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A NOTE ON SYMMETRICALLY CONTINUOUS FUNCTIONS

DAviD Presss, Praha
(Received January 26, 1971)

Dedicated to the memory of Prof. VOITECH JARNIK

A function f defined on the real line R is called symmetrically continuous (on R)
if for every x € R

lim (f(x + ) = f(x = k) = 0.

H. Friep [1] proved that every symmetrically continuous function is continuous
at every point of a dense subset of R. In the present paper it is proved that such
a function must be continuous almost everywhere.

Lemma. Let E = R be a measurable set, let 0 be a point of density of E (see [2]).
Then there exists ¢ > O such that for every x € (0, &) there exists t € E n (1x, 1x)
such that 2te E, 4t — x € E.

Proof. We denote IAI the measure of 4, 24 = {y ER; y=2z,z€ A}, A—a=
={yeR;y =z — a, ze A}. Let & be such a positive number that for every h € (0, &)
it is |En (0, h)| > £2h. Let x€(0,&). We set E; = E N (4x, 4x), E, = (2E,) n E,
E; = [(2E;) — x] n E. Now an easy calculation shows |E| > 5x, E, = (3x, 4x),
|2E,| > #x, 2E, & (3x, x), |E 1 (3x, x)| > 4%, |Es| = |E 0 E,) A (3x, x)| > 4x —
- 2(3x — ¥x) = &x, |2E,| > &x, |2E3) — x| = [2E,| > &x, E; = (3x, x), |Es| >
> 3x — (4x — %x + %x — —lz—sx) = 0. Therefore E; + 0. Then there exists t; € E;,
t; =2t, — x,t,€E,, hence t, = 2t, te E, and t is the required point.

Theorem. Let f be a symmetrically continuous function. Then f is continuous
almost everywhere.

Proof. We put
osc f(x) = Hﬂgup {{f(x1) = f(x2)|; %1 — x| < b, |x2 — x| < B},
@(x) = min (osc f(x), 1) .
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The function f is continuous at x € R if and only if ¢(x) = 0. According to the
Fried’s result ¢(x) = 0 at every point of a dense subset of R.

At first we prove that ¢ is symmetrically continuous. Let x € R. Let ¢ be an
arbitrary positive number, let 6 > 0 be such that for every h, 0 < Ihl < ditis
|f(x + h) — f(x — h)| < de. If 0 < [ho| < 6, K < oscf(x + h), then there exist
x!, x? such that

X+ hy = lim x} =
: n—+oo n

£i+mwx,f, [f(x)) = f(x2)] > K.

Weset y! = 2x — x!, 2 = 2x — x2. Thenx — hy = lim y! = lim y?. For large n

n—+ o n—+ o

itis |[f(x1) = f(ya)| < %e, |f(x2) — f(¥?)| < e, and it follows that osc f(x — ho) 2
> K — ¢. From this fact it is easy to deduce that ¢ is symmetrically continuous.

Now ¢ is measurable. Suppose at there exists « > 0 such that ¢(x) > « in a set 4
of positive measure. Let P < A be a perfect set, lPl > 0.

For xe R we choose d(x) > 0 such that for 0 < |h| < &(x) it is |@(x + h) —
> a0
— o(x — h)| < $a. Let 4, = {x e P, 8(x) > 1/k}. From the fact that P = {J 4, it
k=1
follows that there exists k, such that lﬂkol > 0. Let x, be a point of density of P, =
= A,,. We can suppose that x, = 0. We choose 0 < &¢ < min (1/k,, 8(0)) according
to the lemma (where E = P,). Let x, € (0, ¢) such that ¢(x,) = 0. Then there exists
te Py (3x, 3x,)suchthats = 2te Py, x, = 4t — x, € P,. Wesetd = §(x; — x,).
Let ue Ay, 0 (3x1, 3x,), |u — tl < min (3(d), 5(0)). We put s; = 2u —s. It is

Isli = |2u - 2t! < 4(d), [d - 31[ < ldl + |s1| < §(0),
lo(si + d) = (s, — d)| =
< [(p(d +51) — o(d — sl)[ + [(p(d —s50) — o(—(d - sl))[ < do,

[xl—-u|<—1~<5(u), [xz—u|<¥1—<5(u),
ko ko

Si—d=u—(x —u), sy +d=u—(x— u)
lo(x1) = olsy = d)| = [o(u + (x, = ) — o(u = (x; — w))| < 4«
|o(x2) = @lsy + d)| = [@(u + (x, ~ u)) = o(u = (x, — w))| < 4«

|o(x1) = 0(x2)) = |o(x1) = olsy — d)| + |@(s; — d) — (s, + d)| +

+ |o(s: + d) — o(x,)| < 3a.

But ¢(x;) = 0, ¢(x;) > a which is a contractidion. Hence it follows that ¢(x) = 0
a.e., therefore f is continuous almost everywhere.

The following example shows that the set of points at which a symmetrically
continuous function is not continuous can be uncountable.
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Example. It is well known that there exists such a trigonometrical series

@ o
Ye,cos (nx — a,) that Y |o,cos(nx —a,)| = +o0 ace.
n=1 n=1

and

i |en cos (nx — a,)| < + o0
n=1

at every point of an uncountable set. We set
f(x) = (1 + Y |eacos (nx — a,)))~* if Y |e,cos(nx — %)) < +o0,
n=1 n=1

f(x)=0 : it i[gn cos (nx — o)

= 4+o.

If f(xo) = O, then f is continuous at x,. If f(x,) > 0, then we use the following
inequalities

|les cos [n(xo + h) — &,]| — |en cos [n(xo — h) — ]| < 2
|le cos [n(xo + h) — a,]

@, cos (nxy, — oc,,)]

— lencos [n(xo — h) — a,]|| < 2|e,| |sin nh|.

From the first formula it follows that if f(xo + h) = O then f(xo — h) = 0. If
f(xo + h) > 0 then for every N

|/ (xo + h) — f(xo— )| __<_"§1||Q,I cos [n(xo + h) — a,]| — |e, cos [n(xo — h) — &, ]|| <
gniZIQ,,I |sin nh| +,.=§'+1IQ" cos (nxo — a,)| -

It follows easily that f is symmetrically continuous. Obviously f is not continuous at
every point where it is positive. -
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