in virtue
of the uniform continuity of the function ¢_;. Hence, with regard to the uniform
continuity of ¢,

(7 diam ¢(<a,, B,>) = 0.
The theorem on 6-curves implies (for every n)

(8) Q—-L =9,,uUQ,

where Q,,, Q,, are disjoint Jordan regions with

©) Q1 = L, U 9(<o B)) -

Since
diam Q,, = diam 0Q,; < diam L, + diam ¢({a,, B,>) ,

we conclude by (5) and (7) that
(10) diam Q,;, - 0.

Let Z,, Z, be open half-planes determined by the straight line M. Let us denote
by W, (i =1, 2) the union of all squares C,, ,€ & which are contained in Z; and
intersect Q. The sets W; (being finite unions of compact sets C,, ,) are compact. If one
of them is empty then our assertion is trivial as the empty family may be taken for L.
Therefore, let W, = 0 £+ W,; then

(11) dist(Q M, W) >0 for i=12.

Since @,; N (2 N M) # 0 for every n, by (10) and (11) there exists a positive integer p
such that

(12) in N (W1 v Wz) =@ forall n> p.
3) The symbol ¢_, denotes, of course, the inverse mapping to ¢.
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Put & ={L,,...,L,} and assume that there exists a component K of the set
Q- UL Q- UL which intersects both W, and W,. Let us choose points

n=1
Z;€ K N W, (i =1,2). As K is a region, there exists an arc N contained in K, with

the end-points z,, z,. Further, there exists an n > 0 such that U(N, ) < K. With
regard to (10) there exists a ¢ > p such that diam Q,, < #for all n > q. This implies

(13) Q. NnN=0 forall n>gq.
It is easy to see that the set

(S-QuUL,=(-92uUL,

n>q n>q

is a continuum*). This continuum does not separate the points z,, z, in S, since its
complement
—((S—Q)UUL)—Q UL, oQ-U2Q,

n>q n>gq

contains the connected set N. If the continuum (§ — Q) U U L, did not separate
n=1

the points z,, z, in S, then the same would hold according to the Janiszewski theorem
also for the set

S—QuUL=(S-2uUL)u((S-2uUL),
n=1 n>q n=1
since the intersection
G -2oyL)n(s- Q)UCJL,,) —S_0=Exo

is connected. However, this is not the case, since M = (§ — Q) u U L, and M

separates the points z,, z, in § 5) Consequently,

(14) the continuum (§ — Q) U U L, separates the points z,, z, in S.
n=1

On the other hand, we know that

(15) the continuum (S —'Q) U U L, does not separate the pomts z,2z,in §

(since the connected set K < Q U L,=S§-— ((S - Q)u U L) contains these
points).

4) That is, a compact connected set.

5) Let us note that (12)implies thatz; € 2 — |J Q,,, hence also z; € 2 — U L,fori=1,2.

n>p
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Let r be the least positive integer such that
(16’) the continuum (S — ) U U L, separates the points z;, z, in S.
n=1

Then p <r £ q and
r-1

(16”) the continuum (S — ) U U L, does not separate the points z,, z, in §.
n=1

The set § — &,, = Ext 0Q,, is connected and according to (12) contains both z,
and z,. Consequently, Q,; does not separate these points in S. Further, we have

r—-1 r

-1
(-9u gL..) N2y =(S-92)nQ,) u( U L0 2.) = oo, BP) v 4,

where A is the union of all segments L, (n = 1, ..., r — 1) satisfying L, < Q,,. The
end-points of such segments belong to (S — Q) N &,; = ¢(<a,, B,>) and therefore
the union go((zx,, B.>) U A is connected. The Janiszewski theorem implies that the set

r-1

-QuUL,vQ,
n=1

does not separate the points z;, z, in S, either. The less does so the smaller set
r
(§ — @) u U L,; however, this contradicts (16’).
n=1

This completes the proof of Lemma 5.

Lemma 6. Let Q be a bounded Jordan region and let ¢ > 0. Then:
1. There exist segments Ly, .., L, (with q¢ = 0) such that

(17) 29, Ly, ..., L

g isanetin Q;

q
(18) every component of the set Q — U L, has a diameter less than e.
n=1
2. If Q is a polygon and the set Z is dense in 0Q, then it is possible to choose the
segments Ly, ..., L, so that, in adition to (17) and (18), the following two conditions
hold:

(19) every point z € 0Q belong to at most one set L, (1 < n < q);
(20) LNnoQ<cZ forall n=1,...,q.

