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SVAZEK 101 * PRAHA 17. 5. 1976 * ČÍSLO 2 

ON SOME LINEAR VOLTERRA DELAY EQUATIONS 

Jifti CERHA, Praha 

(Received June 6, 1973) 

The Lp-solutions of the equation 

(I) x(t) = a(t) + J B(t, s) x(fi(s)) ds 

with ju(r) g t are investigated. R. K. MILLER has constructed the resolvent kernel 
of (I) with in(t) = t in [9] using Picard successive approximation method. Using 
this kernel, an explicit formula for the solution x of (I) corresponding to the right-
hand side a is available. Similarly, we shall find the resolvent kernel R of (I) in general 
case solving the resolvent equation 

(R) R(t, s) = B(t, s) + B(t, u) R(fi(u), s) du 

or 

(R') R(t, s) = B(t, s) + f R(t, u) B(ii(u), s)du . 

This kernel enables us to express the solution x of (I) using the explicit resolvent 
formula 

(X) ' x(t) == a(t) + f *R(t, s) a(ii(s)) ds . 
Jo 

Modifying this method, similar results for continuous solution*̂  and for the solutions 
of more complicated equation 

(I) x(t) = a(t) + f * ZB% S) x(fi*(s)) ds 
Jo * 

will be shown. The continuous dependence of x on the kernel B and the delay 
function /i is investigated in the second part. The equations considered comprise 
the linear cases of the differential delay equations introduced by L. E. ELI5GOL6 
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and S. B. NORKIN in [6] and many of the cases introduced by A. B. MY§KIS in [10]. 
We may also find close relationships to some linear cases of the functional differential 
equations investigated by J. HALE in [8]. 

\ 

1. EXISTENCE AND UNICITY THEOREMS 

1. Notation. We shall fix an integer n ^ 1, real numbers T, T, T S 0 < T; real 
numbers p9q; 1 & p S <*>- 1 <J q S oo; 1/p -f- \\q = 1. |-j will be the Euclidean 
norm of matrices. We put J = <T, T>. We shall write 

l/r 
, 1 2g Г < 00 MI. - (|,1/1) 

||/{U = vrai sup |/(/ 
t 

for a matrix-valued (Lebesgue) measurable function / on /. / o fi will be the com­
position of functions f, ix; 

(B o fi) (t9 s) = B(fi(t\ s); Use J; 

\B\„ - I T ( [ l*0> u t dwY/SdtT/r; 1 < r < o>, 1 < s < co ; 

\\B\\r>s = T f (f |B(*, w)|r d*Y'dwl *; l < r < o o , l < s < o o ; 

lî llr.oo - J J (vrai sup \B(t, s)\)rdt\ , 1 < r < oo ; 

W U , - vraisupj | |j3(r,w)|sdtij , 1 < s < oo . 

for a measurable function £ on the cartesian product J x J and a function \i: J' -> J. 

2. //-assumptions. Let 

(2.1) t*:J~+J; 

(2.2) p. be a measurable function on J; 

(2.3) T 3 JI(*) £ * for all *€ J. 

3. B-assumptions. Let 

(3>l) £ be a finite complex n x n-matrix-valued function defined for all points of 
the interval J x J; 
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(3.2) B(t9 s) = 0 for s < 0 or s > t; 

(3.3) B be measurable on J x J; 

(3.4) B o fi be measurable on J x J; 

(3.5) \B(t9s)\ Sg(t)h(s); t9seJ; 

(3.6) \B(fi(t)9s)\S9(t)h(s); t9seJ9 

where the real functions g9h satisfy \\g\\p < oo, |fc|f < oo. We shall sometimes 
use weaker assumptions 

(3.7) ||£(f, .)| | t < oo, \\B(fi(-)9 OIL < «>> t€ J> 

(3.8) ||i?|M < co; 

(3.9) jj.Bo|i|M < oo; 

(3.10) | |Bo | i | M < oo; 

instead of (3,5 — 6), if 1 < p9 q < oo. 

4. a-assumptions. Let 

(4.1) a be an n-dimensional vector function (column-matrix) defined on J; 

(4.2) a be measurable on J; 

(4.3) H| , < co; 
(4.4) a o \i be measurable on J; 

(4.5) \ao\i\p < oo. 

