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FRANTISEK PUcHOVSKY, Zilina

(Received November 2, 1970)

1. INTRODUCTION

1,1. Denote by I the closed interval [—1, 1]. Let « > —1, # > —1 and let u(x)
be a real function integrable and bounded on I. (The integrals in this paper are
those of Lebesgue.)

Put
(1,1a) Jx)=(1-x*(1+x)
and
(1,1b) Q(x) = J(x) ™.
Letforn=0,1,2,...
(1,1¢) 0,(x) = 3 afxr*
with -
(1,1d) a’ >0

be the orthonoimal polynomial associated with the function Q(x) on the interval I,
i.e.

(1,10) LQ,,,(x) 0.(+) 0(x) dx = 6,1,

Here ,
MmEnN=>0,,=0, 6pm=1.

The function Q(x) is called the weight of the polynomials Q,(x).

By a well-known theorem there exists for every n one and only one polynomial
0,(x) satisfying (1,1¢) and (1,1d). (See [5] p. 66.)
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1,2. Let

(122) Jux) = 3 b
k=

where bJ? > 0 be the orthonormal polynomial associated with the function J(x)
defined by (1,1a) on the interval I.

J,(x) is a special case of the polynomial Q,(x) for u(x) = 0. J,(x) is the normalized
Jacobi’s polynomial. (See [1] p. 42.)

Therefore the polynomials Q,(x) represent a generalization of the Jacobi’s poly-
nomials.

1,3. This paper is the first part of a treatise dealing with the above defined genera-
lized Jacobi’s polynomials Q,(x).

The main object of this paper is to establish the differential equation (4,2b) for
a certain class of the polynomials Q,(x). This equation is a very useful tool for solving
many problems connected with the polynomials in question.

J. Korous has derived a differential equation for a more general class of poly-
nomials. His equation, however, is non-homogeneous. (See [2], [3], [4].)

For a class of the polynomials Q,(x) we derive the inequality (2,9b) which is an
extension of the well-known inequality for Jacobi’s polynomials.

We shall also establish a relation between Q,(x) and Q;(x). (See Section 3,4.)

2. SOME PROPERTIES OF THE POLYNOMIALS Q,(x)

2,1. Throughout this paper the following notation is used:
1. n = O is an integer.
2. {P} is the degree of the polynomial P(x).
{P} = —oo, if P(x) =0,
P(x)= m, if {P} < n.
3. I'is the closed interval [ -1, 1].
4. ¢;(i = 1, 2,...) are positive constants independent of x € I and of n.
ci(x) (i = 1,2,...)is a function of x € I and n such that |c,(x)| < ¢

The numbering of ¢; a ¢,(x) is independent for every section.

2,2. If P(x) = Y, a;x*, a, % 0, then by a well-known theorem
k=0

(2,22) P(x) = :L:,OPI; Qu*),
where
(2,2b) b = LP(X) Qu(x) Q(x) dx .
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(See [5] p. 73.)

Hence
(2,20) n>re I P(x) 0,(x) O(x) dx = 0
and ‘ ‘
(22d) [ P9 0 009 05 = 55,
where a$’ > 0 is defined by (1,1c).
2,3. Let
(2,32) do =0, n>o=~q,=ﬁz‘%-).
By (2,2d) for n > 0
(2:3b) 40 = j % 0a(%) Ou-1(x) O(x) d
and '
239 na;t = j 0/(x) Qu-1(x) Qx) dx .
Hence forn = 1,2, ... '
(2,3d) 0<g,<1.

Proof. From (2,3b) we see at once

@ < J 10,69 0u-i()] 00 8 = a3 < J 06 06 ox J 01-1() Q) dx = 1.

2,4. The equation

(2’43) dn+1 Qn+1(x) + (ju - X) Qn(x) + qn Qn—i(x) =0 ’
where
(2:4b) Ja= f % 0(x) Q(x) dx = |jiuf < 1

is the well-known recurrence formula for orthonormal polynomials. (See [5] p. 77.)

