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CASOPIS PRO PESTOVANI MATEMATIKY

Vyddvd Matematicky Gstav CSAV, Praha
SVAZEK 92 % PRAHA 9. 10. 1967 * &ISLO 4

STRONG MAXIMUM PRINCIPLE FOR WEAK SOLUTIONS
OF NONLINEAR PARABOLIC DIFFERENTIAL INEQUALITIES

JAN KADLEC, Praha
(Received March 10, 1966)

1. INTRODUCTION

Let O be a regionin E,, . Let u be a weak solution of the parabolic nonlinear
differential inequality (2.1), where the conditions of Section 2 are satisfied. Let
(xo» to) € 0 and let us denote S(xo, t,) the set of all (x, t) such that ¢ < ¢, and there
exists a vector function @(t), @ € C')(t, t;) where @(t) = x, @(t;) = %o, (9(7), 7)€l
for T e (t, ty).

The function u is said to have a maximum (in S(Xo, t,)), near the point (x, t,) € 0,
if for any n-dimensional ball K and every & > 0 such that (xo, t,) € Q¥ = K x
x {ty — 0, tyy, the inequality

supess u(x, t) = supess u(x, t)
(x,1)eQ(®) (x,t)eS(x0,t0)

holds.

The purpose of this paper is to prove the following two statements:
1. The function u is bounded from above on every compact subset of 0.

2. If u has a maximum M near the point (X, to) € O then u(x, t) = M almost
everywhere in S(x,, t,) (Strong maximum principle of NIRENBERG [3].).

To prove these results, we use the method of DE GIORGI [2] Using this method,
apirori estimates for solutions of nonlinear parabolic equations were obtained
by LADYZHENSKAYA and URALTSEVA [6]. For basic results concerning the elliptic
equations from this point of view see STAMPACCHIA [4].

This paper is a generalization of Vyborny’s and author’s result for weakly nonlinear
parabolic equations [1].
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2. DEFINITIONS

2.1. Definition. Let E, be an Euclidean n-space of variables x = (%45 - -5 X,), and
let ¢ be the time-variable. Put E,,, = E, x E,, the set of all pairs P = (x, t). Let 0
be a domain in E, . ;. Let m be the Lebesgue measure in E, ,;, 4 — the n-dimensional
Lebesgue measure and u; — the 1-dimensional Lebesgue measure.

The set of all infinitely differentiable functions in @ with a compact support in @
will be denoted by 2(0).

Let u € L,(0). We denote I(u) the interval (infess u(P), supess u(P)), oscu =
Pe0 Pe0 4
= supess u(P) — infess u(P) and put t = x,,,. Let M(u) be a set of all i = (iy, ...
Pe® Peg
..+ Inyq) such that

o'y

Dy =—"——
iy in’
oxy' ... 0x"

(il =i+ ... +in)

is defined a.e. in 0, q = (4;) em) be a vector. Let us denote 0 = (0,0, ...,0), e, =
= (814> 0205 +++» O 0) for & = 1, ..., n. (Here 8,5 = O for a # f, 3,, = 1.)
The space of all u e L,(0) for which
ou
O0x

Jullw = (L(Mz +j=il ) dm>”2 <t

will be denoted by WS!?, briefly W. It is obvious that for u € W we have 0 € M(u),
e, € M(u). Put 0u = (D’u)jepq) 2.€. in 0.

_2.2. Definition. Let p be a real variable. In the following we assume all qualities
real. Let a; (j = 1, ..., n), ¢ be functions of x, ¢, p, q satisfying the following relations
for some fixed u (q = ou):

1) aju — h, 0u) € Ly(0), c(u — h, 0u) € L,(0) for h e I(u),

2)j=ilaj(p, q) 4., — <(p,9) P g.vj\=::1|q.l|2 — M,p? where v>0, 0<p< ogc u,
q,€l(u),

3);;&,@, q)| = Mz(jiqul + p)for0 < p< osc u, g, € I(u),

4)}2":1(6/6%) (afu — h, ou) — aju, ou)) + c(u — h, ou) — c(u, 0u) = M,,jillau/ale

for every h € I(u) in the sense of distributions. -

(Here we do not express the dependence on x and t.)
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2.3. Example. Let u be a function with derivatives of the third order continuous in @.
Let ¢(v, du) = 0,

, . Ou  [2Pu\}
Y a T ae 3
ajv,0u) = |1+ f Xj e

ot 4+ (2 4 (22 )%
ot 0x}

Then conditions 1) to 4) are satisfied for u > 0.

+ varctg x; .

