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NOTE ON STABILITY OF A CONTROL SYSTEM

JAN KUCERA, Ivo VRKOCG, Praha
(Received August 25, 1967)

It is well known (see [2]) that the systems of homogeneous linear ordinary differen-
tial equations have following two properties. The uniform asymptotic stability of
origin is equivalent to the exponential asymptotic stability and the stability of origin
is equivalent to the boundedness of every solution. In this paper we will show that under
some assumptions the same can be extended on a control system

1) x=f(x,u), ue.

Here we mean by % the set of all measurable functions u : <0, c0) —» U, where U
is a subset of an Euclidean space R™. We use the usual notation denoting a norm, resp.
an inner product, in Euclidean space R™ by |.[|, resp. (., .). We say that (1) has
a solution x(z) if there is a function u € # such that x(¢) solve the equation x(t) =
= f(x(t), u(t)) in the sense of Carathéodory (see [1]). We will denote such solution
by x(t, u).

Let us start with some definitions. We say that zero-solution of (1) is stable if for
each ¢ > 0 there is such § > 0 that every solution x(¢, u), u € %, of (1) fulfils the im-
plication ||x(0, u)| £ & = ||x(t, u)| < & for every ¢t > 0. We say that zero-solution
of (1) is exponentially asymptotic stable if it exists such 7' > 0 that for every § > 0,
u € % the solution x(t, u) of (1) fulfils the implication

[x(to, w)| < 6 = ||x(t, u)| < 36 forevery t =1, + T.

We repeate one result from [3]: Let U = R™ be compact and f(x, u) : R* x U —
— R" fulfil the following assumptions:

1) fis continuous in (x, ) on R" x U.
2) f(x, U) = {f(x, u); u € U} is convex for every x € R".
3) f(x, U) is upper-semicontinuous on R".

4) It exists such constant C that for every x € R" and every y € f (x, U) it holds
(x,y) = C(1 + |x[?).
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Then for every compact A = R" the set of all solutions of (1) starting in A and
defined on a finite interval is compact in the topology of the uniform convergence.

Lemma 1. Let U = R™ be compact and f(x, u) : R* x U — R" fulfil the following
assumptions:

1) f is continuous in x on R" uniformly on U and continuous in u on U for every
fixed x € R".

2) f(x, U) is convex for every x € R".

3) f is homogeneous of degree one in x for every ue U.

4) the solution x(t, u) of (1) converges to zero as t — oo for every u € % and every
initial condition. :

Then zero-solution of (1) is stable.

Proof. If zero-solution of (1) is not stable then it exists ¢ > 0 and there are solu-
tions x, of (1) and t, > 0 such that ||x,(0)]| < 1/k, ||x(t,)| > & k = 1,2, ... For every
k = ko, ko = [1 + 1]e], we can choose tyy, t; € (0, £,> such that ||x,(t.,)] = 1/k
[xtia)]| = & 1/k < [|xi(1)] < & te€(tey, tia)- Let us put T, = t,;, — tiy, ilt) =
= k.xt + tyy), k= ko. Then the functions y,, k = ko, solve (1) and satisfy
[7O) = 1, [y(T)|| = ke, 1 < |n(B)]| < ke, te(0, T,), k = ko. It holds lim T, =

k= o0

= +4o00. In fact, if we put M = sup ”f(x u)|| |x|| <1, ue U}, then for every
solution x of (1) we have d|x|/dt < = | f(x, u)l[ < M|x|. Hence ||x(?)]| =
< || x(0)|| exp (M¢) and at last :

®) ke = |y(T)| < exp (MT), k2 ko-

We see that y,, k = k,, together with their first derivatives are uniformly bounded
on every finite subinterval of <0, o0). Therefore there is a subsequence z,, z,, ...,
which is locally uniformly convergent on (0, oo) to a continuous function z. Evidently
[z()]] = 1 for every t = 0. As f fulfils all assumptions of the mentioned theorem
from [ 3] the function z is a solution of (1). We have got a contradiction and the proof
is complete.

