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CONGRUENCES OF SURFACES IN C?

M. AFwar, Cairo
(Received January 19, 1976)

A. Svec [1] studied transitive layers of hypersurfaces in C?; in what follows, I am
going to describe transitive two-parametric systems of surfaces in C2.

As usually, let us write C*> = (R*% J), J:R* > R* being the endomorphism
satisfying J> = —id and defined by J(v) = iv. In C*> = (R*, J), consider a con-
gruence, i.e.. a 2-parametric system of 2-dimensional surfaces % such that through
each point m € R* there passes exactly one surface V2 € Z. Let T,,,(V,,f) be the tangent
plane of ¥ at m; in what follows, we restrict ourselves to congruences % such that

1) To(Va) 0 I To(V) = {0}

for each point m € R*. At each point m € R*, let us choose a frame {v;, v;, v3, v,}
such that .

(2) vl, 02 € Tm(V:) 9 03 = Jvl s 04 = Jvz .

Choosing another frames {w;, w,, w3, w,} satisfying equations analogous to (2),
we have ‘ .

G wy = av; + Po,, w, =yv; + 6v,,

wy = avy + fo,, Ws = Y03 + 00,
o — Py £ 0.

Thus the congruence % induces on R* a G-structure, being given by (3).
Let us write

4 [v1, v2] = ayvy + azv,,
[v1, v3] = byvy + byv, + byvy + bav,,
[v1, va] = €10, + €0, + c3v3 + cqvy,
[v2, v3] = dyv; + dyv, + dyvy + dyv,,
[v2, v4] = ejv; + €0, + €303 + €404,
[vs, 4] = fivy + f202 + f303 + favs.
From the Jacobi identities
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(5)

we get

6)

")

(8)

©)

o [ 0] + [vjs [0 011 + [0 [05 0,]] =0

ihL,j,k=1,...,4;

vldl ‘*"dzal + d3b1 + d4cl - Uzbl - b3d1 - b4e1 + v3a1 - azdl = 0,
vldz + d3b2 + d4(32 - vz.bz + blaz - b3d2 - b4e2 + vza, — albz = 0,
vld3 + d4C3 - vzb3 - b4e3 - a1b3 - azd3 = 0,

v‘d4 + d3b4 + d4C4 - 02b4 - b3d4 - b4e4 - a1b4 - a2d4 = 0;

vlel + ea, + e3b1 + e4c1 - vzcl - C3d1 - C4el+ Vqay — ae; = 0,

vie; + eshb, + esc; — v,¢, + ciay — c3d;, — cie; + V4a; —ayc, =0,

.vle3 + e3b3 + e4C3 - 0203 - C3d3 - C4e3 - alc3 —_ aze3 = 0,

vies + e3by — vycy — c3dy — ajcq — aje, =0

v fy + faay + f3by + facy — v3e0 + c2dy — cuf ) + v4by — biey —

- b3f1 =0,

v1f2 + f2a; + f3by + faco — v3c2 + ¢1by + c3dy, — cufy + viby —

— byc, — bye; — b3f, =0,

1S3 + facs + ¢1bs + cady — caf3 + v4by — bicy — byes — v3e3 =0,
v fs + f3by — vicq + ¢ by + cpdy + vby — bicy — byey, — byf, =0
vf1 = fiay + f3d, + faey — viey + e by + e,d; — esf; + vdy —
—dic, —dye, —d3f, =0,

0 fy = f1a; + f3dy + fae, — vie, + e.by — esf, + v4dy — dicy —

—d3f, =0,
v2fs + faes — vie; + e;by + eydy — euf; + v4dy — dicy — dye; =0,
02fs + f3ds — vies + by + e;dy + v,dy — dicy — dyey, — dye; = 0.

