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Vyddvd Matematicky astav CSAV, Praha

SVAZEK 99 * PRAHA 7.11.1974 % CISLO 4

INTEGRALS INVOLVING PRODUCTS OF E-FUNCTIONS
AND APPELL’S FUNCTIONS

A. M. Hamza and F. M. RAGaAB, Tripoli
(Received November 10, 1970)

1. Introduction. In this paper we have evaluated a number of infinite integrals
involving products of Mac-Robert’s E-functions and Appells’ functions F,, F,, F3, F4
with the help of the following ‘

Main theorem.
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where R(k + ¢,) >0 (r=1,2,...,p), u+t<e+a+1, Rle,—k)>0 (r =
=1,2,..,0),RB, —k)>0(r=1,2,...,7), a, b, c are real and positive.

The function F appearing in (1) is Kampé de Fériet’s function of higher order

in two variables whose properties are given in [1] pp. 401 and 489. This function
is defined as:
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where 4 + © < ¢ + o + 1 and neither of the quantities y, §, 6’ is a negative integer.

This function is reduced to the four functions of P. Appell F,, F,, F3, F4 by spe-
cialising the numbers , 7, ¢, and 6. Thus we have (see [2], p. 151):
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Also we have ([2], p. 1513:
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and
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Again Kampé de Fériet’s funétion is expressed as a double complex integral
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"y o) [1re)rep
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T1r6; = s = O T1 (16, - 9 1(6; - 9)

where the contours are of Barne’s type and are curved (if necessary) to separate
the increasing sequences of poles from the decreasing sequences of poles.

The definitions and properties of Mac-Robert’s E-functions are given in [3],
pp. 348—358 and which will be discussed further in section 2.

The proof of (1) will be given in section 3. Section 4 contains the derivation of in-
finite integrals of products of Bessel functions and Appell’s function as particular
cases of the main theorem (1).

The following formulae will be required in the proof:

The Mellin transform pair ([4]; p. 7)

0

(11) g9(s) = wa"‘f(x) dx ;.
(12) f(x) = ;;chj:wx" g(s) ds;

(3] p- 262)

(13) F(‘"’ n+1 “") =l - h)( x )hlzp;',(zx +1);

1—-h 14+ x

where P}, is the associated Legendre function of the first kind.
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2. Properties of the E-function. If p < g, then the E-function is defined as

otz _ (), .. I(y) o (oo 0ys = 12 .
(14) E(ps s g52,:2) I'(ey), ..., I"(eq)F<sl,...,e )

When p 2 g +, |arg z| < =, then then E-function is defined as:

q
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—_ — o f — pP—9q
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where the asterik means that the factor a, — a, + 1 is ommitted.

From (14) and (15) it is clear that the E-function is immediately related to the
generalized hypergeometric function and reduces to simple expressions in the ordinary
or Gauss hypergeometric function when p =2, g = 1. For p = ¢ =1 it is also
evident that the E-function reduces to the confluent hypergeometric function or
Kummer’s function. The case p = 2, g = 0 yields the relations (see [3], p. 351):

(16) cosnm E(3 + n, % — n:2z) = \/(2nz) e K,(2),
and
(17) Ed—-k+ml—-—k-m:uz)=

=TI(d —k+mTE - k—m)z %" W,(2)

where K,(z) and W, ,(z) are the modified Bessel function of the second kind and
Whittkar function respectively. When p = q = 0, the E-function is just e '/
When p = 0, g = 1, then we obtain the Bessel function of the first kind. Thus we have

(18) E(:t+1:z)=z"2J(2z7?).
The case p = 1, g = 0 gives
(19) E(a::z) =I(e)(1 + 1/z)7*.

More parameters in the E-function lead to the equivalence of the E-function with
products of Hankel functions, with Lommel functions, Bessel functions and pro-
ducts of Whittaker functions. The following are some examples:

(20) x*HP(x) H®(x) = 2 cos (tn) n~ ¥ x* "V E(} + 1,4 — 1,4 :: %),

(21) SX)={rG-tp—-3)r@ - +4 -} ' x* ' x
X E(l,%—"}ﬂ+‘i“t,i"‘i‘#—%—‘t::}x2),
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(22) Wi n(2ix) Wi m(=2ix) = 2~ 2(3x)*{F(d — k + m)T(3 — k — m)} ™' x
xEd—k+mi—k—-—mt—k1—k:1-2k:}x?*;

(23) J(x)J_(x) =n""2E}1 — 1,1 +1:1/x%);

(24) Ji(x) =n"2E} +t:1+1,1+2t:1/x%);

Also the following formula which can be deduced by calculating the residues
of the complex integral (see [3], p. 374) will be utilized

(25) E(pso,:q;8:2) = Py r

where the integral is taken along the #-axis with loops, if necessary, to ensure that
the pole at the origin lies to the left and the poles at a;, a5, ..., «, lie to the right
of the contour. Zero and neagative values of the a’s and &’s are ommitted. When
p < q + 1the contour is bent to the left at both ends.

