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CASOPIS PRO PESTOVANI MATEMATIKY
Vyddvd Matematickj dstav CSAV, Praha
SVAZEK 101 * PRAHA 17. 5 15;76 * CISLO 2

ON SOME LINEAR VOLTERRA DELAY EQUATIONS

Jikf CERHA, Praha
(Received June 6, 1973)

The LP-solutions of the equation
t
M (1) = a(t) + J B(t,5) x(u(s)) ds
[}

with p(f) < t are investigated. R. K. MILLER has constructed the resolvent kernel
of (I) with u(r) = t in [9] using Picard successive approximation method. Using
this kernel, an explicit formula for the solution x.of (I) corresponding to the right-
hand side a is available. Similarly, we shall find the resolvent kernel R of (I) in general
case solving the resolvent equation '

(R) R(t,s) = B(t,s) + J.tB(t, u) R(u(u), s) du

s

or

(R) R(t,s) = B(t, s) + J 'R(t, u) Blu(u), s) du

s

This kernel enables us to express the solution x of (I) using the explicit resolvent
formula

(X) " () = a(d) + [ (:R(t, ) a(u(s)) ds.

Modifying this method, similar results for continuous solutions and for the solutions
of more complicated equation

M x(1) = a(t) + f 0 S8, 5) (66) ds

will be shown. The continuous dependence of x on the kernel B and the delay
function u is investigated in the second part.. The equations considered comprise
the linear cases of the differential delay equations introduced by L. E. EL§GoL&
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and S. B. NoRrKIN in [6] and many of the cases introduced by A. B. My3kis in [10].
We may also find close relationships to some linear cases of the functional differential

equations investigated by J. HALE in [8].
\

-

1. EXISTENCE AND UNICITY THEOREMS

1. Notation. We shall fix an integer n = 1, real numbers 7, T; 1 £ 0 < T; real
numbers p,g; 1 S p < 00, 1 £ ¢ < o0; 1/p + 1/g = 1. || will be the Euclidean
norm of matrices. We put J = {7, T). We shall write

17k = ( f,'f")”" 1Sr<ow;
[£1 = vrai sup |7

for a matrix-valued (Lebesgue) measurable function f on J. f o u will be the com-
position of functions f, u;

(Bow)(t,s) = B(u(t),s); t,seld;

IB|,,, = UJ(L[B(:, u)f* du)rlsdt]”r; l<r<w, 1<s<o;
1B = [ f,( L IB(t, u)l dt)”'du]”’; t<r<wm 1<s<o;

ol =[ [ omi s e 9y 1], 1< <

1/s
IB|w,s = vrai sup (f |B(t, u)l‘du) , 1<s<o.
4 J
for a measurable function B on the cartesian product J x Jand a functionpu : J - J.

2. p-assumptions. Let
@) pu:0-J;
(2,2) u be a measurable function on J;
(23) T S u(t) s tforall telJ.

3. B-assumptions. Let i
(3,1) B be a finite complex n x n-matrix-valued function defined for all points of
the interval J x J;
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(3,2) B(t,s) =0 for s <0 or s > t;
(3,3) B be measurable on J x J;
(3,4) B o pu be measurable on J x J;
(3,5) |B(t, s)| < g(t) k(s); t,s€ J;
(3.6) |B(u(t), 5)| < (1) h(s); t,seJ,

where the real functions g, h satisfy ||g|, < o, |||, < c. We shall. sometimes
use weaker assumptions

(37) 1B(t, )¢ < oo,
(3.8) [Bl,.q < o0
(3’9) "B°“Hp.q < 05
(3,10) ||B o u|** < o0;

[B(:(-). )], < oo, e

instead of (3,5-6),if 1 < p,g < 0.