Analoguously, we have

(10)
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[wi, wo] = 4wy + 4w,
[WI, W3] = Blwl + B2W2‘+ B3W3 + B4W4 >
[Wl, W4] = Clwl + Csz + C3W3 + C4W4 >



[w2, w3] = Dywy + Dyw, + Dyws + Daw,,

[Wz, W4] = Elwl + E2W2 + E3W3 + E4W4§

[W3, W4] = Flwl + Fsz + F3W3 + F4W4

with the integrability conditions

(1)

w,D, + D,A, + D;B, + D,C,
— A,D, =0,

w,D, + DB, + D,C, — w,B,
— A,B, =0,

w,Dy + D,C; — wyB; — B,E,
w,D, + D;B, + D,C, — w,B,
w,E, + E;A, + E;B, + E,C,
+ wyd, — AE, =0,

w,E, + E3B, + E,C, — w,C,
+ wyd, — A4,C, =0,

wE; + E3B; + E,C3; — w,C;4
w,E, + E;B, + E,C, — w,C,
w,F, + F,A, + F3B, #+ F,C,
+ wyB, — B,E, — B;F, =0,
w,F, + F,A, + F3B, + F,C,

— w;B; — ByD, — B4E, + w34, —

+ BIAZ - B3D2 - B4E2 + W3A2 -

- AIB3 - A2D3 = 0,

bt B3D4 -_ B4E4 + A1B4 - A2D4 = 0,
- Wch - C3D1 - C4E1 +

+ C1A2 - C3D2 - C4E2 +

— CyDy — C,E; — A,C; — 4,C5 =0,
- C3D4 - C4E4 - A1C4 - A2C4 = 0,

- W3Cl + C2D1 - C4F1 +

- W3C2 + C2D2 - C4F2 +

+ C1B2 + W4B2 - BICZ - B2E2 - B3F2 = 0,

w,Fy + F,C; + C,B; + C,D;
- w3;C3 =0,

w,F, + F3B, — wyC4 + CB,
- B,E, — B,E, =0,

w,F, — FA, + F3D, + F,E,

- C4F3 + W4B3 - B1C3 - B2E3 -
+ C2D4 + W4B4 - B‘C4 -

- W3E1 + ElBl + Ele - E4F1 +

+ W4D1 - DICI - DZEI - D3F1 = 0,

W2F2 - F‘Az + F3D2 + F4E2 h W3E2 -+ Ele bt E4E2 +

+ W4D2 - chz - D3F2 =O,
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woF3 + F\E; — V3E; + E By + E; Dy — E,F3 + VD3 —
— D,Cy — D,E; =0, |

WyFy + F3D, — w3E4 + E,B, + E,D, + wyDy — D,Cy —
— D,E, — D;F, =0.

Comparing (4) with (10), we get

(12) [wy, wy] = [av, + By, yo; + 60,] = wyy. v, + wpb .0, — woa. v, —
- Wzﬂ . vz - 'yﬂ(alvl + azvz) + aé(alvl + azvz) =
= Ayw, + A,w, = A,(oav; + Pv;) + A, (yv, + 6v,),

(13) '[wl, wi] = [av; + Pv,, avy + Pog] = wia.v; + W . v, +
+ o2(byoy + byv, + byvy + byvs) + af(dyv, + dav, +
+ d3vy + dgvy) + Bofcivy + ca0;, + c3v; + cqvy) +
+ Bevy + ey0;, + €305 + e40,) — wya. v, — wif. v, =
= Byw, + B,w, + Byw; + Byw, = By(ov; + Pv,) +
+ By(yvy + 6v,) + Bsy(aws + Bvs) + By(yv; + 6v,),

(14)  [wy, wa] = [avy + Bvy, yo3 + S0,] = Wiy .03 + w8 . 04 +
+ ap(byvy + byv, + byvy + byvy) + By(dyvy + dyv, +
+ d3vy + dgvg) — W . v — weB. v, + ad(civ; + cv, +
+ ¢33 + c4v,) + PO(eyvy + €0, + €305 + e4v,) =
= Cyw; + Cow; + Caw; + Cywy = Cy(ow; + Pvy) +
+ C,(yv, + 6;)2) + Cy(avs + Pvg) + Cy(yvs + 6v,),