25. Forx + t
(2,52) 0u(x, 1) =k§n:oQ,‘(x) 0u(f) =
= (x - ‘)-1 dn+ 1[Qn+ 1(") Qu(‘) - Q,.(x) Q,.“(t)] .
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Similarly for the polynomials J,(x) defined by (1,2a)

(2:56) T ) = 3 40) 9u0) = (5 = 07 @) 90 = 3,) 10O,
holds where x + t and |

(n)
(2,50) Qi = 2

+1)°
by D

(2,5a) is the Christoffel’s formula. (See [5] p. 79.)
Applying (2,2b) we can write the formula (2,2a) in the form

(2:59) P(x) = [ PO 0 1) 0() a1
(2,5¢) P() = | () 3., ) J(o) ..

2,6. We introduce the following sets of functions:

Let f,(t) be a real function of ¢ which depends on the parameter x € I and is defined
for all te[—1, 1] with the possible exception t = x. The functions f,(t) exist for
every value of x € I. Put

(2,62) y = min (o, ).

g, denotes the set of the functions f(t) such that fory > —%

(2,6b) fl)e 5, f (1 = 212 £,(0) dt = ey(x) .
Here

o) [a-eyrirla=im [ (1 @les
I yox— J -1

+ lim r(l — )72 |f (1) dt.

y=x+

The integrals in (2,6c) are those of Lebesgue.

If y < —14, then f,(t) € §, if and only if there exists a constant ¢ > 0 independent
of x eI and t eI such that '

(264) 0] <.
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The inequality (2,6d) implies
(2.62) fim |f(1)] < ¢
=X

for every x e 1.

Remark. It is easily seen that o(f) € §, for y 2 —34,if [; (1 — )™"/2 |(1)| dt <
< +oo for we may write f,(f) = ¢(t) for every x eI.

Similarly ¢(f) € §, for y < —14, if ¢(t) is bounded on I.

Clearly, if y; < —% and y, = —4, then §,, = §,,.

2,7. Let ¢(t) be a real function defined on I. Then we shall use the following nota-
tion

(2.7a) Ae(t) = (x = )7 [o(x) — o(1)].-

It is easily seen that A,(f) € §, = ¢(f) € §,.

2,8. In the notation of Sections 1,2 and 2,1,
(8)  p=min(af) 2 —3= (1 - ) FE) L) = a6).

Proof. See e.g. [2] p. 9. In this paper (2,8a) is proved for y > } but a slight modi-
fication of the proof establishes (2,8a) also for y = —1.

2,9. Let in the notation of Sections 2,7 and 2,6

(2,92) Y2 —% and Au()es§,.
Then v
(2.99) V(@ = x?) @%(x)) Qu(x) = ¢4(x).

Proof. We shall use a method of J. Korous. (See [2] p. 9.) Applying (2,5¢) we
deduce that

(0 0,(x) = a, J(x) + Ry(x) .
Here

a, = f Q1) J(1) J(1) dt .

Hence

@) ol < J'Ie-'«" 02(1) 0(i) dt L.I,f(t) J()dt < ¢ .
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Since
Jn-l(x’ t) = Tp-1

with respect to t,
€)) |
Ry(x) = J' () Juos(x, 1) (1) dt = I () Juos(, ) [J(2) = €4 Q(e)] dt

Applying (2,5b) we obtain for the integrated function L,(t, x) in the second integral
in (3)
) |La(t x)] < @21 @u(A)] [x = 7" [t — exp [u(t) — u(x)]] -
. {l‘,n(x) Jn-l(t)l + lJn-l(x) Jn(t)l} J().

It is easily seen that

) |t — exp [u(f) — u(x)]| < c2|x — 1| Acu(t).
Let
(6) s = sup (1 ~ x%) JHx)) [ Q)]

and x, € I a point in which the above function assumes the value s.
Further let § > 0 and

(7) Io=(x°"‘6, x0+5)('\I.