5. Definition. Ji will denote the set of all \x satisfying (2,1 — 3). Let fie Jf. 

B = nr-v) 
will be the set of all B satisfying (3,1 — 6) and, if 1 < p9 

8 = *r(j) 

the set of all B satisfying (3,1-4), (3,7-10). 

will be the set of the functions a satisfying (4,1 — 5). We shall write shortly 1/ if 
n(t) — t. The solution of the equation (I) will be a function x e L satisfying (I) for 
a l H e J . 

6. Remark. We get immediately B c f i f o r l < p < o o from Definition 5. It 
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follows from the equation (I) that its solution x is independent of the values fi(t) 
for t < 0. We have introduced these values only for easier formulations. 

We find some essential differences comparing the equation (I) with the classical 
case fi(t) « t. Let us note that supposing measurability or integrability of a function/, 
we do not generally get the same property for the composition / o /J. Hence the 
assumptions (3,4), (3,6) e.t.c. are necessary. It is also worth mentioning that changing 
a value x(t) of a solution JC of (I) at one point we may get a function that does not 
satisfy (I) for the elements of a nonzero set, for some n. Hence it is not-sufficient to 
define x9 a, B(% s) only almost everywhere. However, the functions JU, B(t, •) may 
be defined only almost everywhere. 

7. Theorem. Let \ieJt, Be fi. Then there exists a resolvent kernel i^efi satis­
fying (R), (R')for all Use J. 

Proof. We prove the theorem using Picard successive approximation method. 
(Cf. [9].) We introduce these approximations by 

(7,1) Ro(t, s) = B(U s) , 

*v+i('» s) = J B(u u) Ry(n(u\ s)du; v = 0, 1, 2, . . . ; t, s e J . 

We shall prove by induction that: 
(i) the definition (7,1) is a good one; 

(ii) K V + I G B , 

(iii) , > Kv+ t(t, s) = J Rv(r, u) B(n(u), s) du , 

(iv) |*,+lfr s)\ ^ «(01/f «K*)l/TO. W l 1 " 
where 

£(t) - C\B(t, -)|« ds , r,(S) - f '|B(K0- *)|P dt , C(t, s) = f \(n(u)y"" du 

for t, s 6 J; v = 0,1,2, . . . . Let firstly v = 0. Using the Holder inequality we obtain 

C\B(t,u)\\B(u(u))S)\du^ 

& ( ('\B(t, «)|« du)1'* (j'\B(n(u), s)\> duJP
 = W r,(Sy». 
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Hence the definition (7,1) is a good one, (iv) holds, Rt satisfies (3,1—4) and (3,7 — 10) 
and we obtain (ii). Clearly (iii) holds as well. Let now v _ 1 and let the assertions 
(i)—(iv) hold for the indices a = v — 1. Using the induction predicate and the H61der 
inequality we get 

f'\B(t, u)\ \RMu), S)\ du = ( fX\B(t, uf duX'" n'\Rv(lx(u), s)\" duX" = 

s mi/q [ Uw))"q ^ l " 1 duT" w= 

= i(ty>* [p(X«)r ̂ —^ [ p w r dtj'1 d« J" w = 

^ miiq\^f-T n(sy/p • 

Now we follow the argument of the first induction step, (iii) follows from the relations 

Rv+X(t, s) = J B(t, u) J Rv-t(fi(
ul v) B(tiv)> s) dv*u~ 

= J | B(t, u) R^^u), v) du B(fi(v), s) dv = J JRv(r, v) B(n(v), s) dv . 
J 5 J V J S 

Let us put 

(7,2) R(t',s) = fjRv(t,s). 
V = l 

The function R is defined on the whole interval J x J and satisfies 

\R(t,s)\£cz(ty<n{sy». 
Similarly, 

\R(n(t), s)\ = c ̂ or w • 
Now, if R = R + B then R e B and using the Lebesgue theorem we get 

f V u) R(n(u), s) du = f' £ B(f, u) Kv(/.(«), s) d« -
J» J»"=° 

= I f'-»(*•«) -MM").s)d" = S *»(*.s) - *( ' . s) - B('>s) • 
v = 0 j , v=l 

Hence (R) holds. We prove (R') similarly using (iii). 
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8. Remark* There exists ReB satisfying (R), (R') and the inequalities 

\R(t,s)\,\R(ix(t),s)\£xg(t)h(s) 

for B e B, where x -depends only on the functions g, h corresponding to B according 
to the relations (3,5-6). The proof is similar to that of Theorem 7. We obtain for 
the successive approximations 

where 
|R¥(t, s)|, \Ry(n(tl s)| = 9(t) h(s)fv(t, s) 

jA\/) (J» •l<p<<-
L(í,s)= Jí h\ , p= oo, 

/ > = ! . m-
9. Theorem. Let fie Jf, BeB or £ e B; a e L. Then there exists a unique solution 

x e L of the equation (I). This solution is given by (X), where R is the corresponding 
resolvent kernel. 