Proof. 1. Let Q be a bounded Jordan region, ¢ > 0. Let us denote by & the
family of all squares :

Copn={z;4(m —1)e < Rez < 4me, §(n — 1) e < Imz < Ine}

where m, n are integers.
Let .#, be the family of all straight lines

(21) {z;Imz = }2k — 1) ¢}

111



where k is an integer satisfying

(22) {ze2; Imz 2 3ke} £ 0 + {zeQ; Imz < ¥k — 1) ¢},
and let ., be the family of all straight lines

(23) {z; Rez = }2j — 1) ¢}

where j is an integer satisfying

(24) {zeQ; Rez = 4je} +0+{zeQ; Rez 2 4(j — 1)¢}.

Put M = M, L M,. 1t follows from the boundedness of the set 2 that the family .#
is finite. : ' '

According to Lemma 5 we have to every straight line M € .# a finite system
&£(M) of segments satisfying
(25,) Le (M) = L = M;
(25,) Le £(M), L = u(a, b) = o(a, b) = 2, a, be 0Q;
(25) L,L'e M), L + L' =L n L' = 0;

(254) none of the components of the set 2 — (J Lintersects simultaneously two
‘ Le2 (M)

squares C’, C" € & which belong to different components of the set E — M.

Let K be one of the components of the set

(26) a-U U L.

. . MeM Le (M)
Then there exists a maximal integer k such that {zeK; Imz < }(k — 1)¢} = 0. It
follows from its definition that K A C,,, , + @ for a certain integer m,. If it were
{zeK;Imz 2 ¥(k + 1)¢&} + 0, then KN C,,, + 0 for some two numbers m,
and n = k + 2. The straight line M = {z;Imz = }(2k + 1)¢} would belong
to .. However, this is not possible, since K is part of a component K’ of the set

Q — U Land according to (25,) K’ does not intersect both squares C,, 1, Cp, s
LeL (M)

as they belong (in virtue of the inequality n = k + 2) to different components of the
set E — M. Thus we have proved that

(27) Ke{z;}{k—-1)e<Imz 2}k + 1)¢}
for k suitably chosen; we can prove similarly that
27 - Kec{z;}{(j—1)e<RezZ¥(j +1)¢}
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for j suitably chosen. The last two inclusions imply immediately
diam K < diam {z; 3(j — 1)e.< Rez £ 4(j + 1) ¢,
Hk—1De<Imz< Yk +1)e} =c3<e.
Consequently,
(28) if K is a component of the set (26), then diam K < e.
Let us now arrange all segments of the family MLL (M) in a sequence Ly, ..., L,

with mutually different terms (so that p = 0). With regard to (25,)—(25;) and to
the fact that the straight lines from ., are disjoint we obtain that

(29) the sequence 9, L,, ..., L, is a net in Q.

On the basis of the families £(M), where M € .#,, we form new systems £*(M)
in the following way: For every Le U £(M), let

Me#>

» ,
(30) Ln(eQu {_JlL,,) ®) = {a§, ..., akp,)}
where
(31) Ima§ < Imal <... <Imafy, .

Let the family £*(M) contain exactly all the segments

u(ag, ay), u(ay, a3), ..., u(arey-1, arwy)
where Le £(M).

If all segments of the family U £*(M) are arranged in a sequence L, , ..., L,
Me#>

with mutually different terms, then g > p and it is evident that (17) holds. Further,
obviously

q
UuL=U UL

n=p+1 Me#M;,; LeL (M)
hence also
q
(32) UL, = U U L.
n=1 Me# LeL (M)

In virtue of (28), (18) is proved.

2. Now let Q be a polygon and Z a set dense in 0Q. Without any loss of generality
we may assume that

6) This set is finite, since L N 022 is a two-point set according to (25,) and L is ortogonal to

each segment L,, ..., L,
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(33) any vertex of the polygon £ belongs neither to a line {z; Re z = }le} nor to
a line {z; Im z = }le} with [ odd,

(34) no point of the form 3(I; + il,)e with I,, I, odd belongs to 02,

since, if necessary, 2 may be suitably translated without affecting essentially our
argument.”)

Let the symbols C,, ,, &, M, M ,, M have the same meaning as in Part 1 of the
proof. According to (33) the set M n 02 is finite for every M € . let

(35) M noQ = {a¥, d¥, ..., a¥u}

where

(36,) - Reay <Reay <...<Realy, if Meu,,
(36,) Imalf <Imay <...<Imaly, if Med,.