Since u(x) is bounded in I (see Section 1,1) A u(t) is bounded on the interval I — I,.
Making use of (4), (5), (2,8a) and (2,3d) we deduce that

® Y- [ Ll <e LiQ,@l (o) +

JI-Io
2

+100 0 dr<ea [ [ @20 Q(z)dt]‘”{ JERCIEO RO S
Further, (3), (4), (5), (2,8a), (2,9a) and (2,6b) yield

) Y = =8 7o) [ Ilexol o < e[ (1= )70 ] a <

Io

if we choose & in (7) sufficiently small.
It follows from (8) and (9) that
(10) Y@ = #5) 7x0)) [Ri(xo)] < €7 + >
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(1), (2), (10) and (2,8a) yield
s = (1 — x3) *(x0)) | Qu(xo)| = {lan] [Ta(xo)] +
+ IR} (L = ) ) <o+ 2.
Hence
(11) §<c¢g.
Asforxel

0(x) = @ J(x) £ ¢;0 J(x),
(2,9b) follows from (11). ' '

3. LEMMAS

3,1. We shall use the following notation:
If o(t) is integrable on I, then for m = 0, 1,...,n =0, 1, ...

(3.12) L[o()] = f () 0.0 0.0 0() 0.

Remark. ¢ on the left-hand side of (3,1a) indicates that the integration variable is f.

3,2. Let in the notation of Section 2,6

(3,2a) f{Des,.
Then for m < n
(3.2b) Lna[ (0] = €i(x) -

Remark 1. The integral (3,2b) is meant in the sense of (2,6e).
Remark 2. If ¢(f) does not depend on x we put
S = ¢(9)

so that
(3.2¢) In L 2] < €,
provided that ¢(t) € §,.
Proof. 1. If y 2 —4, we may apply (2,9b). It is for te (-1, 1)
|2.(8) ©(9) Q(0)] < ex(1 — 7)1
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so that

. Ol < j (L= )12 |7,(0)] dt < e,
I
in virtue of (2,6b).
2. If y < —1%, we have by (2,6d) and (2,62)

L0 < 5 j JLXCLXCTOLTS
< ¢ [ j 02(1) 0(r) dt j 02(h) (1) dr]‘”= .
.3,3. Let l,b(t) be integrable in I. We put

(3,32) A(x, ¥) =g, f (1) Qu(t) Qu—i(x, 1) Q1) dt,

where Q,_(x, 1) is defined by (2,52).
Further put
(3,3b) MO =1, L(f)=t, A(f)=1-1,
Vi(t) = 4 o) (i=1,2,3).

Let
(3,3¢) Ap(r)e s, .
Then fori =1,23
(3,3d) A(x, ;) = {ax) + L o[2(1) Ao(t)]} Qn-1(x) +
; + {Bi(x) = Lua-1[240) Aco (D]} Q) -
(3,3¢) oy (x) = Bu(x) = Ba(x) = 0,

a(x) = o(x), a3(x) = —(x +ja) 0(x), Bs(x) = ga 0(x),
where j, is defined by (2,4b).

Further A
(3,3f) A(x, W) = ¢4(x) Q- 4(x) + c(x) Qulx) -

Proof. 1. The existence of the integrals on the right-hand side of (3,3d) is made
evident by (3,2b). Further, (3,3d) and (3,2b) verify (3,3f) provided that (3,3:) is true.
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2. Since
0,-1(x, t) = m,_, with respect to the variable ¢ we have for

V) =1, v = o) — ox), ¥ =x 1

the equations N

(1) A(x,¥) =0, A(x, 9) = A(x, y*)
and in virtue of (2,5a), »
) , A(x, y**) = *Qn—l(x)-

3. As a consequence of (2,5a), (1) yields
3 A1) = A(x, ¢) = 1, [A0(0)] Cuoi(x) = 1, .- 1 [A.0(£)] Qu(x) -

4. Since

Vat) = ¥ax) + (2 = %) o(x) + tlo(t) — o(x)]
we deduce from (1) and (2) that (3,3¢) holds also for i = 2,
5. It can be easily seen that

©) ¥3(9) = ¥a(x) + (1 = ) [o(t) — o()] + (x* = ) o(x) .
Hengce, if we put ¢,(t) = 1, ¢,(f) = x + ¢ then owing to (1),
A(x, ¥r3) = L, [25(1) As0()] Qn_y(x) —
= L u-1[45() Ax0(0)] Qulx) + [Tn-1[01(9)] u(*) - 1, . [02()] Q- 1(x)] ().