2.4. Definition. In the following, let u be a solution of the nonlinear parabolic
inequality

(2.1) ou <y —?—aj(u, ou) + c(u, ou) + M3y
j=1 0x; i=1

a_u
ot f 0x;

J
in the sense of distributions, u € W.

The objective of this paper is to prove the common parabolic strong maximum
principle for u. We must slightly modify the formulation of this principle because u
is not necessarily a continuous function.

3. PROOF OF THE BASIC INEQUALITY

3.1. Lemma. Let u € W; then |u| € Wand | |u||y < |u]s-

Proof.
o] _ |ou
0x; 0x;

a.e.in 0.

3.2. Lemma. Let u, v € W. Then max (u, v) € W.
Proof. max (u, v) = }(u + v) + ¥|u — o).

3.3. Notations. Let us denote R" the operator of regularization which is posi-
tive selfadjoint and for every v with compact support in @ there is a 7, such that
R"(0v/dx;) = (0/0x;) R", R"(dv/ot) = (0/0t) R™ in O for 0 < n < 1.

Further, let us denote Y(t) = Y(dy, t;, 15, t) the continuous function defined for
t, < t5, 0, < Ht, — t;) by

() = 0  for té(r,t,),

Y@ = 1 for te(t, + 64, t, — 8y),
Y'(t)= 1[5, for te(t,,t, + 6,),

Y'(t) = -1/, for te(t, — oy, 1)
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In a similar manner the function
x(82, xo, 7, X) = Y(83, =1, 7> lx - xo‘)
is defined.
If h is a constant we put v, = (v), = max (v — h, 0).
Let P, = (J?o, 1), @ > 0, ¢ > 0. Then we denote

KG-G(PO) = Ko,v = {P; \x - xo\ <@g t=1ty— 0}’
kfxo) =k, = {x;|x — xo| < @}

Qo.e(Po) = Qoo = ko % (to — o, to)s

B, ofPo) = {P;|x — xo| = @, to — 0 < t < to},
MMu) ={P;Pe0,u(P)> h}=M"

% = p(k,).

The intersection of M and the set Kyg» Q¢.q» By, Will be denoted by Kg,o» Q5.0 BG
respectively.

Now we can state the main theorem of this section.

3.4. Theorem. Let x,, to, 0, ¢ be such that Q,, = 0. Then there exists a constant
C = C(u) such that

(3.1) 12‘]. |Vu,|? dm + ij updp < ij uy dp +
K,

Q.0 Ke,0

+C (j up dm + j (\V“h\ + up) Uy dﬂ) )
Qe.a Be.a

for a.e. g, to, @ and for all h € I(u), where

= (Rl

Proof. Let us denote ¥, (f) = (85, to — s 1o, 1), X5 (x) = x(éz, Xo, @, X) and
put ¢ = R"X,,¥; (R"), in the inequality

0 gf u o _ Y afu, 6u)a~q1 + o(u, du) ¢ + M;|Vu (p) dm
) at j=1 axl

for ¢ 2 0, ¢ € 9(0), which is an other form of (2.1). Thus we obtain (with respect
"to 2.2 condition 4))

n
R 9 X, (RW), — Y, Rlaju — h, ou) 9 X3, ¥5,(RW), +
P ot i=1 ; o0x

f)
+ [R%(u — h,0u) + M 5R"\Vu\] XaZ‘I’,,l(R"u),,) dm =20
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for n < no. We denote the integrals in the inequality by Io, I}, In+1 respectively. The
integration by parts yilds

Iy = - j‘ a%(R"u) X;,¥;(R%),dm = —j
o

'Q‘ (R"u),, XJZWal(R"u)" dm =
i

I3
= (R"u)’% X6 aq]al dm + (R"u),, X"zq’l’l — (R"u),, dm
o * oot o ot

with respect to properties of R". Thus

1 , . 0%,
I, = - R" X tdm
0 ZL( u)s X, ot
and
fiml, =+ [ wx, o dm.
n-0 2 0 at
Further,
a
2 (X5, %5, (Ru)y)| < C (3, 52)( — Rw)|  + R + 1) £
0x; L2(0) 0x; L(0)

=< C(51, 025 u)
and

: oo
lim J 2 (X5, 75,(RMu)y) @ dm = — hmj X,,%;,(R"), — dm =
0 n-0 Jo 0x;

10 Jo 0X;j J

0 0
= — | X;, WV, tn R am=| — (X5,¥5,us) @ dm
o 1 Ox; 0 0%;

for ¢ € 9(0). Thus we have (9/0x)) (X5,%5,(R™), — (9]0x;)) (X5,%5,u,) weakly in
L,(0). Further, R%a(u — h, du) = a;(u — h, éu) in L,(0) and consequently