Further, let us denote by X the side of the polygon Q which contains the point ay;
since the point alf is not a vertex of the polygon @ there is exactly one such side,
it is not parallel to M, and the point a;' is its interior point. Let P*(M), P~(M) be
the components of the set E — M. Let W*(M) and W~(M) be the unions of all
squares C,, , € & which intersect Q and satisfy C,,, = P*(M) and C,, = P~(M),
respectively.

We shall prove that for every sufficiently small 6 > 0 the following five conditions
hold:

(37,) for any M € #, there is no vertex of the polygon € in the strip U(M, 9);

(372) UM, &) n (W*(M) U W~(M)) = 0 for each M € ;

(375) if M, + M, and either M,,M,e M, or M, M, € M,, then UM, d) n
NUM,,6) =0;

(37,) if My €.#,, M, e #,, then UM, 8) n U(M,, 5) A 6Q = 0;

(375) given arbitrary points by € X' " U(M, 6) (where M e #, 1 < k < r(M)),

then the angle between the segment u(by_,, by') (where 1 < k < r(M)) and
the line M is non-negative and less than }n.

With regard to (33) we find that (37,) holds for all sufficiently small 6 > 0. As
W*(M) v W~(M) is a compact set disjoint with M, (37,) holds for all sufficiently
small § > 0 as well. If 0 < é < 3¢, then (37;) holds, too. Further, (34) implies that

7y It is sufficient to use a translation vector v which is parallel neither to the real and imaginary
axes nor to any side of the polygon 2, and whose magnitude is less than (i) the distance of every
vertex of the polygon 2 from the union of all straight lines {z; Re z = l¢/6}, {z; Im z = I¢/6}
with / odd, not containing this vertex, (ii) the distance of every point (/; + il,) &/6 with /;, I, odd
from any side of the polygon 2 not containing the point in question.
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also the condition (37,) is fulfilled for all 6 > O sufficiently small. If the points byf
are sufficiently close to the points a), then all conditions concerning angles will be
fulfilled as required in (37). Taking into account that the segments X M are not parallel
to the straight lines M we see that the points b} € X} N U(M, &) will be arbitrarily
close to the points ay'(eXy' N M) provided & > 0 is sufficiently small.

Let us now fix a number 6 > 0 so that (37,)—(375) hold. Denote

(40,)  AY ={zeM; Rez < Real}, ANy, ={zeM; Rez > Really,}
for Me #,,

(40,) A ={zeM;Imz<Imal}, Al ={zeM; Imz > Imalky)}
for M e A ,, and let

(405) A = o(a, %)

for Me M and 1 < k < r(M).

Further, let G} (where M e #, 0 < k < r(M)) be the component of the set
r(M)

U(M, 8) — U X}! containing the set 4;. Let us note that each set G}' is convex (being
k=1

the intersection of three or four half-planes).
First, let us show that the number r(M) is even for all M € # and

(41) AlovAyu..udhycS-a, Afu... vy, Q.

In virtue of its connectedness'and of the condition A N 6Q = 0 each set A is
contained either in § — @ or in Q. Since obviously 4y’ U Ay, = S — @, (41) will
be proved (together with the evenness of r(M)), if we show that

(42) for each k = 1, ..., (M) one of the sets A;",, Ay is contained in § — @, the
other one in Q.

To prove (42), let us choose (with k = 1, ..., (M) fixed) a neighbourhood U of the
point ap’ so small that U n dQ = U n XM, Then the set U — 09 is the union of two
open semicircles, one of them being contained in § — @, the other one in Q according
to the Jordan theorem. At the same time it is apparent that one of the sets AY ,, AM
intersects one of these semicircles while the other set intersects the other one. This
implies immediately (42) in virtue of the fact that each set A% is a subset either of
S — Qorof Q.

If we show that

(43) G ndQ =0 forevery Me.# andevery k=0,...,r(M),
then (41) together with the connectedness of the sets Gy will imply

(44) GYUGYU...UGHy, =S-Q, GfU...UGYy-, = Q.
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Let us suppose that there is a point z, € GY' N Q. By (37,), the point z, is an
interior point of a certain side X of the polygon £, while the end-points of X do not

belong to GM. Hence X intersects dGY in two points z, * z,. Since obviously
r(M)