From this equation (3,3¢) follows for i = 3 by applying (2,3b) and (2,4b).

34. Let

(3,4a) Au'(t)e §, and ;— [A(1)] g, -
X

Forv=0,1,..,n

(3,4b) 7= =L, [A:(5) w (0]

where A5(t) is defined by (3,3b).

(3,4¢) [M+e®] ™ =1+Cn) o+ p+1y(j,+x) w(x) -
— I [4:() A (91} 5

where j, is defined by (2,4b).

(34d)  dy(0) =3[l + ()] {x —dn = @) [ + B+ 2)j, +

+a = B+ v, — 245 w'(x) + 24, Tnn-1[25(1) A’ (£)]} .
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Then
(34) 4 Qa-s¥) = @)™ [1 + e(x)] (1 — x*) Qi(x) + dyfx) 0,(x),

(3.4f) e(x) = n"1e(x),
(3.4g) dy(x) = ca(x),
(3,4h) e(x) = n"1cy(x).

Proof. 1. The existence of integrals on the right-hand sides of (3,4b), (3,4c) and
(3,4d) as well as the existence of

d_d; L [As() A ()]

is a consequence of (3,4a) and (3,2b). Since by (3,4a) u’(x) € §,, e}(x) exists in the
interval L.
(3,4f), (3,4g) and (3,4h) follow then from (3,2b).

2. It is easily seen that
Uy(x) = (1 — x*) Qu(x) + nx Q\(x) = =, .

Hence by (2,2a)

0 Uns) = T, 0,9,

where by (2,2b)

@ % = f’[a — 1) i(9) + mt 0.(8)] 01) Q(h) dr .
Integrating by parts we obtain

) 0= - jr(l'— £) 0,0) () (1) dt + I [w(],
where

Va() =(@—B)+(@+B+2+n)t—(1-)u(s).
3. (3) enables us to establish the following results:
©)] | v<n-—-1=a,=7,,
where v, is defined by (3,4b).
Adding (2) to (3) for v = n we obtain
(5) t=3@+B+2n+2)j,+a—f+1y,].
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Since

X2 Q4 y(%) = (1 = 1) % Quoss) + T »
(3) yields

(6) Upey =20 + a + B+ 1) gy + Pay -

4. By means of (2,5d) we obtain
) (1 = x%) QUx) = tyey Qu—1(x) + (2, — nx) Qu(x) — gaA[x, A34'] .
(3,4¢) is a consequence of (7), (5), (6) and (3,3d).

3,5. Provided that (3,42) holds,

(3,52) L(l - x%)? @2(x) Q(x) dx | < ¢yn*.

Proof. (3,5a) is a consequence of (3,4e).
3,6. The following equation holds:

(3,60) K, =4, J (x + 1) Q1) Qu_ (1) QL) di = mx + 5.

Here s is the sum of the zeros of the polynomial Q,(x). Since all these zeros are
contained in the interval (—1, 1), it is

(3.6b) , |sP] < n.
Proof. 1.
(1) x* Qix) = nx[ad’x" + a’x""1] —

— ax" + m,_; = nx[Q,(x) + -] +
+ sP[aPx" + m,_y] = nx Q(x) + my—y +
+ sPLQ4(x) + mp_y] = [nx + s{] Qu(x) + 7y -

2. Making use of (2,4a) and (1) we deduce that
K, = J (% + 1) Q&) [t — Ji) Q) — a1 Qural®)] (1) At =
I
=+ [ {Doe + o] 0.) ~ 3t 040} 04 €9 41 =
= n(x + j,) + s — nj, = nx + s
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3,7. Let
(3,7a) 3 Au' (e §,.
Then

37) L —a, fl(l — ) A (1) Q1) Oy (1) O(1) dt = m ey(x)

Proof. 1. Let y 2 —4. Then in virtue of (3,4e), (3,4f) and (3.4g),
(1 = %) Qi < eunl] Qw103 + |2,
Hence by (2,9b)
(1) (1 = %) [2(x)| V[Q(X)] < ean(1 — x?)~114,