4. a-assumptions. Let
(4,1) a be an n-dimensional vector function (column-matrix) defined on J;
(4,2) a be measurable on J;
43) Jaf, < wo;
(4,4) a o p be measurable on J;
45) |laoul, < .
5. Definition. .# will denote the set of all u satisfying (2,1—3). Let p e #.
B = B}*(J)
will be the set of all B satisfying (3,1—6) and, if 1 < p,
B = 824(J)
the set of all B satisfying (3,1—4), (3,7—10).
L = L}*(J)

will be the set of the functions a satisfying (4,1 —5). We shall write shortly L? if
u(t) = t. The solution of the equation (I) will be a function x € L satisfying (I) for
all te J. ' '

6. Remark. We get immediately B < B for 1 < p < o from Definition 5. It
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follows from the equation (I) that its solution x is independent of the values u(f)
for t < 0. We have introduced these values only for easier formulations.

We find some essential differences comparing the equation (I) with the classical
case u(f) = t. Let us note that supposing measurability or integrability of a function f,
we do not generaily get the same property for the composition fo u. Hence the
assumptions (3,4), (3,6) e.t.c. are necessary. It is also worth mentioning that changing
a value x(t) of a solution x of (I) at one point we may get a function that does not
satisfy (I) for the elements of a:nonzero set, for some u. Hence it is not-sufficient to
define x, a, B(+, s) only almost everywhere. However, the functions g, B(t, *) may
be defined only almost everywhere.

7. Theorem. Let uc .#, Be B. Then there exists a resolvent kernel R € B satis-
fying (R), (R’) for all t,se J.

Proof. We prove the theorem using Picard successive approximation method.
(Cf. [9].) We introduce these approximations by

(7,1) , Rty s) = B(t, ),

t
R‘.ﬂ(t, 5) = J B(t, u) R,(u(u), »s) du; v=0,1,2,...; t,seJ.

We shall prove by induction that:
(i) the definition (7,1) is a good one;

(ll) Rv+lEB’
@) ¢ R(hs)= j R(t, u) Bu(u), 5) du ,

(iv) [Ruei ] S €00 6 3G 571

where

t t t
&) = j |B(t,s)|*ds,  n(s) = J |Bu(e), s)|Pde,  ((t,5) = f E(u(u)y"* du
o s s ‘
fort,seJ;v=0,1,2,.... Let firstly v = 0. Using the Holder inequality we obtain

| J‘ tlB(t, u)| |B(u(u), s)| du <

= ([[1pe ot ae)” ([ 1m0 91 d?)”” < &0/ (o).
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Hence the definition (7,1) is a good ore, (iv) holds, R, satisfies (3,1 —4) and (3,7—10)
and we obtain (ii). Clearly (iii) holds as well. Let now v = 1 and let the assertions
(i)—(iv) hold for the indices a < v — 1. Using the induction predicate and the Holder
inequality we get

I"IB(t, u)| |R,(u(u), s)| du < (j:|8(t, u)"' du)”" ( J‘ :IRv(‘“(“)’ 9P du)l” <

< 0[] :é(u(u))""’ I ] oy s

< (o) U P [ j Hulo)P du] ‘du]”” n(s)” <

< &(r)' [Q(L;;I]"’ n(s)'e

Now we follow the argument of the first induction step. (iii) follows from the relations

Ryt s) = j 'B(t, u)J-“Rv_ 1(u(u), v) B(u(v), s) dv du =

- j: J.tB(t, u) R, ;(u(u), v) du B(u(v), s) dv = J‘ 'Rv(t, v) B(u(b), s) dv .
Let us put :
(1.2) R( ) =§1Rv(¢, ).