X # X} for j = 1,..., (M), we have z,, z, ¢ U X}’ and, consequently, the points
i=t

z,, z, belong to the straight lines whose closures form 6U(M s 6), and lie in different
components of the E — M. This implies that X n M =+ 0; it is easy to see, with
regard to the convexity of the sets G}, that o(zy, z,) = G so that the point of
intersection of X and M belongs to A¥ = G} n M. However, this is a contradiction
since A N 0Q = 0.
This completes the proof of (43), and thus also of (44).
Since the set Z is dense in 09, there exist points
(45) b eX¥nZnUM, ) (Med, 1< k< r(M).
For M € #, let us put
(46,) BY = {z; Rez < Re b, Imz = Im b¥},
B, = {z; Rez > Re by, Imz = Im b}¥,},
for M e M, let
(46,) By ={z; Rez = Re by, Imz < Im b¥},
By = {z; Rez = Re by, Im z > Im by} ;

for every M € A let

(465) BY = o(bY, bit1) (1 £k < (M)
and
. r(M)
(464) B¥ =y BY.
r=0

As evidently BYf < G}, we have, by (44),
47) By UBYU...UBy =S —Q, BYU...UBNy-1 < Q.

The set BM is a topological circumference, hence the set § — BM has exactly two
components in virtue of the Jordan theorem. Since B = U(M, 6), one of the com-
ponents contains the half-plane P*(M) — U(M, &), hence (by (37,)) also the set

W*(M), while the other one contains the half-plane P~(M) — U(M, 6), and hence
also the set W~(M). This implies that every connected set intersecting both W*(M)
and W™(M) intersects B as well, so that

(48) none of the components of the set @ — BM intersects both W*(M) and W~ (M).
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If for any M € .#, the symbol £ (M) stands for the system of all segments BY',
BY, BY{y)-1, then the system is obviously disjoint and, by (47),

(49) QnBY= | L,

Le# (M)

so that, by (48),

(50) none of the components of the set 2 — U L intersects (for any M € )
both sets W*(M), W~ (M). Le2(M)

Hence it follows similarly as in Part 1 of the proof that

(51) toevery component K of theset @ — U U L thereexist integers j, k such that
Me#M Le¥ (M)

Kc{z;3j—-1)e<Rez= 3+ 1)e H(k—1)e<Imz S ¥k + )¢},
and consequently

(52) diam K < ¢ for every component K of the set Q — U U L.
Me#M Le¥ (M)

Now let us arrange all segments of the system | (M) in a sequence L, ..., L,
Mest
with mutually different terms. Similarly as in Part 1 of the proof -

(53) the sequence 09, L,, ..., L, is a net in Q.
If Le £(M) with M € #,, then the set

54 Ln(0Qu G L,)
n=1

is finite since L 0Q is a two-point set and the segments L, L, (1 < n £ p) are not
parallel (as, by (37;), the angle between the segment Land the imaginary axis as well
as the angle between any one of the segments L, and the real axis is less than }=).

Consequently, for every M e #, a system £*(M) can be defined analogously
as in Part 1 of the proof; we arrange the segments of the system U £*(M) in
a sequence L, i, ..., L, with mutually different terms as before. Metts

Again, (17) and (18) hold by an analogous argument. Two different segments

L', L" belonging either both to U £(M) or both to U £(M) do not intersect
Me#, Me#t

2
(which is a consequence of the construction of the systems £(M) — cf. (37,)). If
L'e #£(M,), L' e £(M,) with M, € M1, M, € M ,,then L’ n L' is part of U(M,, 5) n
N U(M,, 6) which is a set disjoint with dQ according to (37,).Hence it follows
that the condition (19) is satisfied. The validity of the condition (20) follows from the
fact that every point from L, n 0Q with 1 £ n £ q is one of the points b}'.

This completes the proof of Part 2 of Lemma 6.
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Definition. Let Q and Q* be bounded Jordan regions. Suppose that
(55) - 02 =T,T,..T, isanetin &2,

(55%) 0% =T TS, ..., T} isanetin O*.

q q .
A homeomorphic mapping & of the set U T, onto the set U T, is said to be regular®)
n=1 n=1 q
if it is possible to number the components Q,, ..., Q, of the set 2 — U T, and the
n=1

q
components 27, ..., Q) of the set 2* — J T,* in such a way that

n=1

(56) h(0Q,) = 0Qy for n=1,...,q.

Lemma 7. Let Q be a bounded Jordan region, Q* a polygon. Let f be a homeo-
morphic mapping of 0Q onto 0Q*. Then:

1. Under the assumption (55) there exist polygonal lines Ty, ..., T, such that

(55*) holds and the mapping f can be extended to a regular homeomorphic map-
q q
ping F of the set U T, onto the set U T,
1

n= n=1

2. Let Z denote the set of all points from 0Q2 which are linearly accessible from Q;
let Z* = f(Z), f* = f_,. Let us further assume that (55*) is satisfied,
q
(57) UTnoe* c z*,
n=2
and

(58) there are no two arcs T, .}, 2 < m < n < g, with a common point in 0Q*.