Convergence is secured if |argz| <¥(p—q +1) if p>q +1 and 2| > 1
if p=g + 1. When Mellin transform pair (11), (12) is applied to (25), we obtain
the following formula which is needed also in the proof:

© Hr(a + k)
(26) J' A1 E(p o, ¢ g 6y %) dx = T(—K) = ;

° . n (e, + k)
where R(o, + k) > 0,r=1,2,..., pand R(—k) > 0.

3. Proof of the main theorem. To prove (1), replace the F function on the left
by a double complex integral by means of (10; then, on changing the order of inte-
gration, the left hand side of (1) becomes

lj I(y;) [_[ {r(s;) r(3;)}
uJ_l = (2ni)? ,UF(S) I(t) x
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0
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Here evaluate the last integral by means of (26) and the last expression becomes
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Now evaluate the last integral by means of (25), apply (14) since p + 1 < ¢ +
+ ¢ + 1, and the last expression becomes

HF(B,—s)HF(d>, +’<—S)
P@r@ k) 2=t
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u»nv@nwml
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o e P
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1= =

(=c)"(a/b)y ds.

Here change the order of integration and summation and evaluate the last integral
by calculating the residues at the two poles:

s=—-n and s=k—-n (0,1,2,.)
applying (25) and the known relations:

r(kyr( - k) = ftcosec (km), and (k; —n) = (1(: 1k)" 5

and so obtain the right hand side of (1). Thus (1) is proved.

4. Particular cases. We are now in a position to obtain a large number of infinite
integrals specialising the parameters y, 1, ¢, p, q, 0.
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Integrals involving F ;. Thus combination of (1) and (3) gives:

(27) ij*"‘ E(p; ¢,:q;0,: ax) Fy[«; B, B'; y; —bx, —c] dx =

0

- I'(y)cosec (kn) & TI(B' + m) .
I'(x) F(B) I(B’) a* mgo m! (=9)

. :ti:g
» Ea+m,ﬂ,¢, +k .., + ke 5| -

L+ ky+mb +k...0,+k
_(g)*E a—k+mp— k,¢1,...,¢,,:et*‘"§
A VS S )

where R(k + ¢,) >0, r = 1,2,..., p, R(x — k) > 0, R(B — k) > O and a, b, c are
real and positive.

In (27) take p = 2, g = 0, apply (16) and get

(28) J‘ e*x*~12 K (ax) F(«; B, B'; v; —bx, —c)dx =
(V]

- — J(/2) I(y) i r(p +m)(_c)m %
sin (k) cos (nm) I'(at) [(B) I'(B’) m=0 !

2
x[E a+m,ﬂ,%+n.+k,%—n+k:1+k,y+m:e*”‘—§)-—

k ry
—(2;0) E(a——k+m,ﬂ—k,%+n,-}—n:1—k,y—k+m:e*"’§)]

where R(k + + + n) <0, R(« — k) > 0, R(B — k) > O and a, b, ¢ are real and po-
sitive.

In (27) take p = 2, ¢ = 0, apply (17) with ¢, =3 — k' + n, @, =3 — k' —n
and get

(29) vr‘)e"”x"""'1W,‘,',,(ax) Fi(o B, B v; —bx, —c)dx =
- —I(y)n i I'(g + m)(—c)"' "
sin(kn) I'(4 — k' + n) (3 — k' — n) [(e) T(B) [(B) @* m=0  m!

><[E(a+m,%—k'+k+n,£+k'+k—-n,ﬁ:1+k,y+m:e“"-§)—
ak

—(Z) E(“‘-k+m,ﬁ-k,‘}—k’+m,%"‘k'—n:1+k,y'—k+m:eian%)]
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where R(} — k' + n + k) > 0, R(x — k) > 0, R(B — k) > 0 and a, b, ¢ are real
and positive.

In (27) write 4/x2, 1/a?, b2/4 for x, a, b, respectively, take p = 0, g = 1, apply
(18) and get:

wx”'1 a;c a; B, B'; b —c = fiy)a™*™
&9 f H )F’(’M e )dx 2 () F(B) I'(B)

o on [ea  reemgrres mre
sin(k + 1)[2n | m=o m!' I(y + m) (1 — 3t — k) I(1 + 4t — }k)

b* ‘
e )
y+m | —4t — 3k, 1 + 47 — 1k
& F(ﬂ'+rh)(“0)"'1‘(a+=}r+%k+m)F(B+%T+%k)<£)k+tx
m=0 m'r(7+%‘f+'}k+m)r(1+%‘r+%k)[‘(1+r) 2a

b2
a+dt+3k+m B+ 3t + 3k, —
B S TR R 4a2>

y+it+ik+m 1l +4t+ 3k 1+1

where R(x + 3k + 41) > 0, R(B + 3k + 31) > 0, R(k) > 4 and a, b, ¢ are real
and positive.