0
IimI;= | a -(“ — h, 6u) -_— ('Palxa,(“)h) dm.
J J axj
0

-0

In a similar way can find lim [a+1. We have A
n-0

U ey ogm - [ 3 — how) -2 (®, X, u,) dm +
EL(“thz) at‘dm “z.l aju , 0u) 6x,( 5:X 3,148

+ j [e(u = h, ou) + M3]Vu|] X5, Y5u,dm 2 0.
0
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Further,

J aju — h, ou) 0%, X;,uydm =
) 0x;
1 x; —x
=T j aju — h, ou) ¥, — X0y dm +
e—82<|x—xo|<e 02 lx - xol

ou
i j‘ aj(“ - h, au) lllthX"z —dm.
0 0x;

Letting 6, — 0, 6, — 0 we obtain

n ou
}J ufdu—lf updu - Y, aj(u—h,au)a—"dm-f-
2 Kﬂno 2 Ke,o j=1 Q¢,0 x.i

+ j via(u — h, ou)u, du + j [c(u — b, 0u) + Ms|Vu|]u,dm 2 0
BQ o QR.C‘

fora.e. g and a.e. 5 and 0. We put v; = (x; — xo)/lx - xol- Now we can use proper-
ties 2) and 3) of 2.2 and obtain

: 0
(32 v J |Vuy|* dm — Mlj uy dm £, j aju — h, du) 5? dm —
Qe Qo0 j

Qc.0 j=1 J
1 2 1 2 d
- c(u — h, du)u,dm < - u,,du—i uy dp +
Qe.0 2 Ko,0 Ko,o
+ Cj (‘Vu,,l + u,) u, dp + M3 j |Vu,,l u,dm.
BQ,U QQ,U
Next,
v 2 M% 2
(33) My |Vu|updm < 2| [Vu P+ =2 updm
Q¢,0 4 Qo,0 v [ P9

and by (3.2) with respect to (3.3) we obtain the assertion of our theorem.

3.5. Lemma (CacciopoLr). Let « > 0 and

« 'rwz(r) dr < B + o(e) 9(e)

0
for ¢; < @ < @;,. Then -

a« rla)(r) dr< B+ a o — )’ j‘ﬂ @*(r)dr.

Q1

Proof. See [2].
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3.6. Lemma. Let v e W"(k,) where ¢ Z 1. Put N = {X;v(x) = O}, M = k, — N,
e < k,. Then there exists a constant C such that

(3.4) ( j [ du)‘” < :(LN) (u(e)) ™ (u(p)yen ( j e d#)”q ,

where 1/p =1 — 1/q.
Proof. See [5].

4. BASIC THEOREM

4.1. Theorem. Let 6¢ > 0, 66 > 0, Q,155,0+30 < 0. Then

1 1
4.1 Vu,|? dm + uzdu§C[ + —+1 J‘ u2dm.
( ) J Q,U‘ h‘ j‘Kg,o ' (69)2 oo Qo+s0,0+0c ’

Proof. Put a =2, o(r) = (f5,, (|[Vus* + uf)dp)'?; then [§o*(r)dr =
= [0, (|Vu,|?> + u?) dm. Further, put ¢(r) = C([s, , uy dp)'?

ﬁ:lj‘ u,z,d‘u-lj uﬁdu+CJ updm.
2 Ko+ce,o 2 Kq,0 Q

etde,o
We have by Theorem 3.4,

grwz(r) dr < B + o(R) ¢(R) (¢ < R < ¢ + d0)
0

and consequently,

e
(4.2) j w*(r)dr=C I:J‘ updm + 1 zj‘ ul dm] +
0 : Qe+se.0 (69) Qo+se.o

1
+—j ufdu-—ll“ uZdp.
= Kois0,0 2 Ko,0

Integrating by & over (6, ¢ + §0) we obtain (4.1).

4.2. Theorem. Let Qy+50,0+50 = 0,0 < & < 1. Put

ho_ m(Qz+éo,c+6o)

I—‘(kl) d"o
(Here u(ky) ¢"o = m(Qq.0-)) Let
n/2
(4.3) A<, A< AN
4o
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Then

(4.9) up dm < C(A"Y**2 (g* + ¢ )( 5+ 1 ~+ I)I usdm.
Qn L (5 ) Q¢+d¢ o+déo

Proof. Let s denote a = p(k,) g"(A")"""”’, B = o(A*)*®*, 1t is obvious

that ap = m(Qh,;,0+s,) and, by (4.3), B < da[4, a < p(k,) ¢"""*? < p(k,) 0"
Further put M = {t;t, — 0 — 66 < t < to, p(K%,) > a}.