Proof. Let us define x by (X). Then 

B(t, s) x(n(s)) ds = B(t, s) a(n(s)) + R(fi(s), u) a(v(u)) du \ds = 

= I B(t, u) a(ij(u)) du + I I B(t, s) R(n(s), u) ds a(n(u)) du = 
j o JO Ju 

~rR(t,u)a(>i(u))du 

in virtue of (R). Hence x fulfils (I). If the couple x, a satisfies (I) it satisfies also (X) 
because — B is the resolvent kernel corresponding to — jR. So we get the unicity. 

10. Example. For t — fi(t) § c > 0, t e J, we get a finite number of approxima­
tions for the resolvent kernel evaluation. We may also simply compute the solution x 
provided that fi is a step function e.t.c. 

11. Remark. Let 1 < p S <*>, B e B™(J), 

(11,1) J |j^r, s) - B(M, s)|« d s - • 0 , w - * f ; u,teJ. 
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Then the resolvent kernel also fulfils (11,1) and for continuous a the solution x of (I) 
is continuous as well. Using Caratheodory condition for the measurability of a com­
posed function (see e.g. M. M. VAJNBERG [12]) we may prove the following more 
general assertion. 

12. Theorem. Let ]xe M9 let the kernel B satisfy (3,1 — 2) and 

(12.1) B(t9 •) is measurable on J for all te J; 

(12.2) \B(t9 s)\ = h(s); t9seJ where he I/; 

(12.3) \B(u9 s) - B(t9 s)\ ds -> 0 for u -> t; u9teJ. 

Let a be continuous on J. Then the equation (I) has a unique solution x continuous 
on J. 

13. Remark. A function B continuous on J x J satisfies (12,1 — 3). 

14. The more general case. Now we generalize the previous results to the equation 
(1). Let sf be a countable set, ifeM for all a € &4. Let a0 e $t9 jx*°(t) = t9 te J. 
Let B" be a kernel satisfying (3,1 —2) for all a 6 &4 and let 
(14,1) B*(p?(i)9 s) be a measurable function on J x / ; 

(14,2) | * V ( 0 . s)l = *'(') h"(s)» '>s e J; 
for all a, j8 6 cfi/ where 

G = (E W < oo , if = (ZH ÎI?)1" < <x> . 

(We put G = sup Uflr̂ lJoo if P = oo e.t.c.) We denote B = {B*} the system of this 

kernels, B the family of this systems. Let L be the set of functions satisfying (4,1 — 2) 
and the assumptions: 

(14.3) a opf is measurable for all a e ^ ; 

(14.4) I«|M - (LI- • M-IP1" < « -
a 

(We put ||tf |p,M = sup ||a o ĵ Uoo if p = oo.) We shall consider the equation 
Of 

(I) x(t) = a(t) + [^(t, s) x((i*(s)) ds 
Jo« 

and seek a system R = {R*} of resolvent kernels satisfying the resolvent equations 
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(ft) R% s) - B«(t, s) + f £J*(.,:ii) i?V(«)- *)<-«, 
, J * ' 

(ft') K"(t, 5) = B*(t, s) + f £*•(.•, «) i*V(«)> s) du 
J . " 

for all aes/. The corresponding resolvent formula for the solution x will be of the 
form 

(X) <0««(0 + ľl*'(м)«И»))<k, 
JoP 

ÍЄ J 

15. Theorem. Lef B = {#*} € B. Then there exists a system R = {Ra} eB of 
resolvent kernels satisfying (R), (R')and the inequalities 

\Ra(^(t)9 s)\ = cgfi(t) ha(s) ; t9seJ; a, £ e ^ ; 

where the constant c depends only on the functions gy
9 h

8, y9 S e s/. 

Proof. We may define the systems of resolvent kernels by the formulas 

Ra
0(t9s) = Ba(t9s)9 

RUi(t,s)=\JP(t,u)Rty'(u)9s)du; t9seJ; aes/; v = 0, l ,2, . . . 

similarly to the case of the equation (I) (see Remark 8). These systems belong to 6 
and it holds 

|K V ( 0 , s)\ = g<>(t) h°(s) wv(t) 

where 

wv(í) = 

HИ" 
vl 

1/9 

Іf 1 < P й °° > 

(HEÍVY 
\ <>J9 / i f p = 1 . 