Theorem A. Let the assumptions of Lemma 1 are fulfilled. Then zero-solution of
the equation (1) is exponentially asymptotic stable.

Proof. We have to find such T > O that for every 6 > 0 and every solution x
of (1) it holds

(4) [x(to)]| < 6= |x(1)]| < 46, forevery t21t,+ T.

Let & be fixed. According to lemma 1 zero-solution of (1) is stable and therefore
there is such 7 > 0 that for every solution x of (1) it holds

s <O s 1= [x@] s 36, 2.
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Denote by T(z, u), where ||z|| < &, u € %, the minimum of such = 0 that x(0, u) =
= z, ||x(z, u)| = n, where x(t, u) is a solution of (1) corresponding to u. Since
lim x(¢, u) = O, the set of those 7 is nonempty and T(z, u) < + oo for every z,
t—> o0

To prove (4) it suffices to show that sup T(z, u) < +oo. Let it be not true. Then

there are sequences T, — o0, x,(f), k = 1 , 2, ..., of solutions of (1) such that

%) <6, |x(t)] >n for ted0, Ty, k=12,...

Similarly as in the proof of Lemma 1 it can be shown that there is a subsequence z,,

of x,, k =1,2,..., which is uniformly convergent on every finite subinterval of

<0, ) to a solution z of (1). Furthermore, ||z()|| = n fo every t = 0. We have got
a contradiction.

Lemma 2. Let us have functions y, : {0, ©) - R", k = 0,1, ..., s. Then it holds

(6) liminf lim sup lyo(t) + Z gt = hm sup lvo(®)] -

(815000,85)=0 1>+

Proof. Let there be such numbers a,, k = 1,2, ..., s, a, = 1, that

@) lim sup sz‘a,‘yk(t)“ < 4o,
t-+ o =
then

lim mf lim sup [lvo(t) + Z Ekyk(t)“

(815...585) 20 1=

(215000985)=0 1=+

> liminf lim sup “yo + z (ex— aies)ye| — lim sup lim sup Hsskilakyk“ =
= liminf lim sup Hyo + Z akyk]\
(81500085 -1) 20 £+
Thus it sufﬁces to prove (6) under the assumption that for any nontrivial linear
combination 2 a.yx the inequality (7) is not valid. If (6) is not true then it exists
a constant Ck> 0 and a sequence (g;q, ..., &) = 0, as i - oo, such that

®) lim sup lyo + ;sikyk“ <C.
t—= + o0

We can assume that the matrix

€115 8125 -5 Ey5
821’ 822’ .o e 82s

............

474



has at least one regular (s x s) submatrix. Otherwise, if the rank r of the matrix 4 is
less then s, then there is a linearly dependent column of A4. Let for example the s-column
be a linear combination of remaining columns with coefficients ay, ..., a,—;. If we
substitute the function y, by y, + ay,, k =1,2,...,5 — 1, and repeate this pro-
cedure (s — r)-times we get the former problem with the ((s — r) x o0) matrix (g,)
of rank s — r.

Assuming that rank A = s, we can find a regular (s x s) submatrix

of A. As the rows of A4 converge to zero with increasing row-index there is a i, -row
in 4 such that matrix

1’ 81'11’ £i12’ ’ eus
B=} ... . .

1,60, &2 oo Eig

1’ Cigir1s igiy2s oo Eigy s

s
is regular. According to (8) it exists T > 0 such that the functions y, + Y & Vi
1

j=1,2,...,s + 1, are bounded on (T, +oo) and, as B is regular, the functions y,,
k=1,2,...,s, are bounded on (T, +oo), too. We have got a contradiction and

Lemma 2 is proved.

Lemma 2 enables us to weaken assumption 4 of Lemma 1 (and consequently also
in Theorem A) in the case when the variable x enters linearly the right hand side of

equation (1). We show this exactly in

Lemma 3. Let U = R™ be compact, V = U, and F(u) : U — R"zfulﬁl the following
assumptions:

1) F is continuous on U.
2) F(U) = {F(u); u € U} is convex.
3) Vis dense in U (in Euclidean topology).