If u,(M) > B then

o +d0

af = m(Q¢+JQ s+d0) = I Au(K:+ﬁo,t) dt = J~ u(K'é.:) dt > af
M

which is not possible. Hence, p,(M) < B.
By Theorem 3.4 we have

j utdu < J u? dp + CI uldm + CJ (|Vun| + us) updp
Kr,o0(x0,?) xr,l(xOr‘) Ql‘,l(xo") By ,s(x0,t)

for ae. tg —o<t<ty, 0<s<do, o <r<g+ d¢0. Let us take a fixed . If
t — s¢ M then u(K} (x,, 1)) < o and, by Lemma 3.6,

j u? du < () [W(K? xo0 ) j Va2 du
Ky ,0(x0,?) Kr,s(x0,t)

and p(K} (%o, 1)) S a.
We obtain

J uldp < Caz’"J |Vu,|? dp +
Kr,0(x0,t) Kr,s(x0,t)

+C j uldm + cf (|Vun] + uy) uy dpe
Qr,2p(x0,t) B,,28(x0,t)

fort—s¢é¢M,0<s <28

Integrating by s over the set 0 < s < 28, t — s ¢ M (the measure of this set is less
or equal 2f and greater then f because u,(M) < f) we get

(4.5) Bl uidps c«ziﬂj [Vu,|> dm +
Ky ,0(x0,t) Qr,28(x0,1)

+ CB uzdm + CB (V| + w) uydp.

Qr,25(x0,1) By ,2p(x0,t)
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Further o/ = (p(k,))*" ¢*¢~'p and, by (4.5), integrating by t€(t, — o, t,) we

obtain
] Qz
J u,fdméj uldm < CJ" (——j |Vup|? dm +
Qo0 Qr,e(x0,t0) to—o \C Qr,28(x0,t)

+ f utdm + j (|Vua] + ws) uy du) dt <
Qr,28(x0,t) B,2p(x0,t)

2
Cp (Q_ I |Vuy|? dm + f uldm +
0 Joro+ 14 8a(x0,10) Qr,0 + 1% 80(x0,t0)

+ J (IVu,,I + u,) u, d,u)
Br.ci-%éa(xoﬂo)

for ¢ < r < ¢ + 3¢ because 28 < 6a/2.

Now, let us integrate the latter inequality by r over (g, @ + 4d¢). Using the inequa-
lity of Holder and Theorem 4.1 we obtain

2
J u:dmgcp("—(1+L+l>+1+l+
Qa,ﬂ

I\

c (60)* o )
+ i (1 + L + _l_)llz)J' wdm < C(An)z/(un) (Qz + a)
69 (59)2 56 Qe+6n.v+dv ! h

i 1 1
. 1+—+—)J u? dm .
( (50)2 56 Q0+680,0%80c

5. BOUNDS FOR A SOLUTION

5.1. Theorem. Let ¢ > 0, d > 0, 0 < v < 1. Then there is a I = I'(v, o[¢?) such
that

2
(5.1) supess u(P) £ h + [~1%g~"2g=1/2 (f |u - hl) dm'/?
001

EQvn ,vza

for Q,, = 0, hel(u) such that
m(Q},) < I'd"o .
Proof. The number I" will be chosen later in the proof. Put
A= r—l/le-ulza.— 1/zw‘1)/z ,

where wo = [ga, |4 — h*dm, A, =h + A — 27", 0, = vo + (1 — V) 27", 0, =

= Kg2, K = ap™ 2.
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Let us put @ = @m+1, 0 = Opsy, 00 = @ — Qm+1, 06 = 0,, _ gp+y in Theorem
4.2. Obviously d¢ = (1 — v) gf2m*1,

o 1-) 3(1-v) c
Y U VAR () W= 0¥
4 Q_Z (Qm + Qmﬂ) de m+1 (2v + om+1 )o z om

and, by Theorem 4.2,
(5.2) Wmiy = J. “f...“ dm éf uim dp £
Qam+1,dm+x Q0m+1,ﬂm+1
S @ (R e+ ) (5 4 1) 2
Q o

We must suppose that

63 an = m(Qen ,,) < (f%)m/z u(ky) " ,

(54) ap < tp(ky) @"ov*t?, ie. I < o2 (k)
If (5.3), (5.4) hold, then, by (5.2)

(5.5) Wut1 S C(K + K™1) (g"g) ™2/ +2) g2/n+292m,,

if "

(5.6) a, < Cy2~mt*n2)gng

where Co = (3C(v))' *"? u(k,).

It is obvious that
J‘ A2
———dm < u? dm
2 = Am
leemdm 2 (D QQm,”m

for all m, so that
(5.7) a,A*272" D <,
where A2 = g "0 tw, L.