The function R is defined on the whole interval J x J and satisfies

|R(t, s)l < c&()Van(s)'e.
Similarly,

IRG(0), 9] S e &) n(s)

Now, if R = R + B then R € B and using the Lebesgue theorem we get

j 'B(t, u) R(u(u), 5) du = f ' 203(;, ) R(u(u), ) du =

0 t @©
' -3 f B(t, u) Ry(u(u), s) du = 3 Ry(t, s) = R(t, ) — B(t,5) .
v=0]¢ v=1
Hence (R) holds. We prove (R') similarly using (iii).
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8. Remark. There exists R € B satisfying (R), (R’) and the inequalities

|R(s 3)), |R(ut), 5)| < » g(z) h(s)

for B e B, where x depends only on the functions g, h corresponding to B according
to the relations (3,5—6). The proof is similar to that of Theorem 7. We obtain for
the successive approximations

IR5 9, IR0, ) S 60) W) 1(e )

1 TpV/P ‘\q v/q
([ e
1 t v
fv(t’s)='—'—i<J. h) sy P = 0,
\V. 0
1 t v
(). e
\ 2 0

9. Theorem. Let uc .#, Be B or Be B; a € L. Then there exists a unique solution
x € L of the equation (I). This solution is given by (X), where R is the corresponding
resolvent kernel.

Proof. Let us define x by (X). Then

[ 30w s = ["5t09)[atut + | " o) o) du]as =

] 0 o

where

- f ;B(z, u) a(u(u)) du + j 0 j 'B(t, 5) R(u(s), u) ds a(u(u)) du =

- j 'R(t, w) a(u(u)) du

0

in virtue of (R). Hence x fulfils (I). If the couple x, a satisfies (I) it satisfies also (X)
because — B is the resolvent kernel corresponding to —R. So we get the unicity.

10. Example. For t — u(t) 2 ¢ > 0, te J, we get a finite number of approxima-
tions for the resolvent kernel evaluation. We may also simply compute the solution x

provided that u is a step function e.t.c.

11. Remark. Let 1 < p < oo, Be B2*(J),
(11,1) le(t,s)-—B(u,s)I"ds—»O, u->t; utel.
J
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Then the resolvent kernel also fulfils (11,1) and for continuous a the solution x of (I)
is continuous as well. Using Carathéodory condition for the measurability of a com-
posed function (see e.g. M. M. VAINBERG [12]) we may prove the following more
general assertion.

12. Theorem. Let y € #, let the kernel B satisfy (3,1—2) and
(12,1) B(t, +) is measurable on J for all te J;
(12,2) |B(t, s)| < h(s); t,s€ J where heL!;

(12,3) I'B(u, s) — B(t,s)|ds >0 for u—t; utel.
J

Let a be continuous on J. Then the equation (I) has a unique solution x continuous
on J. '

13. Remark. A function B continuous on J x J satisfies (12,1 —3).

14. The more general case. Now we generalize the previous results to the equation
(). Let o be a countable set, u*e .# for all ae of. Let ay€ o, p™(t) =, te J.
Let B* be a kernel satisfying (3,1 —2) for all « € o and let
(14,1) B*(uf(2), s) be a measurable function on J x J;

(14,2) |B*(uh(2), 5)| < g°(1) h*(s); t,seJ;
for all a, f € & where
6= (Il < 0. H = EIMIY <.

(We put G = sup ||g?|, if p = o et.c.) We denote B = {B"} the system of this
. .

kernels, B the family of this systems. Let L. be the set of functions satisfying (4,1-2)
and the assumptions:

(14,3) a o p* is measurable for all a € o;
(189 o = (Sl s < co.
(We put ||a||,, = sup |a oy if p = 0.) We shall consider the equation
t -
0 () = o) + [ T 9 5606 s
[
and seek a system R = {R®} of resolvent kernels satisfying the resolvent equations
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(f() o RY(t,s) = B“(t, 5) + J';B’.(t,lu) R*(u(u), .s) du,

(®) R, 5) = Bt 5) + I ';x«(t, ) B(u(u), s) du

for all « € o. The corresponding resolvent formula for the solution x will be of the
form :

®) (1) = a(t) + f ;;R"(t, $) a((s) ds, teJ.