V! 

The system of resolvent kernels satisfying the assertion of the theorem may be defined 
by 

£« = f /C «6rf. 
v*0 

16. Theorem. Let B =- {B*} €B. R = {JR*} be the corresponding system of re-
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solvent kernels, aeL. Then the equation (I) has a unique solution x e L . This 
solution is given by the resolvent formula (X). 

Proof is analogous to that of Theorem 9. 

2. CONTINUITY 

1. Lemma. Let b e B f ; / , zeL?,M; b ^ 0; let r be the resolvent kernel cor­
responding to the kernel b. Then r ^ 0 and the inequality 

(1.1) z(t) £ f(i) + f b(t, s) z(fi(s)) dsr t e J 

implies 

(1.2) z(t) £ f(t) + f r(t, s)f(fi(s))ds9 teJ 

Moreover, there exists a constant c > 0 dependent only on the functions gb, hb 

so that (1,1) and the assumption z ^ 0 imply 

(U) \\z\\p <L \\f\\„ + c\\f o n\\p ,. Wzonl^clfonl. 

Proof. We obtain r ^ 0 from b ^ 0 and the successive approximation method. 
Hence and from (1,1) it follows 

(1,4) z(t) + f r(t, u) z(ft(u)) du S f(t) + f r(t, u)f(fi(u)) du + 
Jo t Jo 

fit fit f>n(u) 

+ b(t, s) z(n(s)) ds + r(t, u) b(n(u), s) z(fi(s)) ds du . 
Jo Jo Jo 

Let us denote the last integral by U. Replacing the upper limit fx(u) by u and using 
the resolvent formula we get after simple calculation 

U = f [r(t, s) - b(t, s)] z(»(s)) ds . 

Hence and from (1,4), (1,2) follows. (1,2) implies (using also z ^ 0) 

NUlflUllf^lUIMJW,. 
|-o^|p^||/o/.||p + ||/oM|UIM«k|p-

We obtain (1,3) from here and Remark 8 of the first part. 

2. Lemma. Let B e B**, a e L*'*. Then |B| e B f ; \B\, \B(n(-), -)| e B?'1, |a| e Lf1 
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and we may choose Q\B\ =* QB> hw = hB. If, moreover, x is a solution of (I), then 
there exists a constant c > 0 depending only on gB9 hB so that 

I*!, £ \\<*\p + c\a ° 4P > II* ° HI* £ 4a ° 4 P • 

Proof follows from Lemma 1. 

3. Lemma. Let A, n e .^, a e !/„•" n L>'\ B e B£'" n BJ'\ a e L", h e L«, 

(3.1) \B(t, s)\, |B(/i(0, s)|, |B(A(0, S)| £ 9(t) h(s) ; t,seJ; 

let x be a solution of (I), y a solution of the equation 

(3.2) . y(t) = a(t) + f B(t, s) ><A(s)) ds, < e J . 

Then there exists a constant c depending only on the functions g, h so that it holds 

(3.3) flx - y\\p = c[\\a „ /. - a 0 A||p + ||B „ /i - B o A | M (\\a 0 /.||p + \\a 0 A||p)] , 

(3.4) | x o / i - > - o A | p = 

£ c[ |c o /. - a o A||p + \\B o ,i - B o A||M (\\a 0 /i||p + \\a 0 A||,)] . 

Proof. We get 

(3.5) x(0 - y(t) = | "B( ' . s) IXK-)) " jWs))] ds , 

(3.6) x(M0) - ^ ( 0 ) = «(K0) " a(X(t)) + 

ffi(t) *X(t) 

+ B(tx(t\ s) x(fi(s)) ds - B(k(t\ s) y(k(s)) ds = 
Jo Jo 

/•M(0 

- a(K0) - *W0) + J W O * )̂ - B(A(0, s)] x(ix(s)) ds + 

/V-(0 /•A(f) 

+ B(k(t\ s) \x(n(s)) - y(X(s))\ ds - B(A(0, s) y(X(s)) ds 
Jo , JM(f) 

from (I) and (3,2). Let us put (for *, s € J) 

2(o = wo) - Mm. % s) - i w s)i> 
6(0 - l«W0) - «W0)l. 
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fi(t) = j"HKrtO. s) - B(X(t), s ) | |x(/i(s))| ds, 

I í**(ť) 

/ 3 ( ř ) = B(A(í),s),-(A(S))ds , 

мo 
f-fi+fг+h. 

