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Časopis pro pěstování matematiky, ro& 101 (1976), Praha 

CONGRUENCES OF SURFACES IN C 2 

M. AFWAT, Cairo 
(Received January 19, 1976) 

A. SVEC [1] studied transitive layers of hypersurfaces in C2; in what follows, I am 
going to describe transitive two-parametric systems of surfaces in C2. 

As usually, let us write C2 = (R4, J), J : R4 -• R4 being the endomorphism 
satisfying J2 = - id and defined by J(v) = iv. In C2 = (R4, J), consider a con­
gruence, i.e.. a 2-parametric system of 2-dimensional surfaces JSf such that through 
each point m € R4 there passes exactly one surface V2 G JS?. Let Tm(V2) be the tangent 
plane of V,2 at m; in what follows, we restrict ourselves to congruences -Sf such that 

(1) TjV>)nJTjyZ) = {0} 

for each point m G R4. At each point m e R4, let us choose a frame {vl9 vl9 t>3,t>4} 
such that 

(2) vl9 v2 e Tm(V2) , v3 = Jvt, v4 = Jv2 . 

Choosing another frames {wl9 w29 w39 w4} satisfying equations analogous to (2), 
we have 

(3) wx = ccvt + pv2 , w2 = yvt + Sv2 , 

w 3 = QCV3 + j?i?4 , w 4 = >I73 + <5i>4 , 

ad - j3y * 0 . 

Thus the congruence S£ induces on R4 a G-structure, being given by (3). 
Let us write 

(4) [vl9 v2] = aivl + a2v2 , 

[vl> %] = M l + b2V2 + 63̂ 3 + fc4t>4, 
[*>1> ^ ] = CtVt + C2P2 + C3V3 + c4t?4 , 

[V2> V$] = d\Vl + d2*>2 + d$V3 + d4*>4 > 

[*>2> ̂ 4] = ^ 1 + ^ 2 + *3V3 + *4*>4 * 

[%> * 4 ] = / > i + f2v2 + /3f?3 + j4t;4 . 

From the Jacobi identities 
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(7) 

(5) [vi9 [vp r J ] + [vj9 [vh9 vtJ] + [vk9 [vi9 VjJ} = O ; 

ij9 k = 1, . . . , 4 ; 

we get 

(6) vidx + d2ax + d3bx + d 4 c x — i?2fe1 — b3dx — č^ej + v3ax — a2dx = 0 , 

Vtd2 + d3ft2 + d4C2 — V2b2 + í>ia2 ~ b3d2 "~* ^4C2 + V3a2 ~~ a1^2 = 0 , 

t^da + d4c3 - t;2fe3 - b4e3 - a ^ - a2d3 = O, 

vxd4 + d3fc4 + d4c4 — v2b4 — b3d4 — b4e4 — aifc4 — a2d4 = O ; 

Víeí + e2aí + e^X + C4C1 ~~ Ü2C1 ~~ M l ~~ C4C1+ l*4a 1 ~ a 2 C l = O, 

vxe2 + e3b2 + e 4 c 2 — Ü 2C 2 + cxa2 — c3d2 — c4e2 + t*4a2 — a!C2 = O, 

Vle3 + C3&3 + C4C3 "" V2C3 ~* C3^3 ~~ C4C3 "" al C3 ~ a2 C3 = °> 

vxe4 + e3b4 — v2c4 — c3d4 — axc4 — a2e4 = O ; 

^l/l + /2^1 + /3*>1 + /4C1 - *>3C1 + M i - C4/l + M l - &2C1 -

- * > 3 / l = O, 

í*l/2 + / 2 a 2 +/3^2 +/4C2 "* V3C2 + Cl&2 + M 2 ~~ C 4 ^ + M 2 -

- bxc2 - b2e2 ~ fc3f2 = O , 

t>l/3 + /*C3 + Cl&3 + M 3 - C4/3 + M 3 - *>1C3 - *>2C3 - *>3C3 = O > 

1*1/4 + /3^4 - «*3C4 + ci&4 + c2d4 + M 4 ~~ *>ic4 - b2e4 - 63f4 = O ; 

(9) v2fx - f i a ! + f3di + f 4 c i - t>3ci + M i + M i ~ c4/i + M i -

- dxcx - d2ex - d3fx = O, 

^2/2 ~fl<*2 + /s d2 +/4C2 - *>3C2 + M 2 - M*2 + M l ~~ d l C 2 "~* 

- d*f. = 0 . 