15. Theorem. Let B = {B’} €B. Then there exists a system R = {R*}eB of
resolvent kernels satisfying (R), (R") and the inequalities

|R¥A(1), s)| < cg() h(s); t,sed; o Besds;
where the constant ¢ depends only on the functions g”, h®,y, 6 € .

Proof. We may define the systems of resolvent kernels by the formulas

Ry(t, s) = B(t,s),

t {
R:H(t,s)=J‘ZB"(t,u)R“(u’(u),s)du; t,seJ; aesd; v=0,1,2,...
B

similarly to the case of the equation (I) (see Remark 8). These systems belong to B
and it holds

[RY((2), 5)] = g°(t) h(s) wile)

@1

where

Nsdo J| if 1<p=sw,

£ o0 if p=1.
The system of resolvent kernels satisfying the assertion of the theorem may be defined
by o
R =YR, aed.
v=0

16. Theorem. Let B = {B*} eB. R = {R%} be the corresponding sj)stem of re-
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solvent kernels, a € L. Then the equation (i) has a umque solution x € L. This
solution is given by the resolvent formula (X) :

Proof is analogous to that of Theorem 9.

2. CONTINUITY

1. Lemma. Let beBY*; f,zeLy*; b = 0; let r be the resolvent kernel cor-
responding to the kernel b. Then r 2 0 and the inequality

(L,1) 20) < 10) + f b1, 5) 2u(s)) ds, te J,
implies

(1.2) (1) < £(1) + J W ) f(u(s)ds, ted

0

Moreover, there exists a constant ¢ > 0 dependent only on the functions g, h,
so that (1,1) and the assumption z = 0 imply

(1,3) 21> = 171,

Proof. We obtain r = 0 from b = 0 and the successive approximation method.
Hence and from (1,1) it follows

"z °/"“p = C”f ““p

(1,4) (1) + J:r(t, ) 2(u(w)) du < £(t) + f o'r(t, u) f(u(w) du +

+ J:b(t, s) z(u(s)) ds + J\;r(i, u) f:(u)b(u(u), s) z(u(s)) ds du .

Let us denote the last integral by U. Replacing the upper limit u(u) by u and using
the resolvent formula we get after simple calculation

= j (:[r(t, s) — b(t, 5)] z(u(s)) ds .

Hence and from (1,4), (1,2) follows. (1,2) implies (using also z > 0)
Izl = 71> + lae[»
[z ulo < 17 < ully + 1f o vl [#:] el -

We obtain (1,3) from here and Remark 8 of the first part. -

2. Lemma. Let Be B2, a e L. Then |B| e B{*; |B|, |B(u(*), -)| € B}, |a| e LY
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and we may choose gz = gp, hp; = hp. If, moreover, x is a solution of (I), then
there exists a constant ¢ > 0 depending only on gp, hy so that

e < lalls + elacnl,, |xonl, s claonl,.

Proof follows from Lemma 1.

3. Lemma. Let A, pe #, ac L nL2* BeBY* nBI'* geL? hel,
(3.1) 18, ). B 9, [BGD, 9 < 9O Hs) s 155
let x be a solution of (I), y a solution of the equation

G2 . () = a() + j "B, 5) y(Ms)) ds, teJ.

Then there exists a constant ¢ depending only on the functions g, h so that it holds

aculy + Jlacaf,)],

(33) -yl sellacn—aocil, +[Bou—Boaf(

(3.4) xou = yoils s
Scflacn—ach|, + [Bop —Bod|, (acn], + a-4],)]-
Proof. We get '
(33) (1) = () = f Bt ) [0 — A &
(36) () — y() = a(u(t)) — a(a() +

u(t) A
+ L B(u(t), s) x(u(s)) ds — j B(A(t), s) ¥(A(s)) ds =

0

= a(u(9) — aGi(e)) + j :"’[B@(t), 5) = B(I(H). ] x(u(s)) ds +

u(t) A(1)
¥ j B0, 9 [0 — A6)] s - j B((1), 5) y((5)) ds

u(t)