In (27) take p = 4, q = 1; write x?[4, 4a?, 4/b* for x, a, b respectively apply (22)
and get

(31) J‘ x171W, (4iax) W, (—4iax) Fl(d; B, B';y; —x?[b%, —c)dx =
0

RO (G k=T k) E T )
22+ 1g2*asin (k + 3q) n () T(B) (B) m=0  m!

x El@+m, B3 +3tk+3g+nt+ik+1qg-ni+1iqg1+3q:1+1q+

n () {T(} — k — m) (3 — k + n}* (ab)*?*

+ k’ 1=k + :eiina2b2 +
3q 2%k+1g2k+a in (k + 3q) = I'(a) T(B) I(B")

QI" l+ .
x;-ﬂnjﬁ)(—c)"'E(a—k—}q+m,ﬁ-—-k—%q,%—k—n,}—k+n,
}-—k,l—k;l—k,l—2k:ei""a2b2);

where R(k + g +1 + 2n) > 0, RQ2x — 2k — gq) > 0, R(2ﬂ—2k—q)>0 and
a, b, c are real and positive.
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Also (27) in combination with (23) gives: .
© ’ b2
(32) j x~ 7V J(ax) J_,(ax) Fy(2; B, B's v; — a2 —c)dx =
0

_ Jrna* L(y) r(B)r(4 + k)
sinkn F(a) F(B)F(BYF(1 + k) I(1 —n +4k)I(1 +n +k)

. v L +"')1“(oc+m)( O JF, x+m B, + k; b*a? N
m=0 m!I(y + m) l+ky+ml—n+kl+n+k

7 I(y) I(B — k)
b?* sin (kn) I'(«) F(B) I(B") F(1 — k) I'(1 + n) I'(1 —n)

xiF(ﬁ’+m)r(a~k+m)(—-c)”'3F4 a—k +m,p — k,}; b*a® .
m=0  m!I(y — k + m) 1—ky—k+mil+nl-n)’

where R(x — k) > 0, R(B — k) > 0, R(k) > — }and a, b, c are real and positive.
Again (27) in combination with (24) gives:

(33) fwx"z"‘l Jf(ax) F, (oz; BBy — g;, —-c) dx =
a** /n ()T (3 + n + k)
s1n(kn)F(a)F(ﬁ)F(1 +k)I(1 +n+k)yr(1 + 2n +k)

S I(B + m)I(« + m)(=c)" «+mB,} +n + k;a*b?
x 2 3Fs +
m=0 m! I'(y + m) 1+ky+ml+n+k1+2n+k

n I(y) [(B — k)
b** sin (kn) ['(«) I(B) I(B') I'(1 — k) I'(1 + n) I'(1 +2n)

wa(ﬁ'+m)F(a—k+m)(_c)mF o« —k+mpB—kt+nab?\
mo miI(y =k +m) T\l - ky =kt m a1 4 2m

where R(a — k) > O, R(B — k) > O, R(x + n — k) > O, R(B + n — k) > 0, R(k) >
> —1and a, b, c, are real and positive.

Il;tegrals involving F,. (1) in combination with (4) gives
(34) J x* 1V E(p; ¢, : q; 0, : ax) Fy(o; B, B’; 6, 6'; —bx, —c)dx x
V]

r@)r@)n
a* sin (kn) I'(e)) T(B) T (B’ )
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had ’ . :!:ing

Z I:(Iﬁia:*- m) (_c)m X E a+m9ﬁ’¢1 +k,...,¢p+k,e b _

m=0 m! (‘+m) 1+k,5,01+k,...,0q+k
a

3 (a)"E a—k+mpB—k .., ¢, ef"-

¢ b
b 1 -k 6—k6,,...0,

where R(k + ¢,) >0 (r=1,2,...,p), R@ — k) >0, R(B — k) >0, a,b,c are
real and positive.

In (34) write 2a for a, take p = 2, q = 0, apply (16) and get:

(35) . "‘ka_l/zeax K,,(ax) Fz(a; B, ;6,8 ; —bx, ._c) dx =
0
_ — /n cos nn I'(8) I'(5") i rp + m)
2K+ 12gk* 112 sin (kn) I(«) T(B) T(B') m=0 m! (6" + m)

(=0 x
x[E(a+m,ﬂ,}+n+k,%—n+k;l +k,5:ei""2—:—)—

k .
—-<zbg) E(a-k+m,ﬁ—k,‘}+n,}—n:1—k,é——k:e*"'%g)]

where R(k + n +3) >0, R(B — k) > 0, R(a — k) > 0, and a, b, c, are real and
positive.