(8) 

™3J 2 v 9 

^2/3 + f*e3 - v3e$ + M 3 + M 3 - e4f3 + v4d3 - dxc3 - d2ť?3 = O, 

^2/4 + f*d4 - v3e4 + exb4 + e2d4 + v4d4 - dxc4 - d2é?4 - d3^3 = O. 

Analoguously, we have 

(10) [wx, w2] = Alwl + .42w2 , 

[wi, w3] = Bxwx + B 2 w 2 + B3w3 + B4w4, 

[wX9 w4] = Cxwx + C2w2 + C3W3 + C 4 w 4 , 
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[w2, w3] = Diwi + D2w2 + D3w3 + D4w4, 

[w2, w4] = £1w1 + £2w2 + £3w3 + £4w4 > 

[W3, W4] = FjWi + F2w2 + F3w3 + F4w4 

with the integrability conditions 

(11) wxDx + D2A2 + D3BX + D4CX - w2Bx - B3DX - B4£t + w3At -

- A 2 D x = 0 , 

wxD2 + D3B2 + D4C2 - w2B2 + BXA2 - B3D2 - B4£2 + w3A2 -

- A . B 2 = 0 , 

wxD3 + D4C3 - w3B3 - B4£3 - AXB3 - ,42D3 = <>> 

w ^ + D3B4 + D4C4 - w2B4 - B3D4 - B4£4 + ̂ XB 4 - A2D4 = 0, 

w1E1 + E2AX + E3BX + E4CX - w2Cx - C3Di - C4£t + 

+ w4At — A2EX = 0, 

wx£2 + £3B2 + £4C2 - w2C2 + C1^2 •-- C3D2 - C4£2 + 

+ w4A2 - A!C2 = 0, 

wxE3 + £3B3 + £4C3 - w2C3 - C3D3 - C4£3 - AXC3 - ^2C3 = 0 , 

wx£4 + £3B4 + £4C4 - w2C4 - C3D4 - C4£4 - AXC4 - ^2C4 = 0, 

WiF! + F2A! + F3BX .+ F4Ci - w3Cl + C2DX - C4F! + 

+ w4Bx - B2EX - B3FX = 0, 

wxF2 + F2A2 + F3B2 + F4C2 - w3C2 + C2D2 - C4F2 + 

+ CiB2 + w4B2 — BiC2 — B2£2 — B3F2 = 0, 

wxF3 + F4C3 + CXB3 + C2D3 - C4F3 + w4B3 - BXC3 - B2E3 -

- w3C3 = 0, 

W1-F4 + ^3#4 - W3C4 + CXB4 + C2D4 + w4B4 - BXC4 -

— B 2£ 4 — B 3£ 4 = 0 , 

w2^i - ^1^1 + F3^1 + -^4^1 ~ ^3-5i + -Bi^i + E2DX - £4FX + 

+ w4Dx - DjC! - D2EX - D3F! = 0 , 

w2F2 - F^2 + F3D2 + F 4 £ 2 - w3£2 .+ EXB2 - £ 4 £ 2 + 

+ w4D2 - DiC, - D3F2 = 0 , 
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ЩFs + FÆз - ^ з + EtBъ + £2^3 - E4FЪ + V4DЪ -

- D i C 3 - D2EЪ = 0 , 

w2F4 + FЪD4 ~~ wъE4 + £ i ß 4 + E2D4 + w4D4 - £>iC4 -

- D2É4 - DЪFЪ = 0 . 