Thus, we have

r 2/(n+2)
(5.8) Wms1 = Co [ — Im2+4/(1+2)) ) 1+2/(n+2)
. WO m-1
for (5.6).
Let us take I' so small that (5.6) is necessarily true for m = 1 and

r é C02—4 , r é (CI—12—(n+4)(2+2/(n+2)))(n+2)/2 .
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Put @ = n 4+ 4. Now we prove by induction that
1) (5.6) holds for m odd,
2) if m is even then

5.9 W, S wo2™ ™,

a) We have (5.6) for m = 1 and (5.9) for m = 0.
b) Let us have (5.6) for m and (5.9) for m — 1.
Then by (5.7)
Un+z = Qmey
= I-Qna.zm+22m(2—w) é Coz(m+2)(1 +n/2)Qna.

< 2—w(m—l)wOA—222(m+l) =

and so we have (5.6) for m + 2. Now, we can use (5.8) and write

r 2/(n+2)
Vst < Cl (____) 2m(2+4/(n+2))2-wm(l+2/(n+2))
m =

Wo

1+2/(n+2)),,1+2/(n+2) - +1
20( (n ))WO /(n <2 w(m )Wu

and consequently, (5.9) for m + 1.

2 . .
Now 0 < [o,, 2 tpsy £ W, =0, ie. u,,, =0ae. in Q,, .

5.2. Theorem. The solution of (2.1) is locally bounded from above.

Proof. This theorem follows immediately from Theorem 5.1.

5.3. Consequence. If m(Q% ) < 4I'o"c and M = supess u(P) > h, then

PeQq,0

(5.10) supess u(P) < h+ M _
PeQvp,v20 2

Proof. We use the estimate
(f !“ - h’z dm)!/? < M —h Y2212
Qoo 2
and Theorem 5.1.

5.4. Consequence. Let m(Q:',,,) — cash - M wherec < }I'g"0. Then supess u(P) <

PEQvn,vzc
< M.

5.5. Definition. A function u is said to have its maximum on a set of measure zero
on Q,,if m(Qh,) —»> 0as h— M.
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5.6. Remark. Let QM < 0. We can change u on a set of measure zero so that
u(P) < supess u(P) for every P € Q, ,. Further, this fact will be supposed.

PGQ. ,0

5.1. Lemma. Let 0,,€0, 0 < 1. Then to every &, ¢, 0 < g, < g < 1 there
exists a vy, 0 < vy < 1 such that to every v, vo < v < 1 there exists Ko(#y5 o» v)
= K, such that if ¢ < K@%,

(5.11) f w2 du < eon(ks) (M ~ hY?
Kg,0
and (4.2) is satisfied for to, @ and 5¢ ~ (1 — v) g, @v ~ g, then
(5.12) .[ np dp < eyu(k,) (vo)" (M — h)>.
Kve o
Proof. By (4.2)
j u: d[l _S_ J u: dﬂr + Cz I"’(kl) (1 + —'——1-2—-——2‘> Q"O'(M - h)Z >

Kve.o Koo (1-v7e

since [¢ w*(r) dr Z 0. Thus, by (5.11),

f xwu: du < p(ky) @"(M — h)? [so + ¢C, (1 + (T:}J)Z—QZH =

= plky) ()" (M — h)* el ,

& = vl..[so + aC, (1 +(.1?1v§3-95)] vl[ (1'1C(;)2 _qz_]

Now, it is sufficient to choose vy, Ky so that

1 ’ 2C,
—leg + —°_K
v3[° (1 =2 °]

5.8. Remark. If ¢, = 1/2, &; = 8/9 we can take v, = (3/4)'/", K, = (1 — v)?[12C,.

where

lIA

5.9. Lemma. Let

(5.13) J' w2 dp < &y ullky) (va)* (M — B)?
Kyve,0 "
1>a>\/el, h* —h=aM —h), n=¢ga2.
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‘Then
#(K.0) S 1 u(ky) (V)"

Proof. If u(K™ ) > n u(ky) (ev)" then

ve,o
J uy dp %J‘ uy dp > (B* = h)? n p(ky) (ev)" = & p(ky) (ev)" (M — h)?,
Kvn.o Kh‘vq.u

which is not possible by (5.13)-
5.10. Remark. We can take a = \/ (14/15), n = 20/21 for ¢, = 8/9.

5.11. Definition. Let 0 < v < 1, Q,, = 0. Let us denote T the set of all t e {t, —
— @, t,) for which

.[ u,fduéf u,fdu+C(1+—%)J‘ ul dm
Kgv,0(x0,5) Ko,0(x0,1) (1-v)Ye Qe,s-t(x0,1)

for ae. s > t, se(ty — 0, ty). By Theorem 4.1
ui((to = 0,8) = T) = 0.