4) For every measurable function u : {0, oo) — V and every initial condition
the solution x(t, u) of the equation

) % = F(u) x

converges to zero as t - + o0.
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Then ‘every solution x(t, u), u€ %, of the equation (9) converges to zero as
t— +o0.

Proof. Let such u € % and x, € R" exist that for the corresponding solution x(t, u),
x(0, ) = xo, of (9) an inequality lim sup ||x(t, u)|| > o > 0, holds. Then there is
ty > 1 such that |x(t;, u)|| > o.

Let &y, &5, ..., &, € R” be linearly independent. We denote by y, the solution of 9)
corresponding to u, for which y,(t,) = &, g = 1,2, ..., n. If we put po(t) = x(t, u),
t € €0, 00) then according to Lemma 2 there is a neighborhood G = R” of x(t,, u) such
that lim sup ||z(f)|| > o for all solutions z(t) of (9), correspondingto u and fulfilling

t— o0

the initial condition z(t,) € G.

We can choose a sequence of measurable functions u,: €0,t,> > V, k=1,2,...,
u, — u uniformly on <0, t;>. Then the solutions x(t, u,), x(0, u) = x(0, u), of (9)
converge uniformly on <0, t,) to x(t, u).

In fact, if we denote M = sup {|F(u)||; u € U}, then for t € €0, t, > we can estimate

=

lx(t, we) — x(t, w)] = J':(F(uk(t)) x(t, ug) — F(u(®) x(t, u)) dt

< =

-+

j ;<F(uk(t» — F(u(®) x(1, u) dr

f ;F(uk(t)) (x(t, ) — x(t, w) dt

2

<M J';"x(t, w,) — x(t, w))| dt +

f (R = (i) ()

j " (Fut) — FGu() x(t, w) d]

[x(t, u) — x(t, u)|| < (exp Mt,) sup
te{0,t1) 0

From the continuity of F immediately follows that

j () = F() () dr!

sup -0 as k— 0.

te(0,ty)

Hence, there is an integer k, such that x(t,, u,,) € G and ||x(¢,, u,,)| > o. Now we
define
vy(f) = {u""(t)’ te <0, t’>}.
u(t), te(ty, )
Then lim sup |x(t, v;)| > o, where x(t, v,) fulfils the initial condition x(0, v,) =
t— 00

= x(0, u).
Further, we find a number ¢, > max (2, t,) such that |x(t,, v;)| > ¢ and repeate
the previous procedure. Thus we construct sequences t, and v, :<0, ©) - U,
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k=12 .. t > max(k, t,_,), v, mapping 0, t,> into V, coinciding with v,_, on
<0, ti— 1) and with u on (#, o) so that an inequality [*(tx> ve)|| > o holds for solutions
x(t, v) of (9), x(0, v) = x(0, u), k = 1,2, ...

Let us define o(t) = v,(f), te {te—1,t), to = 0, k = 1,2, ... Then v:<0,00) = ¥
is measurable and inequalitities ||x(¢,, v) ., hold for the solution
x(t, v) of (9). which fulfils the condition x(0, v) = x(0, u). That contradicts assump-
tion 4.

Theorem B. Let U = R™ be an arbitrary set and F : U —» R™ be such matrix-
function that for every u e and every initial condition x, € R" the solution
x(t, u), x(0, u) = x,, of equation (9) exists and is bounded on the interval {0, co).

Then zero-solution of equation (9) is stable.

Proof. If the solution x = 0 of (8) is not stable then there are u, e %, t, > 0,
k=1,2,..., such that |x(0,u,)| £1, k =1,2,..., and lim sup [[%(te )| = co.
k— o0

We keep the functions u,, k = 1, 2, ..., fixed to the end of the proof.

Denote by P the set of all x € R" for which there are sequences %, 74, k = 1,2, ...,
such that x(0, u,(t + 7)) = x, k = 1,2, ... and lim sup "x(sk, ut + )| = +oo.
We prove at first three auxiliary propositions. k=

Proposition A. P =+ 0.