(15)  [wzs ws] = [yvy + 60, av; + Pvg] = wyot. v; + WB. v, +
+ ay(byv; + byv, + byvy + byvy) + ad(dyv, + dyv, +
+ dyvy + davy) — wid . v, + Pr(cyvy + vy + 305 +
+ cqvy) + Po(eyvy + €0, + €303 + egv,) = Dyw, +
+ D,w, + Dywy + Dywy ="D,(av; + Pv,) +
+ Dyyvy + 60;) + Dy(avy + Prs) + Dylyvs + ovs),
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(16)  [wy, wa] = [yv; + 60, yv3 + Svg] = Wy . 03 + Wyd . v +
+ p2(byv; + byv, + byvs + bavy) + ¥é(dyvy + dyv; +
+ davy + davy) + p0(cyvy + €05 + €305 + Cavy) +
+ 6%(ey0y + €y, + €3v3 + €40y) — Way . Uy — Wb . ¥y =
= E,w, + E,w, + E3wy + E,w, = E (aw, + Pv,) +
+ E,(yv; + 6v,) + E5(aws + Pvg) + Euyvs + Ovy),
(17)  [ws, wa] = [ov; + vy, Y03 + Ovy] = W3y . v3 + w3d . vy —
— yB(f1v1 + fa02 + favs + favs) + ad(f1v; + fo0, +
+ f303 + favs) — Wt . 3 — WaB . v, = Fyw, + Fow, +
+ Fywy + Faw, = Fy(aw, + Bv,) + Fy(yo, + 6v;) +
+ Fa(ow; + Pvg) + Fa(yvs + 0v,) .
From (12)—(17),
(18) wia = —a*b; — afd; — Pacy — B?e; + Byo + Byy,
wy,a = —ayby — addy — Pycy — PBdes + Do + D,y
wia = ob; + afd, + Pac, + p*e; — Bia — B,y,
wao = ayb, + Byd, + adc; + dfe;, — C,o0 — Cyy,
wiB = —a’b, — afdy — Puc, — fPes + Byf + B,S,
w,f = —ayb, — add, — Pycs — Bdes + D3 + DO,
wsB = o2b, + apd, + Puc, + fle, — BB — B,5,
wsB = ayb, + Byd, + adc, + Pde, — C,f — C,0,
wy = —oayby — Bydy — adc; — Bdey + Cia + Cyy,
W,y = —92by — y8dy — pdc; — 6%e; + Eja + Euy,
wyy = ayb, + add, + Pyc; + Bde; — D,a — D,y,
wey = y*b, + y8d, + ydc, + 6%¢, — Eja — Ey,
w6 = —ayb, — Byd, — adcs — Pdes, + C38 + C,0,
w6 = —y*b, — yéd, — yoc, — 6%y + E;f + E,b,
wié = oayb, + add, + Pyc, + Poe, — Dy — D,b,
wsd = 92b, + y8d, + ydc, + 6%e, — E\f — E 5 ;
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(19) Wy — wya = Bya, — ada, + A,a + Ay,
w8 — w,f = Pya, — ada, + A, + A,0,

Wiy — waot = Byfy — adfs + Fiyo + Fuy,

“wid — waf = Pufs — 00fy + F3ff + Fu5;

(20) (a6 — By) f, = «F, + yF,,
(«6 — By)f, = BF, + OF,.
From (18), we obtain
(21) Wiy — woa = — Bydy + a3d3 — adey + Pycs + ¢34 —
— Dya + Cyy — Dyy,
w0 — wyf = —Byds + add, — adc, + Pycs + c3f -
— DB+ Cy8 — Dd,
wiy — wao = add, — Pyd, + Byc; — ade; — Do +
+ Cia — Dyy + Cyy,
w30 — w8 = add, — Byd, + Byc, — adc, — DB +
+ C,8 — D6 + C,6.