Comparing (4) with (10), we get 

(12) [wi, w2] = \OLVX + ßv29 yvt + c5t;2] = Wi)>. vt + w2ô . v2 - w2a . vt -

~" wiß • v2 ~~ ľ/?v
ai í ,i + ^2%) + яð(atvt + ^2^2) = 

= Л1W1 + A2w2 = Лj(at;i + ßv2) + AL2(yt;i + <5t;2), 

(13) [wx, w3] = [aüi + ßvl9 v.vъ + ßv4] = w ta . vъ + WijS . v4 + 

+ a2(bit;i + b2v2 + bъvъ + Ь4t;4) + 0Lß(dtvt + d2t;2 + 

+ dъvъ + d4t;4) + ßoL(ctvt + c2t;2 + C3Ü3 + c4v4) + 

+ ØҶMl + *2*>2 + Є3V3 + ЄAVA) ~ W З a • ül - ™ъß • *>2 = 

= B1W1 + B2w2 + B3w3 + B4w4 = ßi(at;i + j?t;2) + 

+ ß2(У
vi + åvi) + #з(<™з + i8t;4) + B4(yvъ + <5t;4), 

(14) [wi, w 4] = [at;i + ßv29 yvъ + <5t;4] = wty . t;3 + wtð . t;4 + 

+ ay(Ьit;i + b2v2 + Ь3t;3 + b4v4) + ßy(dtvt + d2t;2 + 

+ d3t;3 + d4v4) — w4a. ÜJ — w4ß. ü2 + a<5(cit;i + c2v2 + 

+ cъvъ + C4Ü4) + ßð(etvt + c2t;2 + c3t;3 + e4v4) = 

= C1W1 + C2w2 + C3w3 + C4w4 = Ci(at;i + ßv2) + 

+ C2(yvt + <5t;2) + C3(av3 + ßv4) + C4(yvъ + ðv4), 

(15) [w2, w3] = [vt?i + <5t;2, at;3 + ßv4] = w2a. vъ + w2j8 . v4 + 

+ ay(Ьit;i + b2v2 + Ь3t;3 + Ь4t;4) + a<5(đtt;i + d2v2 + 

+ dъpъ + d4ü4) - wъð . Ü2 + ßy(cit;i + c2v2 + c3t;3 + 

+ c4v4) + ßð(etvt + c2t;2 + e3t;3 + c4t;4) = D^Wi + 

+ D2w2 + Dъwъ + D4w4 = *Di(at;i + ßv2) + 

+ D2(Уvt + * b ) + D3(ðrøэ + ßvд + #4 V Fз + <Ч) э 
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(16) [w2, w4] = [yvt + ðv2y yv3 + <5t;4] = w2 ľ . v3 + w2<5. i>4 + 

+ ľҶMl + ҺV2 + Ьз̂ З + Ь*Vл) + ľ^OMl + d2V2 + 

+ d3V3 + d
4V4) + ľ%l^ l + C2V2 + C3Ü3 + c4v4) + 

+ ^2(^1^1 + ^2^2 + ^ЪVЪ + Є4V4) - W4y . Vt - W4ð . V2 = 

= Ғ^w^ + E2w2 + E 3

w з + -̂ 4̂ 4 = -Єi(«»i + iSt>a) + 

+ JE^v! + <5t;2) + E3(av3 + ßv*) + ^ ( F з + &VA) > 

(17) [w3, w4] = [at;3 + ßt;4, yv3 + <5t;4] = w з ľ . v3 + w3<5 . v4 -

- ľi5(/i^i + fгvг + /з*>з + / Л ) + <*KftVi + Л^2 + 

+ fъvъ + / л ) - *4« • *>з ~ ^ J ? . v4 = FiW^ + F2w2 + 

+ F3w3 + F4w4 = F^at;! + ßt;2) + F2(yvx + <5t;2) + 

+ F3(at;3 + ßv4) + F4(yv3 + <5t;4). 