Weget 

z(0 .g /(0 + K'> s) z(s) ds , * e J , 

from (3,6). Clearly z,fe Lf'1; fe e Bf1. Using Lemma 1 and (3,1) we get 

(3.7) | > | , < c\f\, 

(c denotes constants depending only on g9 h). Using Lemma 2 we obtain 

(3.8) \\f2\\p S \\B o ii - B o A | M ||JC o AI|P £ c||B o n - B o A||M ||a 0 j * | | p . 

f3(0 = 0 if A(0 S MO because £(A(0, s) = 0 for s > A(0- For X(t) > fi(t) it holds 

I fA(f) 

AW = [*M0> ̂ ) - *W0> *)] y(^) <*s ^ 
IJM(O 

S f VWO, s) - B(A(0, s)| |y(A(s))| ds . 

Using this and Lemma 2 we get 

(3.9) | | / 3 | | , £ ||£ o /i - I* o A | M ||y o A|p S c\\B ofi-Bo A||M ||a o A|| 

(3,5) implies 

(3.10) || x - y\\„ < c\\x oii-yo k\, = e\z\, . 

(3,3-4) follows from (3,7-10). 

4. Assumptions. Let 

HyeJ(, B6BJ*(J) . « e - W ) , 

let x„ bo the solution of (I) with /. = \iy for v = 0,1, 2,.... 

5. Assumptions. Let 

(5.1) ||ao At2|l-. ̂  a < oo ; 

(5.2) \B(t, 4 \B(^(t), s)\ £ g(t) h(s) ; t,seJ; 
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for v « 0,1,2,. . . where g € I/(J), h € L9(J); 

(5.3) |ao/iv - a o / i 0 | p - > 0 , v-> oo ; 

(5.4) ^ ||B O /iv - B o /i0|p>€ -» 0, v -* oo , 

6. Corollary. Let the assumptions 4,5 hoW. Then |xv — x0 | -* 0, ||xvo/*v — 
• — x0 o £i0|| -* 0 if v -» oo. 

Proof follows from Lemma 3. 

7. Theorem. Let the assumptions 4 hold. Let p < oo, 

(7.1) |a(w) - a(i>)| g Ai |u - i;|1/p;u9veJ; 

(7.2) • |£(u, s) - B(t;, s)| g j8(s) \u - v\i/p ; s9u9ve J 9 

where A is a constant, j8 6 Lq; 

(7.3) \\fiv - /iolt ->0 , v-+oo; 

(7.4) sup |/iv - ^0 | S V e L 1 . 
V 

Then xv -*• x0 for v -*• oo. 

Proof. (7,1 —4) imply the assumptions 5. Now we apply Corollary 6. 

8. Lemma. Let B9Ke Bp,fl
9 a e LJ'M, let x be a solution of (I), y a solution of 

(8.1) y(t) = a(t) + f K(r, s)j^(s))ds , teJ. 

Then there exists a constant c depending only on the functions gB9 hB9 gK9 hK 

so that 

(8.2) ||x - y\\p £ c[\\B - K\\p>q + \\B O \I - K 0 ̂ J ||a 0 JI |P , 

(8.3) ||x: o JU — y o /i||p <; c||B O /X - K O | i |P f € |ja o ju||p 

Proof. It follows 

(8.4) |x(() - y(t)\ £ (\B(t, s)\ \x(n(s)) - y(»(s))\ ds + 

+ f \B(t, s) - K(t, s)\ |><^(s))| ds, teJ; 
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(8,5) \x(n(t)) - yfr(t))\ £ j\B(n(t), s)\ |x(Ms)) - y(M(s))| ds + 

+ f |B(//(.), s) - K(Kt), s)| |XM(S))| ds 

from (I) and (8,1). Using this and Lemmas 1 and 2 we obtain (8,3) and, using (8,4), 
(8,2) as well. 

9. Corollary. Let Bv e B^(J); \Bv(ty S)|, |#v(ju(r), s)\ g"g(t) h(s) where g e Lp, 
h e L4, let xv be t/ie solution of (I) with B = Bvfor v = 0, 1, 2, . . . . Let a e L ^ J ) , 
||B-, - B 0 | | M -> 0, flfl, O II - B0 o iif^ -• 0 if v -+ oo. Then 

II *v ~ *o |L-+ 0 , ||xvojt* ~ X 0 o ^ | L - + 0 I / V -> 00 . 
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