5.12. Theorem. Let to — o€ T, [k, uzdp < & p(ky) (M — 2%, 0<g <1,
g <& <1, vg<v<1, o £K,? where vy, K, are from Lemma 5.7. Then
m(Q%,52) > 0 as h— M. Further, there exists b = b(g,, &1, v, Ky), 0 < b < 1
such that m(Q}, .,2) < 30@"0v**™ for h = A + b((M — 1), 0 = K,0>.

Proof. We use Lemmas 5.7 and 5.9 for a = (g)"/*, n = (¢,)"/*> and obtain
W(Koys) < 7 p(ky) (ov)" where h* = A + a(M — 2) for ae. se(t, — o, to).

Thus, we can use Lemma 3.6 for a.e. s,q = 1, u = u, — u, where h* <h <k
and obtain

[~ k] u(k%,.) < (o) e'[ [V d

K"qv,x "Kkav,a

Integrating by s € (to — 02, 1,) we obtain

|h — K| m(Q’;y,ayz) < CQJ‘ |Vu|dm .

Qh nv,avz —Qkyv,ev2

ov,ov: gv,ov3:

Putk=M—-2Lh=M— D(l) = oM-2 M-l We have

(J qu[ dm)2 < m(D(1)) |Vu|? dm
D(D) )
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and, using Theorem 4.1,

P[m(QA )] < C?m(D(D) | |Vu|*dm <

D)

< ngm‘(D(l)) |Vu|2 dm < C(n,v) [1 + Q—z] m(D(I)) I*g"o .
QM =21, o, (2
Hence
(5.14) [m(QQ‘v;iz)]z < C(n, v, Ko) m(D(l)) "o .

Put I, = 2™™M — h*)(m = 1,2,...). Obviously ) m(D(1,)) < u(k,) ¢"o,
m=1

k
Km(@U < 3 [m(@Z)T* < €l v, Ko) 0¥
m=1

i. e. m(QM~'m) >0 as m -0, and for k sufficiently large k = k(o, &y, v, Ko)s
m(Qgv.ons) < @0V 2.
However, M — I, = A + (1 — (1 — a)[2*) (M — %) and Theorem is proved.

6. MAXIMUM PRINCIPLE

6.1. Theorem. Let t, — o € T and let u be not a.e. equal to M = supess u(P)
QE,G
on K, ,. Then u has its maximum on Q, , on a set of measure zero.

Proof. Obviously it is sufficient to prove that m(Q%, ,,2) > 0 as h - M for all v
sufficiently close to 1. Thus, let v be fixed and h < M. Then obviously &, 0 < ¢, < 1,

exists such that
f up du < & p(ky) @"(M — h)*.
Ko,o

We can suppose (1 — V") <¢g <1 and ¢ = eo’?, Ko = K&, &1, v). Using
Theorem 5.12 we obtain

(6.1) m(QV,v2 (X0, to — 0 + 7)) > 0

as h - M and © < Ko0%, © < 0. Let us denote T, the set of all 7, 0 < 7 £ ¢ for
which (6.1) holds. We have (0, Ko0?> = T;. Put 1, = sup 7. Obviously 7, € T}.

(0,0)<T
Let 1, < 0. Then there is 7 € (0, 7,) sufficiently close to 7, such thatt, — o + 1€ T
and

lim (KY 10— +:(X0s o)) < p(ky) @"(1 — V') < &0 p(ky) .
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There exists h < M such that
f up £ u(Kh omgv) (M — h)? < &o (k) @"(M — h)*.
Ko,tg-oc+x

Let us repeat our reasoning for ¢ — t instead for ¢ and obtain

m(Qﬁg,vzt‘(xo’ tO —o+1+ T*)) -0

ash— M, 1* < Kpo®, ™ <0 — 1.

Thus we can take t* such that 1, — 1 < t* < Ko0?, t* < 0 — 1, ie. 1, < 7 +
+ t* e T,. Hence 7; = 0.

6.2. Theorem. Let t, — o € T and let u be not equal to M a.e. on K, ,. Then

supess u(P) < M.

PeQev,o'vz
Proof. This Theorem is an immediate consequence of Theorem 6.1 and Con-
sequence 5.4.

6.3. Theorem. Let 0 < v < 1 and let a o, > 0 exist such that

supess u(P) = M.

PeQov,o,
Then u(P) = M a.e.on Q, o — Qpp0,-

Proof. If u(P) = M a.. in K, ,, does not hold for some o, > o, such that t, —
— o e T, then we obtain a contradiction with the assertion of Theorem 6.2.

