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CHARACTERIZATION OF FUNCTIONS WITH ZERO TRACES
BY INTEGRALS WITH WEIGHT FUNCTIONS 11

JAN KADLEC and ALois KUFNER, Praha

(Received December 2, 1965)

First of all, it should be remarked that results contained in this paper as well as
in its part I were included in the preliminary communication [1].

Let Q be a bounded domain of Ey and let its boundary dQ fulfil the Lipschitz
condition only. Put L, ,(Q) the common weighted space with the weight function
0%(X), where ¢(X) is the distance between the point X € Q and the boundary 0Q.

In part I of this paper [2], it was proved that the norms

k
(0.2) ”u"wmp,,(m = [i'IZOHDju”L,.(g)]llp
i=
and
k
(0.4) "u”V = [I .IZOHD]u”{p.a-(k—unp(ﬂ)]”p
=

are equivalent on the space ¥ which is the space of all functions having the norm (0.4)
finite. We obtained (see Theorem 1 in the part I), that ¥ = W, where W is the closure
in the norm (0.2) of the set 2(Q) of all infinitely differentiable functions with compact
support in Q.

In Theorem 1 we supposed « + ip — 1,i = 1, 2, ..., k, because we cannot use the
Hardy’s inequality for the “singular” values o« = a; = ip — 1.

In this paper, we give certain modification of Hardy’s inequality (1.3), which enable
us to prove Theorem 3 which completes Theorem 1.

4. MODIFICATION -OF HARDY’S INEQUALITY AND AUXILIARY LEMMAS

4.1 Lemma 1. Let R > 0, f and y be real and put

) = 17 ?
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for t€(0, R). Then

: W) — Pk g7 R 1
(a.1) FO(0) = 1 mz'&@m»

where P(s) is a polynomial of degree less or equal k and P(s) = B — ys.

Proof. We use mathematical induction:
I. Lemma obviously takes place for k = 0 where Py(s) = 1.

II. Derivating (4.1) we obtain

f(kﬂ)(t) =g B < Pryyq '——1
t Ig R/t

where
Pii1(s) = (B — k) Py(s) — ys Py(s) + s* Py(s) -

The polynomial P, (s) is obviously of a degree less or equal k + | and P (s) =
=B —ys.

The following lemma is an easy consequence of lemma 1.

Lemma 2. If t € (0, R), then

d* 1 1 1 1
4.2 (= \V\=2— P _ [—
(42) .m&mm) NfMtk(mM)
where Py(s) is the polynomial from lemma 1.

Proof. We have

d/ 1 11
Et(lgR/t) IRt t =10,

where f(¢) is the function from lemma 1 with § = —1 and y = —2. So we obtain
(4.2) from (4.1).

4.2 Now, we can prove one modification of the inequality of Hardy.

Lemma 3. Let f(t) € 2(0, 1). Then
a) If B + —1, y real, R = e*"V1P+11 then

(4.3) ﬁ)] O ¢ 1g 17{ dt < (Iﬂzf 1|>,, J:| o +eig I; dt.
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b)Ify+ —1, R 21 then

1 p rt
(4.4) J If(t)l’t“lg’Bdté( 4 ) j P egr Rar
o t lr+ 1) Jo t

Proof. a) Let B + —1. We have

4 t"“lg’R =t”lg’1—{.P1 1
dt t t Ig R/t

by lemma 1 with P,(s) = (8 + 1) — ys. We have t€ (0, 1) and R = €*I"V/If+1] and
$0 th > M+ g0 0 < s =1g7! R/t < 'ﬂ + 1|/2|y| and

» P 216+ 1] = s 2 Y,

(lg R[t
j |F0lF = (t"“ lg’ ) dt|

Pt dis] 1 ngB dt
dt t

So we obtain

j‘ | ()P ¢ lg7 dt £ ———

2p

-+

=

]

L 2
|8 +1|

1
< 2p Jlf(t)lp—l Be=1)/p lgv(p-l)/p§
0

2p 1 0B yg (p—1)/p 1
=+ (J-olf(t)l cle tdt) (f

where we used fe€ 2(0, 1). The latter inequality implies (4.3).

b) Let y + —1. We have ¢~ '1g'R[t = — 1/(y + 1)(d/dr) (Ig’** R[f) and in
a similar manner as in a) we obtain for f € 2(0, 1)

[bor (o2

af
dt

plpt+1 1 vlp e
t

i/p
Ghperig Ry,
dt t

IIA

1
f P g Rar 3 !
0 t Y +

=< 'f(t)lp 14=(@=Dip |gr(e=1)/p 2 R df (o= gup+1 X dt <
I + ll t|dt
(p—1)/p df R 1/p
tptlly dt - tP- 117+p dt
lv+1|(f|f()| : ) ( dtr g )
wich implies (4.4).