In (34) take p=2, ¢ =0 with a; =4 — 7+ n, a, =% — t — n, apply (17)
and get:

(36) j‘:x""'“'e‘”z’“" W, (ax) Fy(a; B, B3 0,8"; —bx, —c) dx =
_ —x1(0) 1(2) )
a*sin(kn) (@) FB) F(B)rE —«+n)r(x —t—n
% o I'(g +m) (—c)"

m=0 m' I"(é' + m)

[E(a+m,ﬂ,<}—-1:+n+k,}-—r—n+k:1+k,6:ei“‘§)-——

. .
—(%)E(a——Ic+m,ﬂ—k,}—r+n,<}—-t-—n:1—k,&—k:e*“-Z—)]
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where R(k +4 —t+n) >0, R(e — k) >0, R(B — k) >0, and a, b, ¢ are real
and positive.

In (34), take p = 0, g = 1, apply (18) and get:

(37) J‘“’xu(:/z)—l J, (\/( )) Fy(a; B, B'; 6,0, —bx, —c)dx =
0

—n I'(8) (&) S I(f +m)
ak*1/2%sin (knt) I'() I(B) I'(B) m=0 m! ['(6' + m)

y [(a + m) I(p) ; wrmp2
rA+kr@ra+z+k>° a .

1 -k 6,1 +1 +k

(=) x

_fk e —k +m) F a—k+m,ﬂ—k;é
(b) F(5—k)F(1—k)F(5_k)p(1+1.)23 a

1—-—k,6—k1+1

where R(k + 4t — 1) > 0, R(a — k) > 0, R(B — k) > 0, and a, b, ¢ are real and
positive.

In (34) take p = 3, g = 0, apply (21) and get:
(38) J' x*7#S, (2 /(ax)) Fy(x; B, B'; 6,8, —bx, — ¢)dx =
0

—n I'(6) I'(5")
a**'~#sin (kn) [(«) T(B) F(B)T(3 — 41 — 371) I(3 — %u+%‘r)

> (B + m)
m=0o m! I'(8' + m)

— (=" x
><[E(a+m,ﬁ,%—-=}y+51+k,}—%y—{-z+k:5:e*“’g)—
ay' 7 tix 8
—(B)E(a—k+m,ﬂ—k,%—%u+ir,%—§y——h,-l:1—k,é-—k:e ;):I,
where R(k) > —t, R(k + [, — (*[2)n £ *[21) > 0, R(a — k) > 0, R(B — k) >0
and a, b, ¢ are real and positive.
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Alsoin (34)take p = 4, ¢ = 1, apply (22) and get:
(39) Jl X*TETIW, (41 X)W (=4 X) Fy(a; B, B3 8,8, —bx, —c)dx =
0 ;

_ —na*~* I'(6) I'(6") « I'(f +m) (c)"‘ »
sin(kn) N(&) F(B)F(B)r@ —t+n)r@} —« - n) m=0 m! I'(8' + 'm)

E a+m,ﬂ,%——r+n+k,%—t-n+k,§—r+k,1_T+k:ei:n%)—
1+k’6a1"‘2T + k
—(g)kE a—k+m,ﬁ—k,%—t+n,%——r—n,,}_T,l_T:eimaB ;
b

1—-ko6—k1-21

where R(k + 4 — 4t + n) > 0, R(a — k) > 0, R(B — k) > 0 and a, b, c are real
and positive.

(34) in combination with (23) gives:

® _h2
(40) j x~#*=1 J (ax) J - (ax) F, (oz; B, B4, b , -—c) dx =

o x?
_ — Jrna* 1) r@3 + k) 5
2sin(kn) M) IF(BYT(1 +t— k) I'(1 — 7 — k) I(1 + k)
N i I“(B’+m)1“(m+m)(_c),,l F ( a+ m, B, 1 + k; a’b? )+
m=0 m! (' + m) e 1+kdé,1+1—-—k1l—-—17—k
R 1) ) {0 + I = 9}
2sin (kn) I'(2) I(B) I (') (a*b)* I'(1 — k)
- I‘(B'+m)1'(oc—k+m)(__c),,, F a—k+m,ﬂ—-k,%;a2bz>
=0 m\ T(5' + m) ? ‘(1—k,a—k,1+r,1—r

where R(e — k) > 0, R(B — k) > 0, R(k) > —% and a, b, ¢ are real and positive.
Again (34) in combination with (24) gives:

© b2
-2k-1 g2 . ’. ’. —
2 s Mo s> Y s ’
(41) J‘ x J¥ax) F (a B.B;8,8; — = ——c) dx =
0 X

_ —a®* /aT(8)I(} + t + k) y
" 2sin (kn) T(@) T(B) T(1 + © + k) I(1 + 2t + K)T(1 + k)

g & I’(B’+m)I"(az-+-,m)(_c),,,3p4 u+m,ﬁ,5+t+.k;a2b2 +
m=0 m!T(8' + m) 1+kd1+1t+k14+21+k
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/n I(8) I(¢") I(B — k)
2b%* I'(a) F(B) T(1 — k) (8 — k) T(1 + 27)

oD ' _ _ _ . . 2b2
XZF(B + m) I'(a k+m)(—c)"'3F4 oa—k+mpB—k}+ra );
m=0 m! T'(3' + m) 1-ké6—-k1+1,1+21

where R(e + 1 — k) > 0, R(B + 1 — k) > 0, R(k) > —1 and a, b, c are real and
positive.

Integrals involving F ;. (1) in combination with (5) gives:
(42) J‘ X"V E(p; ¢, 1 9,0, : ax) Fa(; By, B3 Bas B2; 73 —bx, —c)dx =
[ 0

) () & I+ m (g, +m)
a* sin (kn) [(B,) I'(B}) I'(B,) T'(B3) m=0 m!(—c)™"

[E(Bl’ﬁZ’d)l +k,’¢p+k :1 +k")’ +m’01 +ks-"’0q + k:eii"%>_

k
- (%)E(Bl —kBy—k by il —ky +m—=k0,..,0,:e" %)]

where R(k + ¢,) > 0 (r = 1,2, '..., p), R(B, — k) > 0, R(B, — k) > 0; a, b, c real
and positive.

In (42) take p = 2, g = 0, apply (16) and get:

(43) j X125 K (ax) Fa(; By, By Bas B2 v —bx, —c)dx =

0

_ —n I'(y) cos nn ‘Z I(By + myI(By +m)
" JGR & s (k) 1) ) T TBD) A0 mi (=) "

2a

X[E(pnﬁz,’}+n+k,a}—n+k:1 +k’?+m:eiin_l;_>__

2\¢ i 2a\ 1.
-\ E ﬂl—k'!BZ—k’%'*'n"}_n:l—'k,'y+m"‘k:em"— s
ab b

where R(3 + k + n) > 0, R(B, — k) > 0, R(B, — k) > 0 a, b, c real and positive.
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In (42) take p=2,q=0 with ¢, =3 — 7 +n, ¢, =+ — t — n, apply (17)
and get:

(44) rx".“‘"‘e”"”‘ W, (ax) F5(; By, B B2, Bas v; —bx, —c)dx =
—nI(y) «
a*~*sin(kn) F(B) T(BY) F(B)F(B)rE —t+n)r@@ — - n)

> I(By + m)I(B; + m) N
m=0 m!(—c)™™

X

x[E(ﬂuﬁz,‘}—t+n+k,<}—-t—n+k;1+k,y+m;eiin%)_

k
—(%)E(Bl—-k,ﬁ,—k,%—1:+n,}—'c—n:1-—k,y—k+m:e*“’%)]

where R(} + k —t+n)>0, R(B; — k) >0, R(B, — k) >0, a,b,c real and
positive.

In (42) take p = 0, g = 1; apply (18) and get:

a0 _ 2 , ,
(45) j Xt Jr(‘\‘/‘;x‘) Fs(; B1» B1; B2, B> :y; —bx, —C) dx =

o

_ —n I(y) o LBy +m)I(B; +m)
a*~"" sin (kn) [(B,) F(B1) F(B:) T(B3) m=0  m!(=c)™"

N IR \CAVACA Bbn ® | _
[F(l+k)1‘(1+r+m)ze( b )

1+k1+1+

(9 s rs b F( Br—kiBy— ki )]
b) Tt +7—k+m)r(t—k) "%\, 4

—k,1+t—k+m

where R(k + 3t) > —%, R(B; — k) > 0, R(B, — k) > 0, a, b, ¢ real and positive.
In (42) take p = 3, ¢ = 0, apply (20) and get:

(46) j x4 S, [(ax) Fa(; By, B1; Bas B2s v; —b*x?, —c) dx =

= —2%71n @~ ™1 I(y) {sin (km) I'(B,) T(By) I'(B2) I(B2) T(3 — 3u — 47) x
X r(% ‘._‘}F‘ + %‘C}-l i r(ﬂ,l + m) F(B’Z + m) xv

m=0 m!(—¢)™™
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2
E(ﬂ” Bt -3t —3u+kt—4tpu+ it + k:e*i“%z) 4