Ғrom(l2)-(l7), 

(18) w â = - a 2 b 3 - aßd3 - ßac3 - ß2e3 + B3a + B 4 ľ , 

w2a = — a ľ Ь 3 — aðd3 — ßyc3 — j?<5e3 + D3a + D4y, 

w3a = a2Ьi + aßdx + ßact + ß2ex — Bxa — Æ2 ľ, 

w4a = a ľ Ь t + ßydt + aőc^ + ðßex — Cxa - C2y, 

Wíß = - a
2 b 4 - aj8d4 - j?ac4 - ß2e4 + B3ß + £4<5, 

WJ = - a ľ ò 4 - a<5d4 - j8ľc4 - ßðe4 + D3ß + D4ð , 

w3ß = a2Ь2 + aj8d2 + j?ac2 + ß2e2 - Bгß - B2ð, 

w4j8 = a ľ Ь 2 + ßyd2 + a<5c2 + ß<5e2 - Cxß - C2<5, 

w l ľ = — a ľЬ 3 — ßyd3 — a<5c3 — ßðe3 + C3a + C4y, 

w2ľ = - ľ
2 b 3 - ľ<5d3 - yðc3 - <52e3 + £3a + E4y, 

w3y = â Ьjt + aðdt + ^yc^ + ßðex — D^a — D2ľ, 

w4 ľ = y 2 ^ + yðdг + y<5c! + á2^! - Exa - E2y, 

wtð = —ayb4 — ßyd4 — a<5c4 — /?<5c4 + C3ß + C4<5, 

w2<5 = - ľ
2 Ь 4 - ľ<5d4 - ľ<5c4 - <52e4 + E3ß + E4<5, 

w3<5 = ayb2 + a<5d2 + ßyc2 + ßðe2 — Dtß — D2<5, 

w4<5 = ľ
2 Ь 2 + yðd2 + yðc2 + <52e2 - Exß - £2<5 ; 
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(19) wty - w2a = Pyat — <xdat + Ata + A2y, 

wt<5 — w2p = Pya2 — a<5a2 + Axp + .A2<5, 

w3y - w4a = j?yf3 - a<5f3 + F3a + F4y, 

*w3<5 - w4j? = pyf4 - *$h + F3p + F4<5; 

(20) (a<5~/J?)fi = 0 ^ + yF2 , 

(a<5 - py)f2 = jSF, + <5F2 . 

From (18), we obtain 

(21) wty — w2a = — fiyd3 + a<5d3 — a<5c3 + Pyc3 + c3a — 

- D3a + C4y - D4y, 

wt8 — w2P = —pyd4 + a<5d4 — a<5c4 + jSyĉ  + c3j8 — 

- D3jS + C4<5 - D45, 

w3y — w4a = <xdd1 — Pydt + Pycx — a<5cx — Dja + 

+ Cta - D2y + C2y, 

w38 — w4P = a<5d2 — /fyd2 + pyc2 — a<5c2 — DtP + 

+ C^ - D2<5 + C2<5 . 

Multiplying the first equations in (19) and (21) by <5, the second ones by y, the third 
ones by /? and the fourth ones by a resp., we get 

(22) <5(j8y - a<5) ax + a<54x + y<5A2 = <5(a<5 - py) d3 + 

+ <5(j?y - a<5) c3 + a<5(C3 - D3) + y<5(C4 - D 4 ) , 

y(j8y - a<5) a2 + jgy^i + y<5,42 = y(a<5 - j8y) d4 + 

+ y{Py - a<5) c4 + j8y(C3 - D3) + y<5(C4 - D 4 ) , 

p{py - a<5)f3 + aJ?F3 + j8yF4 = j8(a<5 - py) dt + 

+ jS(/?y - a<5) c t - a^C ! - Dt) + j8y(C2 - D 2 ) , 

a(0y - a<5)f4 + aj8F3 + a<5F4 = a(a<5 - py) d2 + 

+ a{py - ad) c2 - aj?(C! - Dt) + a<5(C2 - D2) 

and 

(23) At + D3 - C3 = <5(ax + d3 - c3) - y{a2 + d4 - c 2 ) , 

F 4 + D2 - C2 = a(f4 + d2 - c2) - j8(f3 + dt - c 4 ) . 
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Analoguously, multiplying the first equations in (19) and (21) by /?, the second ones 
by a, the third ones by 8 and the fourth ones by y resp. we get 

(24) p(py -ad)at + paAx + pyA2 = p(a8 - Py) d3 + 

+ P(Py - aS) c3 + pa(C3 - D3) + py(C* ~ D4), 

a(Py - aS) a2 + aPAl + <x8A2 = a(a5 - Py) d4 + 

+ a(Py - ab) c4 + aj8(C3 - D3) + «8(C* - D4), 

5(py - «8)f3 + <xdF3 + y8FA = d(«8 - Py) dt + 

+ 8(py - ad) cx + «8(Ct - D.) + yd(C2 ~ D2), 

y(py - ad)f4 + pyF3 + y8F4 = y(a5 - Pi) d2 + 

+ y(Py - «8) c2 + py(Cx - D,) + y8(C2 - D2) 
and 

(25) A2 + D4 - C4 = a(a2 + d4 - c4) - jS(fli + d3 - c3), 

F3 + D, - d = 8(f3 + dx - Cl) - y(U +d2- c2). 