18



4.3 Lemma 3. Let Q€ Ey, g(X) e C*(Q), g(X) = 0, f(¢) e C*(0, ). Put F(X) =
= f(9(X)). Then

@) D'F(X) = 5, /) 1 (0 a0y

for IlI = 1, where we sum over

46 v+ 3 -0 5 i

and where

4.7) 1 él .:Eiglﬂ ; < n, p;non-negative integers.
i=

Proof. We use mathematical induction:

I Let |r| = 1; then D" F(X) = f®(g(X)) D"g(X) namely (4.5) takes place and
B =1 , .

ILLet m=i+r,|r] =1, ie. |m| = |i] + 1, and let the assertion holds for i.

So D™F = D'(D'F) and it follows from (4.5) that D"(D'F) is a sum of members of
the form '

1) A =f(n+l)(g(X)) Drglﬁl(Dig)BJ
and
lil
2) B=1"e) % [11(D'g)"] 4, (Dg)=™" D="g.

Ad 1): Obviously
A= (D'g)’ '+111;I’(D"9)”’f “*(g(X)) = @ 1)(Q(X))Ijill(D’g)”
where y, = B fors = randy, = B, + 1. So we have
gy,=§:[3j+1§n+1

i.e. the condition (4.7) for y, holds. Further

(n+1)+ gvs(lsl -1)=(n+1) +J_§'ﬁ,-(lj| -D+@B+)(]-1D=

=+ D+ - D =n+ TBU| - D+ 1S ]i] + 1= |m]

(because |r| = 1i.e. |r] — 1 = 0). So we have obtained (4.6) form = i + r. -

Ad 2): We must show, that for the expressions

1i] .
C = H (ng)ﬁJ (Diog)ﬂlo—l Dlo’“'g

i*lJo
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conditions of the type (4.6) and (4.7) for |i| + 1 take place. There are two possibilities:

a) If |j0| = M then we can write
lil+1
. C _ ‘H (Dsg))'s

s=1

where y, = B, for |s| < |il, s # jos vj, = Bj, — L and y, = Lfor s = jo + r.
So we obtain 1 < Yy, = Y8, < n and then (4.7) holds (we multiply C by f™1).
s i

With respect to (4.6) we have

1
n+Yyls| -1 =n +|‘|21ﬂ,-(|il = 1)+ B = D(ljo] = D +
? JI=
%o
+ Peellio] + 1= 1) =n+ ZB,(J] = 1) = Lo + 1+ |jo| = [if +1
B J
namely (4.7) holds for |m| = |i| + 1.

b) If |jo| < |i], we putj, = jo + r; we have also |l7s] = |i| and we can write
li]
C = I:Il(Dsg)vs

where y, = B, for s # jo,j1; Vjo = Bj, — 1 and y;, = B; + 1. Obviously Yy, =
= Y'B; < n and further s
7

n+Yylls| - =n+ R Bls| = D) + Bjo— V) (lio| = 1) + B, + D) (is] - 1) =
=n+ ZBi = 0 = o + 1+ || — 1 ]i] + 1,
because — |jo| + |js| = 1 and (4.7) holds. The expression D(D'F) is a sum of the

type (4.5) for which we have conditions corresponding to (4.6) and (4.7) and so the
proof is complete. .