.+ m
+ 2%=1g g#=2k=1 1(y) {sin (kn) [(B,) I'(B}) I'(B.) I'(B5) I'(3 — 4u — 37) x

x (4 — dp + gr)}—xéo (g, ; v"(’)-l;gﬁ +m)

2
><E(ﬁ1—k,ﬂz—k,l,%—%u—%r,%-%#+’zfrl—k,v+m—kie*"'4%>

where R(k + % — 3u + 31) > 0, R(B; — k) > 0, R(B, — k) > 0, a, b, ¢ real and
positive.
In (42) take p = 4, q = 1; apply (22) and get:
(47) j x*=2 LW (2iax) W, (—2iax) F5(; By, B Bas B3 75 —b*x?, —c)dx =
0

. 22%-20=1 /1 P(y)
a®*~**sin (nk) Jn I3 — © + n) I'(3 — © — n) I'(B,) I'(B}) I'(B>) I’(ﬂz)

o % TE A mIE +m)

m!(—c)™"

a2
x[E(ﬂl’ﬂz’% t+n+ki—-t1-n+ki-1+kl—-1+k:et" b2>—
1+k,y+m,1——21+k

i —kp-ki-1+ni-1-nt-11-1:e* azz
~(@)* T

1—-k,y—k+m1-2t

where R(3 + k — v + n) > 0, R(B, — k) > 0, R(B, — k) > 0, a, b, c real and posi-
tive.
In (42) take p = 1, ¢ = 2; apply (23) and get:

(48) J “x"%1 g (ax) J_(ax) Fy (; Buo Bl Bar B 73 — S = c) dx =
0 X

— Jrna®*Ir(y) (s + k).
2s1n(kn)F(B)I"(ﬂz)I"(1 +k)r(1 + + k)r(1 —1:+k)

y © I"(ﬁ, +m)1"(ﬁ2+m) 3F ﬂ]sﬁZi"’f‘k;a +
m=0 m!I(y + m)(—c)™™ ¢ 1+kl—=—1+kl+t+ky+m
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) ”F(}')F(ﬂl - k)F(ﬂz - k)
¥ 26% sin (k) I(8,) T(B,) T(B3) T(B5) (1 — K)T(1 + ) (1 — r)

- r(ﬁl*m)r(ﬁ2+m) _c)m F4 ﬁl—k’ﬂz—k’%;a
m=o m!I(y — k + m) U-ky-k+mi+,1-1)

x

where R(B, — k) > 0, R(B, — k) > 0, R(k) > —1, a, b, c real and positive.
Similarly (42) in combination with (24) gives:

2

(49) J' X771 JHax) Fy <; Bis Bys Bas Bas vs — %, —C> dx =
0

Jra* I I+ + k)
~ 2sin (kr) I(B,) I'(B,) F(BY) T(B2) T(1 + k) I'(1 + © + k) I(1 + 2t + k)

N gZ (g, + m)r(g, + m) I'(B,) I'(B,) y

m=0 m![(y + m)(—c)™"
« 4212
x 3F, ﬁ“ﬂz,%-{—‘c-{pk’ab >+
l1+k1l+t+k1+2t+k,y—k+m

+ Jrb *r(y) r¢ + ) (B, — k) (B, — k)
2sin (kn) T(B,) I'(By) T(BY) I'(B) (1 — k) I(1 +t + k)I(1 + 21 +k)

x“’F(ﬂl+m)F(ﬂz+m)( o JF ( kﬁz—-k§+t'ab)
m=0 m!T(y — k + m) 1—ky—k+ml+t1+2t

where R(2t — 2k + 2B,) > 0, R(t — k + B,) > O,R(k) > — 4, a, b, c real and po-
sitive.

Integrals involving F . (1) in combination with (6) gives
(50) J. x*"VE(p; ¢, : q; 0, : ax) Fy(ay, a3; 6y, 8,5 —bx, —c)dx =
0

—nI@)I@,) ¢ (=¢"
a* sin (kn) I'(e;) (o) m=0 m! I'(6, + m)

E<al+msa2+m9¢1+k, ¢p+k e %)
1 +k,06,0, +k,...,0,+ k

_ (g)“E ay —k+moa, —k+mey,.., ¢ et" %)
b 1=k o, — k6.0,
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where R(k + ¢,) >0 (r=1,2,...,p), Rty — k) > 0, R(x, — k) > 0 and a, b, c
are real and positive.