from (I) and (3,2). Let us put (for t, s € J)
2(t) = |x(u(t) = YD) b(t, 5) = |BA() 5)|»
£:(0) = |a(u(®) - a(a(r))|
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1:0) = [ 1900, ) = B, ) o) 8,

fi(f) =

j “B1(s), ) ¥(1(5)) ds|,

(1)

f=fi+fi+fs5.
We get

t
A1) < 1() + J b1, s) (s)ds, 1€,
0
from (3,6). Clearly z, fe L§'!; b e Bf''. Using Lemma 1 and (3,1) we get
(3.7) =l = <11,
(c denotes constants depending only on g, h). Using Lemma 2 we obtain

G8) Nl |Bon—Betlpglxonl, sc[Bon—Botfpgfacn,.
f3(t) = 0if A(t) < u(r) because B(A(f), s) = 0 for s > A(r). For A(t) > u(t) it holds

J*A(t)[B(ﬂ(t), s) - B( ).(t), s)] y( l(s) as| <

u(n)

f 3(‘) =

t
s [[1300: ) = B, 9] e as.
0
Using this and Lemma 2 we get

09) Usly 5 1Ben —Bodlyalyeily s Bop— 5.2

(3,5) implies

p.a "a ° )'“p .

(3.10) Ix = sl =l

xou=yod,=clzf,.
(3,3—4) follows from (3,7 10).
4. Assumptions. Let
ue#, BeB(J), aeLi*™()),
let x, be the solution of (I) with u = p, forv =0,1,2,....
5. Assumptions. Let
(5.1) laomal, << oo;

(5.2) |B(, 5)), |B(w(2), )| < a()) h(s); t,s€7;
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forv=0,1,2,... where g e L?(J), he LY(J);
(5,3) laon, —aop,>0, vooo;

(5.4)

6. Corollary. Let the assumptions 4,5 hold. Then ||x, — xo| = 0, |x,0pn, —
—xoouo" - 0if v > o0.

IBony = Boholpg =0, v o0,

£l

Proof follows from Lemma 3.

7. Theorem. Let the assumptions 4 hold. Let p < oo,
(7.,1) |a(u) — a(v)] <4 Iu - vl‘“’ su,ved
(7,2) . |B(u, s) — B(, | S B |u—o|""; s,u,vel,
where A is a constant, B e LY
(7.3) R N
(7.4) sup [, — po| < weL?.
Then x, = x, for v — oo.

Proof. (7,1—4) imply the assumptions 5. Now we apply Corollary 6.
8. Lemma. Let B, K € BY*, ae L}'*, let x be a solution of (1), y a solution of
(81) ’ ¥(t) = a(t) + JqK(t, 5) y(u(s)) ds, tel.
0
Then there exists a constant c depending only on the functions gg, hg, gk, hx
so that

62 Jr— sl ScllB-Klpy+ |Bon—Kop

lp,q] “a oM ]p ’
69 xen = youl, s c|Bon =Kol acul,
hold.

Proof. It follows :

(84) Ix() — (1) = j 1806 ) () — ) s +

+ LIB(:, s) — K(t, s)| |y(y(s))|"ds’ ey
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63) [0 = W) 5 [ ) ) <o) ~ a5 +

+ f [Bu0). ) = KGu0), ) [yl s

from (I) and (8,1). Using this and Lemmas 1 and 2 we obtain (8,3) and, using (8,4),
(8,2) as well.

9. Corollary. Let BveBﬁ'"(;I)‘; , IBv(u(t), s)| S'g(t) h(s) where g € L?,
hel? let x, be the solution of (I)with B = B,forv =0,1,2,.... Leta e L*(J),
|le - Bo”M -0, ”Bv ot — Byo if"mq — 0 if v—> . Then

Ix, = %o, = 0, X, os = Xoopp >0 if v->o0.
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