Thus we see that we may choose the frames {wu w2, w3, w4} in such a way that 

(26) Ai + D3 - C3 = F4 + D2 - C2 = 0. 

Suppose that the frames {vu v2, v3, vA) have been chosen in this way, too. Then 

(27) at + d3 - c3 = / 4 + d2 - c2 = 0 

From (23) and (25), 

(28) 0 = -y(a2 + dA - c4), 

A2 + D4 - C4 = a(a2 + d4 - c4), 

0 = - P(f3 + dt- c.) , 

F3 + Dx - Cj = 8(f3 +d,- ct) . 

The functions a2 + d4 — c4,/3 + dx — ct are thus relative invariants. Let us restrict 
ourselves to the "general" case 

(29) a2 + d4 - c4 4= 0 , f3 + dj - ct 4= 0 . 

Then it is possible to choose the frames in such a way that 

(30) a2 + d4 - c4 a 1, / 3 + d. - Cl = l . 
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Restricting ourselves to the frames satisfying (27) and (30), we get 

(31) <x = l , JS = 0 , y = 0 , 5 = 1 , 

i.e., the conditions (27) and (30) determine exactly one field of frames {vt}. In other 
words, the conditions (27) and (30) reduce our original G-structure to an {e}-structure. 
For this {e}-structure, al9 al9 bl9..., b49 cl9..., c4, el9..., e4, fl9 . . . , / 4 are the in­
variants; dl9..., d4 are given by (27) and (30). Now, it is easy to see the following 

Theorem. In C2, be given a transitive congruence S£ of surfaces. Considering 
the associated G~structure9 we may reduce it to an {e}-structure given by (4) with 
au •••>/4 = const., (27), (30) and 

(32) d3bt 4- d4Ci — b3dt — b4e1 — a2dx 4- a1e2 = 0 , 

d3b2 4- d4c2 - b3d2 — b4e2 4- bxa2 — axb2 = 0 , 

d4c3 - b4e3 — d3e2 -a1b3 = 0 , 

d3b4 4- d4c4 — b3d4 — b4e4 — d4a2 — atb4 = 0 , 

e3fci 4* e4Ci — c3di — c4ei — ei<22 4- e2ax = 0 , 

e3&2 4- e4c2 - c3d2 — c4e2 4- c1a2 — axc2 = 0 , 

C3&3 + C4C3 ~ C3^3 - C4C3 - C3fl2 ~ <*1C3 = ° > 

C3&4 ~ c3^4 - eAa2 - <*1C4 = 0 > 

/ 3 b i + / 4 Ci 4- c2di - c4fi - fc2ei - 53fi + f2ax = 0 , 

f$b2 + / 4 C 2 + Cl&2 + C2^2 — C 4 ^ ~ &1C2 "~ &2C2 "" ^3/2 + f2a2 = 0 » 

/ 4 c 3 + Cife3 4- c2d3 - c4f3 - btc3 - fc2e3 = 0 , 

/ 3 6 4 + Ci64 4- c2d4 - &iC4 - 62e4 - b3f4 = 0 , 

/ s^ i + hei + C A + M i - c4/i - <*ici - <*2ci - d3/i - a i / i = 0 , 

fd^2 + / i C 2 + *1^2 ~ £4/2 ~ ^1C2 ~ ^3/2 " fla2 = °> 

/ 4 e 3 + eife3 4- e2d3 - e 4 / 3 - diC3 - d2e3 = 0 , 

/ 3d 4 4- ei&4 4- e 2 d 4 - diC4 - d2e4 4- d3/3 = 0 . 
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