(50) in combination with (16) gives:

(51) j x*712 %% K (ax) F4(oy, 05; 1, 653 —bx, —¢)dx =
(V]

—cosnn [(8,)I(6,) =
J2ra*"* [(a,) I(a;) sin (kn)

X
DM

k
—(%)E(al ~k+moa,—k+mi+nit-n:1 —k,51-k:e*""2b—a>:| X
(=)

m! (6, + m)

[E(ocl +ma, +mi+n+ki—n+k1 +k,6l:e*""2;a>—
0

where R(3 + k + n) > 0, R(e; — k) > 0, R(ax; — k) > 0, a, b, c, real and positive.
Also (50) in combination with (17) gives:

(52) f Xk e 2 W (ax) Fy(oy, a3 84, 050 —bx, —c)dx =
o ,

_ ~n I(6,) I'(3,) i (="
a*~ % sin (km) [(oty) Ietz) I‘(% — 14+ n)TI( —1—n)m=om! (5, + m)

ap +ma, +mi—t+n+ki—1—n+k:et"

S RS
I

E
1+ k&,

_(E>kE “1_k“"m’“z‘k+M,%—T+n,1—r—n:e*“‘%
b 1—ké, —k

where R(} — 7 + k £ n) > 0, R(e; — k) > 0, R(B, — k) > 0, a, b, c real and posi-
tive.

(50) in combination with (18) gives:

(53) j xkr@E2)=1 g (\/( )>F4(a1,oz2,51,52, —bx, —c)dx =
0

—n I'(6,) I'(3,) it I(ay + m)I'(a; + m)(—c)"
a**¥? sin (kn) I'(&;) I'(a;) m=0 | m! I(6, + m) I(6,) I'(1 + k) I'(1 + 7 + k)
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F 0‘1+m’“z+m§% (a)" I, +m— k)I(a, — k + m)(—c)"
2f'3 “\z
L4kl 4t + ko) o/ mTG+mI(1=k)I(6 — kI +1)
- b
X2F3 al—k+m,a2—k+m;;
l—k,(sl—k,l’f"t

where R(k + 4t) > —4, R(e; — k) > 0, R(x; — k) > 0 and a, b, ¢ are real and

positive.
Again (50) in combination with (21) gives:

[ 2.2
(54) J. x#*-2=1y, (2iax) W, ,(—2iax) F,,(; 0y, 0y} 8y, 655 — b4x , —c) dx =
0
B =221 1($,) I'(5,) \/m 8 o (o) y
m=0 m! r(52 + m)

" a2 sin (kn) [(,) [(a) T3 — © + n) T3 — © — n)

‘ o, +mo, +mi—1+n+k,i—-—17—n+ki-—1+k,

x |E 1—t+k:e*‘“g—:—
14kd,1—20+k

2

2k _ _ _ Yy - —_- a

_(_:_)Ea1+m ko +m—-k,t—1+nt—-1—-nt—-11-1:¢ %
1—kd, —k1—2t

where R(3 — t + k + n) > 0, R(e; — k) > 0, R(B; — k) > 0 and a, b, ¢ are real

and positive.
In(50)take p = 1, g=2 apply (23) and get:

(55) J': x~*=1 J_(ax) J_,(ax) F, (a,, o3 81, 855 — s; , -—c) dx =
_ Jna® I + )T
" 2sin (kn) I(o)) F(o) F(1 + k) T(1 — T + k) I(1L + 7 + k)

o I(ay + m)(a; + m)(__c),,, F. a; + m,a, + m, 4 + k; a*b? N
m=0 m! (6, + m) 1+kdé1l—72+kl1+7+k

‘ n I'(8,) I'(8,)
2b%* sin (k) [(ay) I(,) T(1 — k) (1 + ©) I(1 — ) (8, — k)

I, — k + m)I(a; — k + m) " a; —k +mya, — k + m,3;a*b?
XZ (=)™ 3F4
m=0 m! I'(6, + m) ‘ 1—kdé —k1l+1,1—1

where R(x; — k) > 0, R(x; — k) > 0, R(k) > —1% and a, b, ¢ are real and positive.
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In (50) take p = 1, ¢ = 2, apply (24) and get:
@© 2
(56) f x 7l J{Z(ax) Fy (‘11’ 35 01, 025 — b—2 s~ )dx =
0 X

— Jna*I(} + © + k) I'(5,)
2sm(kn)I'(oz,)I"(az)F(l + k)1 +7+ k)1 + 2t + k)

< 3 Ty +m) (e, +m)(—c)"'3F4 a0 + mo, +m 3+t + k;a’b?
m=0  m!I(6, + m) 1+ko,14+7+k1+2t+k

Jr [(8,) I'(8,) (3 + 1)
2bz" sin (kn) () I(e,) F(1 — k) I(1 + ) I(1 + 27) I(6, — k)

et r(al“‘k+m)r(a2—k+m)
m=0 m! (5, + m)

X

(=) x

F a; — k +moa; —k +m, %+ 1;a%h?
e 1—ko, —k1+11+20

where R(x, + © — k) > 0, R(k) > —%and a, b, c are real and positive.