Multiplying the first equations in (19) and (21) by 8, the second ones by y, the third
ones by f and the fourth ones by « resp., we get

(22) 8(By — ad) a, + adA, + 64, = 6(xd — By)d; +
+ 6(By — @d) c3 + ad(C;3 — D;) + y8(C, — D),
By — ad) ay + PyA, + y6A, = y(xd — By)d, +
+ 9By — ad) cs + PY(C;5 — D3) + 5(Cy — D),
B(By — ad) f5 + aBF; + ByF4 = B(ad — Py)d, +
+ BBy — ad) ¢, — «B(C; — D,) + B¥(C, — D,),
«(By — ad) fo + aBF; + adF, = a(ad — fy) d, +

+ a(fy — ad) ¢, — af(C, — D,) + ad(C, — D,)
and

(23) Al + D3 - C3 = 5(a1 + d3 - 33) -_ y(az + d4 - Cz),
Fo+Dy—Cy=ofs +dy — ;) = B(fs + dy — ¢y).
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Analoguously, multiplying the first equations in (19) and (21) by B, the second ones
by a, the third ones by & and the fourth ones by y resp. we Beét

(24)

and

(25)

B(By — ad)a, + BaA, + PyA, = p(aé — By) d, +
+ B(By — ad) cs + Pu(Cy — D;) + By(Cs — D),
By — ad) a, + aBA, + add, = axd — BY)d, +
+ oy — ad) cs + #B(C3 — D;) + ad(Cs — D),
8(By — ad) fs + «0F; + yoF, = §(xd — Bv)d, +
+ 8(By — @d) ¢; + #6(C, — D;) + y5(C; — D,),
By — #8) fa + BYF3 + y6F, = y(ad — Pv)d, +
+ y(By — ad) c; + By(Cy — Dy) + y5(C; — D,)

A2+D4—C4=a(02+d4—C4)—B(al+d3—C3),
Fy; + D, — C; =5(f3+d1_cl)“7(f4 +dz-cz)-

Thus we see that we may choose the frames {w 15 Was W3s W4} in such a way that

(26)

A+ D3 —Cy=F,+D,—C, =0,

Suppose that the frames {v,, v, U3, v4} have been chosen in this way, too. Then

(27)

ay+ds—cy=fy+d,—c, =0

From (23) and (25),

(28)

0

—y(a, + d, — AN
Ay + Dy~ Co= ofa, +d, — i)
- B(fs +dy—cy),
Fy+Dy—C, = &f +dy—cy).

0

The functions a, + d4 — ¢4, f3 + d; — c, are thus relative invariants. Let us restrict
ourselves to the “general” case

(29)

a2+d4—C44=0, f3+d1"‘:1=‘=0-

Then it is possible to choose the frames in such a way that

(30)

az+d4—c4=1, f3+d1'—C1=l.
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Restricting ourselves to the frames satisfying (27) and (30), we get
(31) «a=1, =0, y=0, 6=1,

i.e., the conditions (27) and (30) determine exactly one field of frames {v;}. In other
words, the corditions (27) and (30) reduce our original G-structure to an {e}-structure.
For this {e}-structure, ay, a,, by, ..., by, €y, ..., Cq, €5, ..., €4, f1, ..., f4 are the in-
variants; d,, ..., d, are given by (27) and (30). Now, it is easy to see the following

Theorem. In C2, be given a transitive congruence % of surfaces. Considering
the associated G-structure, we may reduce it to an {e}-structure given by (4) with
ay, ..., f4 = const., (27), (30) and ’

(32) dsby + dycy — byd, — bsey — ayd; + aje; =0,
d3b, + dye; — byd, — bae; + bya; —ayh, =0,
dscy — bsey — dse; —a by =0,
dsb, + dycy — bydy — byey — dga, —a by, =0,
esb, + esc; —cydy — cue; —eja;, + ea, =0,
esb, + eqc; — c3d, — cquey + cia; —ajc, =0,
esb; +‘e4c3 — c3dy — c4e3 — e3a; —a;c3 =0,
esby —cydy —eqa; —acy =0,
fiby + faci + cady — caf — byeq — bsf, + foa, =0,
fiby + facs + by + cdy — cufs — byc, — bye; — bsyfy, + fra, =0,
Jacs + ¢;bsy + cds — cufy — bicy — bye; =0,
fabs + ¢1by + cydy — bicy — bres — byfy =0,
fidy + fae, + by + e,dy — eyfy — dicy — dyey — dsfy —ayf, =0,
f3d; + faes + eb, — eyf, —dicy — dsfy — fia, =0,
Jaes + eby + eydy — eyf; —dics —dye; =0,
f3ds + eby + edy — dicy — dyey + dsf; =0.
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