Then there exist polygonal lines T, ..., T, such that (55) is satisfied and that the
mapping f* can be extended to a regular homeomorphic F* mapping of the set

q9 q
U T onto the set U T,.

n=1 n=1

Proof. Let the assumptions of Part 1 of Lemma 7 be satisfied; we shall proceed
by induction with respect to q.

For q = 1 it is sufficient to notice that every homeomorphic mapping of Q2 onto
0Q* is regular.

Let the assertion analogous to the above one hold for each (¢ — 1)-term net. If
(55) is satisfied, then

(59) 00 =Ty,.., Ty_,

8) Cf. [1], p. 376.
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is a (g — 1)-term net so that there exist polygonal lines T,..., T,~; such that

o* =T, T, ..., 7;*_1 is a net in £* and the mapping f can be extended to a regular
q—1 q—-1

homeomorphic mapping g of the set U T, onto U T,*. This means that numbering
n=1 n=1 q—1

suitably the components Gy, ..., G,_; of the set Q@ — ) T, and the components
q-1 n=1

G%, ..., G;—y of the set @* — U T,* we have

n=1

(60) 9(3G,) = 9Gy for n=1,..,q9—1.

According to the definition of a net, T, is an arc contained in @ with its end-points
q-1

a, bin U T, while T, n U T, = 0. This implies that T, is part of a certain component
n=1 q—1 n=1

of the set @ — U T,. Without any loss of generality we may assume that this com-

n=1

ponent is G,_. Then a, b€ dG,_;. Since G,_, is a polygon, the points g(a), g(b) €
€ 6G;"_ . are linearly accessible from G;"_ 1 (see Lemma 3); consequently, there exists
an arc 7,* with end-points g(a), g(b) which is a polygonal line and satisfies T, = G,-,.
The topological circumference G, _, is the union of two arcs M,, M, with end-points
a, b. Denoting M} = g(M,) for i = 1,2 we conclude that M} are two arcs with
end-points g(a), g(b) whose union is 9G;_,. In virtue of the theorem on the f-curves
we have

(61) Gt =T, =210 Q, M Tq* = Q:—l UQ«’;’

q-1

where Q,_,, Q, as well as Q;_,, Q} are disjoint Jordan regions with boundaries

(62) 0y =T,uM,, 0Q,=T,uM,, Q=T uM],

q
09y =T, U M3,

respectively. Let h be a homeomorphic mapping of the arc T, onto the arc T,
satisfying h(a) = g(a), h(b) = g(b). Then we may put

in UT

(63) F = <

mT

q
and F is evidently a homeomorphic mapping of U T, onto J T,* which is an exten-
sion of f. = n=t
It is easy to see that the sets Q — U T, and Q* — U T;* have the components

n=1 n=1

Ql = Gl’ sy Qq—Z = Gq—2’ Qq-—l’ 'Qq
and
Qf =Gt ... 0, 2 Q)

119



respectively. With respect to (60), (62) and (63) we have evidently
F(02,) =02y for n=1,...q

so that the mapping F is regular.

2. Now let the assumptions of Part 2 of Lemma 7 be satisfied. Again we proceed
by induction with respect to g. The assertion for ¢ = 1 is evident; let the assertion
analogous to the above one hold for any (¢ — 1)-term net.

The induction hypothesis together with (55*), (57) and (58) implies that there
exist polygonal lines T, ..., T,_; such that 0Q = T}, T, ..., T,_, is a net in Q
and that the mapping f* can be extended to a regular homeomorphic mapping g*

of the set U T onto the set quT This means that the components G}, ..., G;"_l
of the set ;2*1 —qu T} and the”colmponents Gy, ..., G,y of the set Q -—qu7}, can be
numbered in sugl;la way that "
(64) 9*(éGy) =0G, for n=1,..,9—1.
The arc T," let have end-points a*, b*. By (55*), 7,* is contained in a certain com-
ponent of the set Q* — qUiT,,*; we may assume that the numbering is chosen so that
n=

T = G;-,. Then also a*, b* € 0G,-,. Let us denote further a = g*(a*), b = g*(b*);
then a, b e 0G,_
If a* e 0Q* then a* € Z* according to (57) so that the point a = g*(a*) =

=f_y(a*)eZis lmearly accessible from €. According to (58) we have a* ¢ U T*

consequently a ¢ U T, and there exists a segment u(a, a,) satisfying u(a, a,) — {a} <
q—-1 n=2