4.4 Let now f(s) be an infinitely differentiable function in (0, c0) and let f(s) = 0
fors<tandf(s)=1fors =3 Let0 < f(s) £ 1.
Let R = 1 and put

f( 1 > for t<R,
gi(t) = hig R/t

1 for t =R,
where 0 < h < 1. The function g, has the following properties
1) 9,€C®(0, 0); 0 < g, = 1;

2) g4(t) = 0 for t < Re™*/*,
gy(t) =1 for t = Re %/,
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3) For tel, = (Re™** Re~*3") the inequality

(k)
Fgri *2Y

gh( )| =

(4.8)

holds.
Properties 1) and 2) are obvious and so we prove the property 3) only

By a similar way as in Lemma 4 we can show

ik_ _ (k) £(n) : & 1 5
i 9i0) =2 cip, f (hl R|t ) l;[ [dtJ (h Ig R/‘)]

n.B;

<n

k
where n + Y Bi(j — 1) £ k and 1§Zﬂj__
=1 i=1

The function f possesses all derivatives bounded and so

d* IRV
49) @ 00|5 e Mol (m)
By Lemma 2 we have
£ ()~ ()
d \lgR[t) F1g2R/t '~ \igRt

where the expression P;_, is bounded for t € I,. Further $ < hlg R/t < 4 and so 1/h

is equivalent to Ig R/t and we obtain
1

L|d /1| R 1
I, = — Vg, g~ .
=15 (lgR/t) 11 1g?" Rjt
) -%iB;  ~38;
=c, Ht"’”’lg'”’B =ct’ g’ B
j t t

Now 1 < YB;<nandsojB;=2B(—1) +3YB; <k~n+n=kand finally
7 7 j 7

R
Ig, Syt ™ g™ — t

From here and from (4.9) it follows (4.8).

4.5 In Netas’s paper [3] is proved, that for Qe N (for the definition of
Q € NO! see [2]) there exists a function ¢ continuous in Q and infinitely differentiable

in Q for which
(4.10) s o(X) £ o(X) < ¢ 0(X)
21



(ie. o(X) = dist (X , 0Q) is equivalent to o(X)), and further

@.11) ) ID'| < :C_%(_) for |i| > 0.
Put
(4.12) G(X) = gu(a(X))

where g, is the function from section 4.4. The function G,(X) possesses the following
properties:

A. G(X)e2(Q):; 0=G,= 1.

B. Gy(X)=1 for o(X) = Re~4/3,

C. For M > 0, the estimation

c(i) 1
all(X) 1g R/o

(4.13) [D'Gy(X)| =

takes place.

Property A follows from the fact g, € C* and g,(t) = 0 for small t; B follows from
the fact that g,(t) = 1 for t = Re~%/3%, Now, we must prove (4.13):

We use Lemma 4 and obtain
L
I=|D'G,| < 662 g(e(X)) T Dol
lil=1

With respect to estimations (4.8) (for t = o(X)) and (4.1 1) we have
1

1
o) - H o8 7 ¢ X "+3:‘|1'I-1)Bi ’

np,d‘"lgR/ j O nﬂ,lgRIO
Further n + Z(l]l — 1) B; < |i| and so (4. 13) holds.

5. THE CASE o = sp —1

In the Theorem 1 we supposed that the parameter a is not equal to some “singular”
values. For these exceptional values a, we shall, in this Section, characterise functions
of W with the help of a certain equivalent norm.

Let s be one of the values 1, 2,..., k and let « = sp — 1. Let us consider the space
WY€), where we (with respect to the equivalence of g(X) — the distance between
X e 2 and 02 — and the function o(X); see (4.10)) in the definition put the weight
function ¢*(X ) instead of g*(X).

Let [x,, x,y] be the local coordinate systems from the Section 1.1 (see [2]). For
X € B, is o(X) and so o(X) equivalent to a,(x;) — x,y, i.€. there are positive constants ¢
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and ¢ independent on r such that

(5'1) ¢ G(X) = ar(x;) — Xy = ¢ U(X)

for X = [x], x,y] € B,.
Put M = max ¢(X) and let R fulfil
2

R > max (M, e*[c)

(c is the constant from (5.1)).

If « = sp — 1 we denote by V, the space of all functions defined almost everywhere

in Q possessing generalized derivatives D'u (0 < li l < k) in Q such that

(5.2) D*u €L, (Q),
D1y eL,, (@),

Dk_s+lu € Lp,z—(s-l)p('g) ’
D*¥~sy

eL, . (),
]g R/G’ P P( )
Dk-—s—lu
Ig R/o

€ Lp,a—-(s+ l)p(g) ’

g R[o

(here by D'u we mean arbitrary derivatives of order I; the weight function is aliways

the corresponding power of the function ¢(X)).