From (3,2b) and (1) it follows that
|La| < ¢3n L(1 =)V [Au (1) dt < cqn .
2. Lety < —3. Then in virtue of (3,5a) and of (2,6d),
0 < s [ [ = 27 020 009 a [ o2 09 a "< en.
3,8. Let
(3,8) Aw()es, and (1 -7 gAxu’(t) €3, )
For the sake of brevity, put
(3,8b) 2:() = 07 [(1 = ) Aw() ()] =
~ (U= A S A ) = [+ B+ D142+ (1) w()] au().
Then in the notation (3,7b)
(3.8¢) B(x) = f,(l = 1) w(1) Q1) Qu-i(x. 1) Q1) dt = (1 — x2) w'(x) Q}(x) —
~ (1) + Hol O} 40 Cans() + {[nx + O] w(x) — L} 0u(3)

Here s{" is defined in Section 3,6.
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Proof. 1. As a consequence of (3,8a) there ;exists u"(x) in the interval L.

Therefore u'(x) is continuous on I and consequently

(Y w(t)Au' (e §,.
By‘(l) combined with (3,2b) the existence of I, ,[¢4(t)] is made evident.
2. Clearly

P (L= B w() = (1~ )W) + (2 — A w(x) +
+ (1 =)[uw() — v (x)].
Making use of (2,5a), (3,6a) and (3,7b) we may write
B(x) = (1 = x*) w'(x) Qfx) + [Knw'(x) — L,] Qu(x) —
~ 00 0,9 [ [+ ~ (1 = ) 8001 0.0 00 ) a1

Integrating by parts, we deduce that the last integral is equal to

€)) nx u'(x) + iI,,.,,[q;,(t)] )
(3) and (3,6a) complete the proof.

4. THE DIFFERENTIAL EQUATION OF THE POLYNOMIAL Q,(x)

4,1. 1. If Au'(t) € §, and u"(x) exists in the interval [—1, 1], then
(4,1a) Au(t)e g, .
2. If (0]ox) [Axw'(¢)] € §, and u"(x) exists in the interval [—1, 1], then
(4,1b) 2 [aw(i]e 5,
Proof. 1. Clearly
Au*(t) = [w(t) + w(x)] Au'(t) e §,

as u'(t) is continuous on I in virtue of the existence of u”(x).

2. It is easily seen that

(1) % [Au2(1)] = u'(x) A (1) + [w(t) +u'(x)] % [Au(9)].
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There exists ¢ between x and ¢ such that

. A (f) = u"(§).
In virtue of the existence of u”(x), the function u"(x) is continuous on I and
consequently
) A (®)] < ey =>Au()eE,.

From (1) and (2) it follows that (4,1b) is true.

4,2. Let
(4,32) (1 = 2) Au(), (1 - tz)g;A,u’(t) and Au(r)

be elements of §,.
Then

@2) 07 L[ - #) € O] + (1 ~ ) 5,09 €is) +
+ [22 + a,(x)] Qu(x) = 0.

Here

(4,2c) =[n(n +a+ g +1)],
(4,2d) a(x) = ncy(x),
“(4,2¢) b,(x) = n7* ¢5(x).

If (4,2a) is true and, moreover, the functions

@) -0 Zpwol 0 -0l Zas)

are elements of §,, then b,(x) exists in the interval [-1,1] and

(4,28) by(x) = n" ¢5(x).
Proof. 1. It is easily seen that

D) = 07Hx) < [(1 = %) Qi(¥) Q)] — (1 = %) w(x) Qi(x) + & 0,0) = s
By (2,2a)

[0 D) = T, 0.
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Making use of (2,2b) and integrating by parts we obtain
B, + J‘(l — x?) u'(x) Qi(x) Q,(x) Q(x) dx =
I

=—jp~xﬂmwewnmwx=igwﬂn-xﬁmwemy=
- L(l — %) w(x) Qu(x) Q1(x) O(x) dx .

Hence

(2) B, = j 1(1 — x2) u'(x) Q3(x) Q(x)d [g:_%] =

= —2[ (1= ) 0/6) 0.) 009 4x ~ [ 409 0.3) et - ) ') Q]
For the sake of brevity, put
() = ML [(1 - ) w() 0] =

= =) [w(@) +wXt)] - [(«+ B +2)t+a— plu(r).