< Q — U T,. The connected set u{a, a,) — {a} is part of a certain component of the
n=1
q—1
set @ — U T, and the point a belongs to its closure. However, in virtue of Lemma 1
n=1 q—-1
the point ae i — U T, belongs to the closure of only one component of the set
q-1 q—1
Q- UT Hence u(a,a,) —{a} € Gpoy. If a*eU TN Q* then acUT,nQ
n=1 n=1
and a s1m11ar segment u(a, a,) exists by Lemma 4. The existence of a point b, such
that u(b, by) — {b} = G,_, is shown similarly.
Now it follows easily that there exists an arc T, which is a polygonal line with
end-points a, b and satisfying T, = G,_;.
If h* is a homeomorphic mapping of the arc Ty onto T, with h*(a*) = a, h*(b*) =
= b, then
q-1
P =(

g* in UT',
n=1
h* in T,
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is the required regular homeomorphic extension of the mapping f*. (The proof is
quite analogous to that of a similar assertion for the mapping F in the proof of
Part 1 of the lemma.)

Lemma 8. Denote
(65) Q={z |Re zl <2, IIm zl <2}, 9, ={z; |Re z| <1, IIm z| < 1}.

Let —2 <a <b <2, let M;, M, be two arcs with end-points a, b and such that
T =M, U M, is a topological circumference contained in Q. Further, let 0 € Int T,

(66) imax{Imz;zeT, Rez =0}eM,,
and
(67) (M, U M,) N ({=2,a) U<(b,2)) =0.

Let f be a homeomorphic mapping of the set T onto 0Q, satisfying

(68) fla)= -1, f(b) =1,
(69)  f(M,)={ze€dQ,; Imz 20}, f(M,)={z€dQ,; Im.z <0}.

Then there exists a homeomorphic mapping F of the set S onto itself satisfying

(70) F|T=f, F|(S-Q) =1d°).
Proof. Let us denote
(711,) T, =T =dQ,
(71,) T, ={~2,a)uM;u<{b2),
Ty =<-2,-1)u{zedQ;; Imz 2 0} U(L,2),
(715) T, =M,, T;={z€dQ,; Imz <0}.

It is easy to verify that the sequences T, Ty, Ty and Ty, T;, T are nets in Q.
3

Moreover, it is evident that the mapping f; defined in {J T, by

n=1
(72) f(2) for zeT,
)z for zedQ,
fi(?) = z—2a+ 1)]f(a+2) for ze{-2,a),
[z+2(1-1b)])(2-b) for ze<b,2)

%) Identical mapping; the symbol | is used for parcial mapping.
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3 3
is a homeomorphic mapping of U T, onto U T,* which is an extension of the map-

plng f ’ n=1 n=1
Let us show that f, is regular. We have

(73) 0-T,=0Q,0Q,

in virtue of the theorem on the 6-curves, where Q,, Q, are disjoint Jordan regions
with boundaries

(74) 09, =T,u{zedQ; Imz20}, 02, =T,u{z€dQ; Imz < 0}.

Q=T 2i Q=1
Ty
7..'
1 frak T
2 2 -1 1 2
TJ'
Q
Ry R
30 = T, aa - 7;-

Further, we have T, = M, = Q, U Q, so that either M, = Q, or M, = Q,. Let us
denote by Lthe segment with end-points 2i, i max {Im z; z€ T, Re z = 0}. Then

(75) Q —-L=G,vG,

where G,, G, are disjoint Jordan regions satisfying

(76) aeG, - G,, beG, - G,.

If it were M, < Q,, then with regard to (75) and (76) necessarily
(77) MG +0+ M,nG,

which would imply M, n 0G, + @ as well. However, in virtue of the equality
0G, n Q, = L(which is an easy consequence of the theorem on the f-curves) and
the inclusion M, = ,, this would yield M, n L+ @ which contradicts the as-
sumption (66).

Consequently,

(78) T3=Mzcgz
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and the theorem on the 6-curves together with (73) yields

3
(79) 0-UT, =Q,;0vQ,0Q;
n=1
where Q,; (j = 1, 2, 3) are the components of the sets on the left-hand side satisfying
(80,) 09, =T,u{zedQ; Imz 2 0},
(80,) 0,=T,
(803) 0Q,; ={(~=2,a)u T, U<b,2)u{zedQ; Imz < 0}.