Now,o =sp — landsoa —sp= —1,a — (s — 1) p = —1 + p etc. and we can

write V, as the space of functions u, for which

(5.3) D €L, 14,9,

D'y € Lp,—l+(r—1)p(9) ’

DtlyeL, 4, (9Q),

D* sy

IgR/o

Dk—s—]

LA 5
lg R/o

.......................

eL,_(9Q),
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The norm in V, we take analogically as in (0.4):

k

. 1/p
+ . Z "DJ“ ”Zp,«—,(hunp(m] :
lil=k=s+1

D'u
of|lgR/c

(54 July, -[" ’

Lp,x- k- 1jHp(KD)

Theorem 3. Let Q € R®! and o(X) be the function from (4.10), p > 1. Let W be
the closure of the set 2(Q) in the norm of the space Wi, , ,  (Q). Then

W=V,.
Proof is very analoguous to the proof of Theorem 1 and so we give it abbreviated.

I) We prove W < V.

We can consider only functions u € 2(Q) and putu; = up; € 9(C;) where ¢y, ¢,, ...,
.» @p, is the corresponding decomposition of unit. Then we can write [a(x}) — Xy ]*
instead of o%(x}, x;x) and omit the index i.

Let v = DJu where |j| < k.

a) If ‘ jl = k — s + 1, we can prove in a similar manner as in the proof of
Theorem 1

(5'5) ”Dj“th a-(k-1iHp(2) = cl]ll’”g"”"p,a(ﬂ) (@=sp—1)
using the inequality of Hardy.
b) Let |i] = k — s and put

f 000 157" (Rjo(x) o~ 1(X) dX .

= “h%;ﬁr

Lp,-1(92)

We must estimate I by ||u]|fw, _,,. @ From (5.1), it follows

<lgr R

] -P
& o) Hx)

where r(X) = a(x’) — xy, and so

dxy .

f dx’ f oG x,v)lng ? (cRIH(x', xy)) .
a(x’)~B ’ N)

The inner integral we can — substituting a(x’) — xy = t — write in the form

(B<1)
I =J’ [o(x', a(x) — 0|7 1g™"(cR/z) .t~ dt

24



and, using the inequality (4.4) for y = — p, we obtain
p
s (5,
p—1
< p >p [a(x')
p — 1 va(x')—-pg

Integrating by x’ over A we have, with respect to (5.1) and (?v/(ax,\.) = D¥"s*1y, the
inequality

———(x a(x’) — t)rt‘”" dt =
Oxy

(x xy) [a(x)—x] 4P dxy .

Oxy

=< Ca||Dk_SH“”lz’.y,_H,(m (l]l =k~—35).

The right hand side we estimate with the help of (5.5) and obtain

ip

(5.6)

< calulfyw, @ i =k —s.
Lp,-1(2)

‘ Diy

c) Let |j| = k — s — 1; we want to estimate the norm of v/lg (R/o) in L, _, - ().
By the same way as in case b) we have

J(x') = flu(x', a(x') — t)l” lg7? (cR[1) . 1P dt

| p

v
lgRo|

<e, J‘ J(x") dx',
A

Lp,-1-p()
where

We estimate this integral by inequality (4.3), where we put § = —1 — p,y = —p:
the condition cR = el2"/I#+11 follows from our assumption R = e?/c. So we have

J(x) < 2r Jq “tlgTP (cR/t) dt.

0

p
20 () ax) = 1) 1
Oxy

Now, we return to coordinate xy and integrate the inequality by x’ over A; instead
of a(x") — xy we write o(x’, xy) and obtain
p

Dk sy ]
g R[o

l! v
]I lg R/O' .Lp,—l-p(ﬂ) Lp,-1(2)

‘because 6v/(6x~) = D*=sy_The norm on the right hand side of the latter inequality
we estimate by (5.6) and obtain

p

(5.7)

= 06"14"%'('0,,,(9) 5 ']l =k—-—s5s—1.
Lp,~1-p()

[
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By a similar manner we estimate (with the help of (4.3)) also the derivatives of
smaller order and obtain

é c"u "fv(k’p ,a(2)
Lp,-1-np(R)

-

Diu
lg Ro

for | j| =k—s—n;n=1,2,..., k—-s. These inequalities and (5.6) and (5.5) say that

Jul

v, < csflufweo, .o -

From here it follows W < V.

I1) We prove V < W.