From (1), (2), (2,5d), (3,3a) and (3,8¢) it follows that
® D) = - aA(x ) — 2B().

2. For the sake of brevity, put
(@) o:t) = (1 = A)AJu() + wi(t)] — [(« + B+ 2)t + (« — ] A'()
and let @4(t) be defined by (3,8b).

Making use of (3,3d) and (3,8¢) we obtain from (3)
(5) D(x) = —=2(1 — x?) w'(x) Qi(x) + 2n u'(x)qy Cp-4(x) +

+ gn 21(%) Qu-1(¥) + €2(%) Q) -

Here

©)  es®) = (x +j) [w'(x) + w(®)] + (« + B+ 2)w(x) + Lafoa(t) = 0a(1)]
and

() 0¥ = -qi[w'(x) + wi(x)] = 2[nx + sPTw(x) + guLua-1[02(1)] + 2L,
where s{” i8 defined in Section 3,6 and L, by (3,7a).
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The existence of the integrals in (6) and (7) is guaranteed by (4,2a) combined with
(4.1a).

3. Replacing g, Q,-1(x) by the right-hand side of (3,4¢) we may write (5) in the
form ‘

® D,(x) = ~(1 — ) [w(¥) + b,(x)] Q(x) — a,(x) Q).
Here

o) b = = =1 + e () = &) W)

and

(10) a(x) = —oa(x) — [2n u'(x) + 0,(x)] du(x) -

4. (4,2d) and (4,2¢) may be derived from (6), (7), (8), (9) and (10) by employing
(3,4f) and (3,4g).

If (4,2f) is true, then (4,1b) holds and b,(x) exists. (4,2g) is then deduced similarly
as (4,2¢) if we take (3,4h) into consideration.

4,3. Sufficient conditions for (4,2a) and (4,2f).

I Lety = —%..
1. (4,2a) holds, if there exists ¢ > 0 such that

(4,32) xel, tel=|u"(x) — u'(f)] < cifx — 1.
2. (4,2) holds, if
(4,3b) xel, tel=|u"(x)— u"(t) < cox — 1.
IL. If y < —4, the assertion is true if we put in (4,3a) and (4,3b) e = 1.

Proof. I. 1. Let (4,3a) be satisfied. Then u”(x) is continuous on the interval I
and consequently : '

(1) |Aw' ()] < sup [u"(x)| = Au'(t) € G, .
Further |
(2 |A ()] < eslx — o1 7e = Jq_ (1 = 2P YA (1)| dt <

A< §c4[(x + 1) + (1 — x)] < csr.
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There exists T between the numbers x and ¢ such that

%Axu’(t) — (t = x)u'(t) — [w'(t) — w'(x)] = (t — %)~ [w(f) - w(2)].

T
By (4,3a)
l%Axu‘(t) <cglt— x|t —1f < |t — x|t
Hence
3) J'I(l _ )y a%A,,u’(t) dt < cs.

(1), (2) and (3) show that Au'(f), (1 — %) A'(f) and (1 — ) (8/0f) Aw'(¢) are
elements of §,

2. Let (4,3b) be satisfied. Then there exists &; (i = 1,2, ...) between x and ¢ such
that

0 , (x ~ Hu'(x) — [w(x)—uw()] 1 _,
— A = = .
ax[ -xu (t)] (x _ t)z 2u (61)
Hence
a ’ 1 m
@ FRCIESTINC
Further
® 2 a2
0x x —t
< colx — |7 |x = &ff < eqolx — | 7HFE
and
© - [aa(o)] = [ <

< C11|x - tl—l Ié,‘ - €3Ie < Clzlx - tl_1+s .

From (4), (5) and (6) we may derive that

i) 0 02

—Au(t), (1 —)=Au"(t) and (1 — *) ——Au'(t

Taa(), (1= 1) ax() and (1- )= au()
are elements of §,.
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I1. The proof for y < —% may be carried out by a similar argument.

Remark. It is obvious that the above condition may be replaced by a more general
one. For iristance |x — 1|* in (4,3a) and (4,3b) may be replaced by [Ig™*~*|x — {||.
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