We obtain similarly

3
(81) Q- UT"=2aivahval

where the sets on the right-hand side are the components of the set on the left-hand
side, and

(82,) 0Qt, =T, u{zedQ; Imz 2 0},

(82,) oQt, = 09, ,

(825) 00%; =<(=2, -1 U Ty u<l,2) u{zedQ; Imz < 0}.
The relations (79), (80,)—(80;), (81), (82,)—(82,) imply

(83) 11(69Qy;) = 0Q%; for j=1,2,3,

i.e., the regularity of the mapping f;.
Let us note that diam Q = /32 < 6 and the more so,

(84) diam Q,; < 6, diamQf; <6 for j=1,2,3.
Put
(85) (1) = 3.

Let us assume that for a positive integer k we have defined nets T, ..., T4, and
TY, ..., T4, in O, that ©,; and Q}; with j = 1, ..., q(k) are the components of the

a(k) q(k)
sets @ — U T, and Q — U Tf, respectively, that f, is a regular homeomorphic
n=1 q(k) n=1 q(k)

mapping of the set U T, onto the set U T, which is an extension of the mapping f,
and = n=t

(86) T, ..., Ty are polygonal lines,
(87) diam Q,; < 6/k, diam 5 < 6/k for j=1,..., q(k),
(88) (09Qy)) = 095 for j=1,...,q(k).

We see immediately that the above conditions hold for k = 1.
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In virtue of Lemma 6, Part 1, to every j = 1, ..., g(k) there exist segments L;,,

«» Ljp(;y such that
(891) ‘ anI = LjO’ le, ey L]P(J) iS a net in ij
and
1 16))

(89,) every component of the set ,; — U L;; has a diameter less than 6/(k + 1).
i=1

In virtue of Lemma 7, Part 1, there exist polygonal lines L}, ..., L"}I,( j) such that

(90) oQy; = Lo, L}y, ..., L}y, isanetin O,

r(J) r(J)
and a regular homeomorphic mapping @; of the set U L;; onto the set U ) by ;i which

is an extension of the mapping f; | 0Q,;. =0
Let us put r = g(k) + p(1) + ... + p(q(k)), let

Tyay+1 = Lygs -+ Tygy+p1y = Lipary s
Ty +py+1 = Lass oo Tywy+ py+p2) = Lapiays -0 T = Lyypian »

and similarly

* % *
Tao+1 = Lits -0 T = Ligopaa -

Then it is evident that Ty, ..., T, and T}, ..., T,* are nets in § and the mapping

. p()
¢ =9; in Ule (1—1 ,q(k))

is a regular homeomorphic mapping of U T, onto U T,* which is an extension of

n=1 n=1

the mapping fx (and thus also of f. ,)- Numbering suitably the components X, ..., X,
and X3,..., XF of the sets @ — U T, and Q — U T, respectively, we have
n=1"

n=1

(91) ®(0X,) = 0Xy for n=1,..,r;
p(J)

besides, each of the sets X, is a component of a certain set ,; — U L;; so that
i=1

(92) ' diam X, < 6/(k + 1) for n=1,..,r

Let us denote by Z, the set of all points from 06X, which are linearly accessible
from X,, let Zy = &(Z,). Then Z, is dense in 0X, and by Lemma 6, Part 1 there
exist segments Ay, 1 < i S s(n), such that
(931) aX: = A:o, A:], ceny A:‘(n) is a net in X: >

s(n)
(93,) every component of the set Xy — U Ay, has a diameter less than 6/(k + 1),
i=1
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(93;) there are no two segments Ay, Ay;, 1 < i < j < s(n), with a common point
in oXy,

(934) Ay Xy < ZF for i=1,...,s(n).

In virtue of Lemma 7, Part 2 there exist polygonal lines 4,; such that

(94) 0X, = Ano, Apys ..oy Apgny isanetin X,

s(n) s(n)
and a regular homeomorphic mapping ¥, of the set U 4,; onto U 4,; which is an
extension of the mapping &_, | 0X,. i=0 i=0

Let us denote g(k + 1) = r + s(1) + ... + s(r), let
Tr+1 = Au, ) Tr+s(1) = Als(l) s

Tr+S(1)+l = A21’ reey Tr+s(1)’+s(2) = A2$(2)’ (ERH) Tq(k+1) = Ars(r) >
and similarly