Really, foreacht = 0, k = 1, 2, ... denote by Y, . the fundamental matrix-solution
of (9), where u(f) = ut + 1), te{0, ), for which Y, (1) =E (unit-matrix)

Let e; be the i-column of E, i = 1,2, ..., n. Then we can write x(0, u;) = Z age;,

k=1,2,... As |x(0, uy)| < 1, we have Z Ia,“[ <nk=12,...and
lin: sup || x(t, u,)| = lim sup [| Y o(t) x(0, w)|| =
-+ k= o0

n n
= lil’:‘_l sup || _Zla,‘,-Yk,o(t,‘) el <n leirzl sup || Y o(t) e -
- i= i= -0

That implies e; € P at least for one of indices 1, 2, ..., n. Proposition A is proved.

Now, let Py, resp. P,, be the set of those ¢;, i = 1, 2, ..., n, which do, resp. do not,
belong into P. By renumeration let e, ..., ¢, € Py, ,,H, ...,e,€ P, (P, may be
empty). If there exist such ¢;€ R, i = 1,2, ..., g, that 2 oe; ¢ P, then we take the
point e,, where r = max {i = 1,...,q; «; % 0} out of P, and put the point Za,e,
into P,.

We repeate this procedure as many times as all notrivial linear combinations of
elements from P, belong into P. Let finally, again with a renumeration if necessary,
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the points which remain in P, be ey, ..., e, We denote the linear hull of P, by L
and choose an orthonormal basis e;, 4, ..., e, in L.

Proposition B. LU P = R".
Evidently ey, ..., e, €.y, ..., €, form a basis of R". Let us take x € R" — L, then

X =y + z, where y = iaiei, ‘2 la;| # 0, ze L. It holds sup {||Y; () z|; t, = = O,
i=1 i=1 .

k=12, } < 400 and there are sequences k,, 9,7, r=1,2,..., such that
lim ||Y,.,.(9,) y| = +oo. Hence

sese

This implies x € P and Proposition B is proved.

Propesition C. For every xe P there are sequences k,, T,,t,,r = 1,2, ..., such that
x(0, u, (t + 7,)) = x, lim ||x(T;, u(t + 7,))| = + o0 and X(T,, u,(t + t,))e P for
r=12,... roe

To prove that we fix x € P and take corresponding sequences 9, 7,, k = 1,2, ...,
which occur in the definition of P. If such sequence k,, r = 1, 2, ..., exists that
x(8,, i (t + 1)) e P, r =1,2,..., then there is nothing to be proved. Thus we
assume the existence of such index k, that for every k = ko, we have x(,, u,(t + 1)) €
eL.

Let us put t, =inf{9;te (9, %> = x(r,u(t + 7))L}, k = k,. Evidently

x(te, w(t + ©)) € L, k = ko, and we can write x(t,, u(t + 7)) = 3, aei, k Z ko.
i=s+1

Denote M = sup {||Y, (f) €i]; 1,720, k = ko, i = s+ 1,..., n}, then for k = ko
we have

1% it + T = [V O = 1) x(t ult + 7)) =
= Voon®s = 1) T anel] S M 5 Joud] < nMx(o s + )] -
Hence lim sup ||x(t,, u(t + w))| = + .
Now wk; :an choose Ty < t;, k = k,, so that
K(To e + W)€ P, (Tt + 5] > o + )] = -

Proposition C is proved.
To complete the proof of Theorem B we take x € P. Then according to Proposi-
tion C there exist an integer k, and positive numbers T}, t, such that

X0, e (t + 1)) = x, X{(Tp, ue(t + 1)) e P, |x(Ty, u(t +7,))] > 1.
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As x(Ty, u,(t + 7,)) € P there exist again an integer k, and positive numbers Ty, 1,
such that

x(0, up(t + 13)) = x(Ty, uy, (t + 7,)), X(Ty, wp)(t + 1,)) € P,
[x(To, et + 12))]| > 2. Similarly we construct sequences k,, BT, P =1,2,...

If we now put u(f) = u, (t — Z T, + 1), for te<{ Z Z »), then the solution
q=

x(t, u) of equation (9), fulfilling the initial condition x(O u) = x, is not bounded and
the proof is complete.
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