6.4. Theorem. Let
supess u(P) = M

PEQev.a1

for some v,0 < v < 1 and every 6,,0 < 6, < 0. Then u(P) = M a.e. in Qo.o-

Proof. This Theorem is a consequence of Theorem 6.3.

7. MINIMUM PRINCIPLE AND HOLDER CONTINUITY

7.1. Theorem. Let a; (j = 1, ..., n), ¢, u be functions satisfying
1) aj(u — h, ou) € L,(0), c(u — h, du) € L,(0) for all h e 1(u),

2) Y a(p,9) g, — c(p AP Z V), |a.,|* — M,p* where v >0, — osc¥ <pP<
j=1 Jji=1 0

<0, g, €I(u),
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3)J§:1|a,(p, q)| = Mz(j;!q,,l + |p|) for — ooscu <p<0,q,el(u),

4) Y (8fox;) afu — h, du) — aju, du)) + c(u — h, 0u) — c(u, du) < M,|Vu| for
i=
every h eI(u) in the sense of distributions,
5) dulot = Y (8]ox;) afu, ou) + c(u, du) + M;|Vu| in the sense of distributions,
ji=1

ueWw.

Then the function u, = — min (u — h, 0) satisfies (3.1) and consequently all our
theorems hold for the function —u.

Proof. It is sufficient to modify the proof of Theorem 3.4. The other theorems are
based only on Theorem 3.4.

7.2. Theorem. Let a; (j = 1, ..., n), ¢, u be functions satisfying 1) to 4) of section
2.2, (2.1) and 1) to 5) from Theorem 7.1. Then u is locally Hélder continuous in 0.

Proof. In Remarks 5.8 and 5.10 we take v = v, and suppose ¢ = Ky02.
Let us denote M = supess u(P), m = infessu(P), A= (M + m)[2; u] = u,,

PeQq,o PeQo,o
u; = A—u+ uj. Then p(K;,) < du(k,) ¢" or u(K,, — K* ) < 3u(k,) "
In these cases (for simplification we take t, — o € T) either

(.1) j (uf)? du < $u(ly) (M — 2
or "
(7.2) j‘ (u7)* dp < du(ky) @"(M — 2)*.

Consider, e.g. (7.2). Then we use Theorem 5.12 and obtain for h = A + b(M — 1),
m(Qh,. ove2) < 30"avi*". By (5.10) we have

b+1

supess u(P) <A+ ——(M = 2);

PEQevoz,avo‘ 2

thus,
osc u = (1 + Il—+——1>2(M — 1) = b*oscu
Qovy2.ovo* 2 4 Q.0

because 2(M — 1) = oscu. Here 0 < b* < 1.

Qea

We have
(7.3) osc u < b*oscu, b*<1
Qov,av? Q.0 ’

for 0 = Ko0? and v = 2/(9/16) = (9/16)'"".
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Hoélder continuity of u follows from (7.3).

The assertions indicated in the introduction are immediate consequences of
theorems in Sections 4. to 7.
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Vytah

SILNY PRINCIP MAXIMA PRO SLABA RESEN{ NELINEARNI
PARABOLICKE DIFERENCIALNI NEROVNOSTI

Jan KADLEC, Praha

Necht 0 je oblast v E, ., (eukleidovském prostoru n promé&nnych a &asu t). Necht u
je feSeni nelinedrni diferencidlni nerovnosti

@é 3 iaj(u,au)+ c(u, 0u) + My ou
ot~ j=10x; i=1

i

ve smyslu zobecnénych funkci. Funkce aj, ¢ jsou funkce proménnych x, t a néjaké
soustavy derivaci funkce u, kterou souhrné€ oznaéime du. Necht tyto funkce maji
ndsledujici vlastnosti:

1) aj(u — h, ou), c(u — h, du) € L,(0).

2) Existuje konstanta v > 0 a N tak, e

ou

n n auZ
au— hou) L — o(u — h,ou)(u — h) = A N(u — h)?
P L LB ED o B

J
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6u

Xj

3)Ela,(u — h, 6u)l5N(
4) Z ——(a,(u — h, 8u) — a(u, 0u)) + c(u — h, 0u) — c(u, 0u) = —szl

\
pro viechna h z oblasti hodnot funkce u a u(x, f) > h.

O feleni u se pfedpoklddd, Ze u € L,(0) a dufox, € L,(0) (i = 1,2, ..., n).

Pro (x,, 1,) € 0 oznadime S(x,, t,) mnoZinu viech (x, t) takovych, Ze t < t, a Ze
existuje vektorovd funkce (1), @ € C)(t, 1,) pro kterou o(t) = x, @(to) = x,,
(9(z), %) € 6 pro viechna t & {t, to).