*
+1 = All’ . 7;(k+l) = Apry -

The mapping
s(n)

fis1=%, in U4y (n=1,..,7)
i=0

q(k+1) qk+1)
is then evidently a regular homeomorphic mapping of the set ) T,* onto U T,
n=1
which is an extension of the mapping ®_;, hence also of (f;)-; and (fl)—l' The
qk+1)
mapping fi+q = ( f,:"H)_ ; is a.regular homeomorphic mapping of the set U T,
a(k+1) b
onto | T which is an extension of the mapping ®, hence also of f, and f;.
n=1
Numbering suitably the components 2, ; and ¢, ; (j = 1, ..., g(k + 1)) of the
qk+1) qk+1)
sets 0 — U T,and @ — U T, respectively, we obtain
n=1 n=1
(95) fk+l(an+lJ) = an+1,j fOI‘ j = 1, eesy q(k + 1) .
It is easily seen from our construction that
(96) Ty, ..., Tyx+1) are polygonal lines .
q(k+1)
Since every component £, ; of the set @ — U T, is part of one of the sets X,
n=1
q(k+1)

and evér):(::)omponent Qpy1,; of the set Q — "l=_}1 T} is a component of a certain
set Xy -u A%, we have by (92) and (93;)
(97) diam Q,,,,; < 6/(k + 1),

diam QF,,; < 6/(k + 1) for j=1,...q(k +1).
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This completes the induction: For every positive integer k we have constructed
nets Ty, ..., Tpy, and T, ..., Tq':,‘) in Q, components Q,; and Q,f, (=1...,4q(k)
aw) q(k)
of the sets @ — U T, and Q — U T}, respectively, and a regular homeomorphxc
n=1 q(k) n=1 q(k)

mapping f, of the set U T, onto the set {J T, which is an extension of the mapping
n=1

Si—1 (where fo = f) so that (86)— (88) hold.
Now we can show, similarly as in [1], pp. 378 —379:

(98,) the set U T,, U T, are dense in 0,
n=1 n=1

q(k) ©
(98,) the mapping f,, = f, in U T, (k = 1, 2, ...) is uniformly continuous in U T,
. n=1 n=1

o]
and maps this set onto U T, .
n=1

The mapping f,, can be extended continuously onto the whole Q by a well-known
theorem!®). Denoting the resulting mapping by F we can show that F is one-to
one'!), and hence a homeomorphic mapping of Q onto itself. The mapping F is an

extension of the mapping f,, hence also of the mapping f, and since f, I Q =
we have F I 0Q = Id as well. Putting now F = Id in § — Q we obtain the requ1red
homeomorphic mapping.

Theorem. Every homeomorphic mapping of a topological circumference into S
can be extended to a homeomorphic mapping of S onto itself.

Proof. Let h be a homeomorphic mapping of a topological circumference T < S
into S. Let us choose points A4, B € E in different components of the set $ — T and

let r € (0, o) be so small that U(4, r) n T = 0. Putting

(99) ¢(Z)=Z:A—B:A (ze9)
we have
Idi(z)[ I } ! A‘ <2 for zeS—U(4,r),
so that
(100) | B UEL Y

Since ® is a homeomorphic mapping S onto S and since the points A, B belong to

10) See e.g. [2], p. 83.

11y The proof is not difficult. We refer the reader to [1], since here the present proof would
bring nothing new.

12y O means the same as'in (65); similarly for Q.
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different components of the set $§ — T, the points o0 = ®(4), 0 = &(B) belong to
different components of the set § — &(T). Thus the point 0 belongs to Int &(T).
If we put
a =min{ze®(T); Imz =0}, b =max{ze®T); Imz =0} *°),

we have —2 < a < b < 2. Denoting further by M,, M, the arcs with endpoints a, b
which satisfy M; U M, = &(T) we have

(M, U M,)"({(=2,a) u<b,2))=0.
Moreover, let us choose the notation so that
imax {Imz; ze ®(T), Rez =0}e M, .

Certainly there exists a homeomorphic mapping f of the set &(T) onto dQ, which
satisfies (68) and (69). Therefore, by Lemma 8, there exists a homeomorphic map-
ping F of the set S onto itself, which is an extension of the mapping f.

The mapping F o @ is a homeomorphic mapping of S onto § which maps the
topological circumference T onto 0Q,. Similarly, to the topological circumference
h(T) there exists a homeomorphic mapping G of the set S onto itself with G(h(T)) =
= 0Q,. The mapping

Y =Gohotd_,oF_,

maps 0Q, homeomorphically onto itself. If it is extended by
Y(tz) =t ¥(z) for zedQ,, te<0,0), ¥(w)=o0

to the whole S, it is seen immediately that the extended mapping ¥ is a homeomorphic
mapping of S onto §.
Hence it follows that

H=G_.1°9’14)0F0¢

is a homeomorphic mapping of S onto itself which is an extension of the mapping h.
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13) The right-hand extrema exist since 0 € Int &(T) so that the intersection of the straight
line {z; Im:z= 0} with &(T) is a compact set containing at least one negative and one positive

number. .
14y w stands here, of course, for the extended mapping.
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