Integral sinvolving P}(2ax + 1). In (1) take p =2, ¢ = 1, with ¢, = ~n, ¢, =
=n+1,0, =1 — I, write 1/x, 1/« for x, « respectively, apply (3) and (13), so getting:

(57) J. x¥27*1(1 + ax)”¥? P}(2ax + 1) F, (az; B, By — 2, -c) dx =
0 X

3 I(y)a*~ @ sin(nn) & I(B + m)
sin (kn) () I'(B) I'(B") m=0 m!(—c)™™

1 k
< | B a1+m,ﬂ,—n+k,1+n+k,;£ __(__1_5) "
a

1+k1—-1+ky+m

1
% E al-—k+m,ﬁ—k,—n,1+n,a—l;

l—k,')’—'k'f‘m’l_l

where R(k) > 0, R(a; — k) >0, RB~ k) >0, R(k +n) <O, Rk—1-n)<0
and a, b, c are real and positive.
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Again in combination of (1) with (4) and (13) we get:

(58) J x27%=1(1 + ax)~Y% P}(2ax + 1) F, (cx; B, B:6,8; — é, —c) dx =
0 o x

_I(8) (%) sin nn 8 o I(p +m)
a'’?~*sin (kn) I(«) m=0 m! I'(§' + m)

. 1 §
><(_.c),,,Eoz+m,ﬁ,—n-+—k,1+n+k.——B__ 1 »
¢ ab

1+kd,1-14+k

‘ 1
% E a—k+m,ﬂ—k,—n,1+n.;l—)

1-kd—-k1-1
where R(x — k) > 0, R(B — k) >0, R(k —n) >0, R(L + n + k) >0and a, b, ¢
are real and positive.
(1) in combination with (15) and (13) gives
(59) J' xV27k=1(1 + ax)™¥% PY2ax + 1) F, (; B, B B2y Bas v; — é, —-c> dx =
0

X

I() sin (nr) % 1(B, +m)I(By +m)
> % sin (kn) T(B,) T(B,) T(B2) [(B5) =0 m!(—c) "

.1 k
X Eﬂbﬁz,"‘”'*‘k,l+n+k,;i)')_(__lg>x
L+ky+ml—1+k a

1
< E ﬁl—k,ﬁz-—k,—n,1+n,;;

1—ky—k+m1-1
where R(B; — k) > 0, R(B, — k) > O,R(k — n) > 0,R(1 + n + k) > O0anda, b, c
are real and positive.
Again (1) in combination with (6) and (13) gives:

(60) J. xV27k"1(1 + ax)"Y2 Pi(1 + 2ax) F, (al, 4y 84, 055 — 9, -—c) dx =
0 : X

a*~"2 sin (nn) 1(8,) [(6;) S (=)
sin (kn) I'(e,) I(¢;)  m=0 m! [(6, + m)
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a1+m,a2+m,—n+k,1+n+k:—1— ( 1)" :
x | E abl — _—E X
: a

1 +kd,1—1+k

o, —k+moay,—k+m —n1+n:-—
E ab

1—k 6, —k,1~—1
where R(o¢; — k) > 0, R(x, — k) > O, R(k — n) > 0,R(1 + n + k) > Oand a, b, ¢
are real and positive.
Finally; (1) in combination with (8) gives

(61) x*"'E(p; ¢,:q;0,:ax) F Bis .. B —bx dx =
0 61,...,61_
(o
211—:-_[ (J) T —E ﬁl,---’ﬁt’¢l+k, ¢ +ke g "
T k o; k
Hr(ﬂj)a sin (kn) 1+ k 0y, 00,00 + k,.., 0, + k

.\ <%)kE By —ky.os B — kb, ¢p:ei*ﬂ§
1— k6, ~k..,d,—k@,,..,0

> Uq
where R(k + ¢r) >0 (r = la 2,---’P)9 R(B} - k) >0 (] = 1, 2, ey ‘L’) and a, b,C
are real and positive.
This result was obtained by F. M. Ragab in [5] And (1) in combination with
(7) gives:
(62) J’ X" E(p; ¢, : ¢; 0, : ax) ,F, < e B b, _C) dx =
[

)’1’ ceey yg

njl;[lr(')’j) {Z (-—l)"' .
a* sin (kn),I:Ix I(e;) m=o.m

gl tmosa, +mbt+k .., ¢, + ket

a

b p—

1+k,)’1 +m,---,7¢+M,01 +k,...,0q+k

_(g)"E a —k+m..,0—k+mp,..., ¢, et g
L—ky—k=—m..,y9,—k+mb,..60,

where p < &, R($, + k) > 0, R(e; — k) > 0, (i=1,2,...,p) and a, b, ¢ are real
and positive.
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