Diéle fekneme, ¥ u nabyvd svého maxima (v S(x, to)) v bod& (xo, ) € 0, kdyZ
pro kaZdou n-rozménou kouli K a pro & > 0 takové, Ze (xo, t) € Q@ = K x
x {to —9, ty), plati

+ (u —h))

0x;

supess u(x, ) = supess u(x,t).
(x,0)eQ(%) (x,1)eS(x0,%0)

Z téchto pfedpokladi vyplyv4, Ze funkce u je v 0 lokdIn& ohraniend shora. Kdy? u
nabyvd svého maxima (v S(x,, #,)) v bod& (x, to), pak u je skoro viude v S(xo, t,)
konstantni.

JestliZe kromé& t&chto podminek vyhovuje funkce u analogickym podminkdm,
zaruujicim platnost principu minima, pak u v @ lokdIn€ vyhovuje Holderové pod-
mince.

Pe3roMe

CTPOIruil NNPMHIIUII MAKCHUMYMA JJI1 CJIABBIX
PEIIEHUY HEJMHEAHBIX IMMAPABOJIMYECKHX
ANPPEPEHIIUAJIBHBIX HEPABEHCTB

SAH KAJIEL] (Jan Kadlec), Ilpara

Iycts @ — obnacts B E,,; (€BKIMOOBOM NPOCTPAHCTBE M NPOCTPAHCTBEHHBIX
u nepemennoit t). Ilycts u — pemenve HesMHelHOTO AU((2pEeHOMANLHOTO Hepa-
BCHCTBA '

du

— SZ ——a,(u ou) + c(u,au)+MZ
ot Jj=1 ax,

0%,
B cMBIcie 0606mennbIX dyHKIMiL. 3aech @ 5 ¢ — QYHKIMK OT X, t M HEKOTOPOTO
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Habopa npomspogHBIX QYHKIMHE u, 0603HAYHHOrO B COBOKYNMHOCTH 4epe3 du. Ilycrp
9TH QYHKIMHU 06J1a1aI0T CAEAYIONIMMHA CBORCTBAMU:

1) aj(u ~ h, du), c(u — h, du) € Ly(0).
2) Cymecryet nocrosiaHasi v > 0 u N Tak, 4To

i a;(u—h,éu)—a—u— - c(u—-h,au)(u—h)gvnz 252--N(u-—h)z.
j=1 axj i=1 |0x;

3) ila,(u—h,@u)léN(i —a—u—+(u-—h)>.
ji=1 j=1|0x;

4) j‘i 56— (aj(u — h, 0u) — ayu, ou)) + c(u — h, du) — c(u, 0u) = _N-=Z" ou

xj Jj=1

Ox;

JUIs BCeX MIOCTOSHHBIX h HA 0061acTH 3HayeHwi QyHKwn u v u(X, t) > h.
OTHOCHUTEILHO PEIleHHS ¥ IPEANOIOraeTcs, YTo

ueL,(0) u g—u—eLz((D) i=12..,n).
X

Hoist (xo, to) € 0 0603HaMMM S(X0, 1)) MHOXECTBO BCeX (X, !) Takux, 4ro t < t,
M cymecrsyer BekTopHas ¢yHkmas @(t), @ € C')(t, 1,), w1 Koropoit @(f) = x,
o(to) = %o, (9(7), 7) € 0 s BCex 7 € <1, ty).

Haee, cKaxeM, 4TO ¥ JOCTUTAET CBOEro Makcumyma (B S(xo, to)) B TouKe (X, o) €
€0 eciu A Besikoro n-mepHoro mapa K u 8 > 0 Takux, 4to (X, ) € Q¥ =
=K x {ty — &, t,), AIMEET MECTO

supess u(x, ) = supess u(x,t).
(x,8)eQ(®) (x,t)eS(x0,%0)

W3 Haumx NpenmnosioXeHWi ciredyeT, 4ro (YHKIMA u JIOKaJbHO OpraHMveHa
cepxy B 0. Ecma u mocturaet cBoero MakcumyMa (B S(xo, to)) B Touke (Xo, t,), TO u
paBHA MIOCTOSIHHOM IOYTH BCIOAY B S(Xo, #o).

Ecmi xpoMe ONHCAaHHBIX YCJIOBHH u YyHOBJCTBOPAET AHAJOTHYHBIM YCJIOBHSAM,
00ecneyrBaOMM, YTO HMEET MECTO TOXE NPUHIMI MEHAMYMA, TO u B ¢ JIOKAJILHO
yAOBJETBOPSET yciaosuio [enbaepa.
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