Let u € V and put u,(X) = G,(X) u(X) where G, is the function from (4.12). The
function u, has a compact support in Q and it follows from the property B (see
Section 4.5) that u — u,, = 0 outside of the set

P, ={XeQ|o(X) 2 Re™*3"},

For bounded Q and «, < a, we have 6" Ig™? (R[0) 2 c46* and so D/u € L, ,(Q)
for | jl < k — s. For derivatives D’u with l jl > k — s we use results of the proof of
Theorem 1 and obtain u € W(2) and so V = WYQ) (x = sp — 1!).

We shall show [lu — u, W‘“;p,a(ﬂ) — 0 as h — 0. It is sufficient to integrate over Py;
obviously mes (P,) = 0 as h — 0. -
Let |1| < k; we use (2.4) where we write G, instead of F,, and obtain

~

D - GY|E, @ < J |Diul? 6*(X)dX -0 as h—0

P,
because u € W{*)(Q) namely D'u € L, (2).
Further, using (4.13)

I, ,(h) = |D™"uD"Gyy, ) = J' |D™ul? . |D"GP 6*(X) dX <
) P
< o _[ |D"ul? 177 (R[o) . a*~ P dX <
Pn
< c“_[ |D™u|? 1g77 (R[o) . g1~ &~ ImDr(X) d X
Pn
form+n=i|n| 21
If [ml =< k — s then the latter integral converges to zero because u € ¥, and so

D"uflg (R[6) € L, 4 k= \mpyp If |m| > k — s, then this integral is smaller or equal to

12 f | Dmu|p g*~*=Imbe g x
Pn
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because R is sufficiently great, and from the fact, that u € Vand so D"u € L, ,_ 4—m))»
it follows, that the latter integral also converges to zero.

The rest of the proof is the same as in the proof of Theorem 1: regularizing the
function u,, we obtain a function v € 2(Q) which aproximates u in the norm of the
space W*(Q)and soue W ie. V< W.

Remark 1. In this Section we were using the weight function which was a power of
o(X). This is obviously unessential; if we change the constant R in a suitable manner,
we can prove similar assertions for spaces ¥, where we suppose D*™*""u/lg (R/¢)
€ L, _ 4, With the weight function ¢~*~"7(X) (see [1]).

Remark 2. It is easily seen from part II of the proof of Theorem 3 that we could
use the function G, instead of F,, in the proof of Theorem 1.
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Vytah

CHARAKTERIZACE FUNKCI S NULOVYMI STOPAMI
POMOCI INTEGRALU S VAHOU II

JAN KADLEC a ALois KUFNER, Praha

Price navazuje bezprostfedn& na &dst I stejnojmenného &ldnku autorii [2]. Vedle
n€kolika pomocnych vé&t je v praci dokdzdna jistd modifikace Hardyho nerovnosti —
lemma 3, nerovnosti (4.3) a (4.4) — a v odstavci 4.5 je zavedena a zkoumdna daleZitd
pomocnd funkce G,.

Didle je zaveden prostor V, funkci u definovanych skoro viude na Q, jejichZ zobec-
néné derivace D/u ¥4du I j|, 0= | j| < k maji ndsledujici vlastnosti

(D'u)1g (Rlo)e L, ,—w-1jns(@) pro |j|=0,1,....k —s;
DueL,, g-;jp(@ pro |jl=k—-s+Lk—s+2..,k;

27



pfitom je viude a = sp — 1, kde s je n€které z ¢&isel 1, 2, ..., k. Norma v prostoru V,
je definovdna vzorcem (5.4). Funkce o(X) je ekvivalentni s vzddlenosti ¢(X) bodu
X € Q od hranice 0Q oblasti Q (viz odst. 4.5); je tfeba zddraznit, Ze v prostorech

L, .(Q) vystupuje jako vdhovd funkce vZdy pfisluind mocnina 6”(X) funkce a(X )-
R je vhodné zvolend kladna konstanta. :

Ve vét& 3, kterd je doplnénim vity 1 z [2], je dokdzdno, Ze pro a = sp — 1 jsou
prostory V, a W (kde W je uzévér nekone¥nd diferencovateln)’zch funkci s kom-
paktnim nosi¢em v 2 v normé& (0.2)) totoZné a Ze pro u € W jsou normy (0. 2) a(54)
ekvivalentni.

Pesrome

" XAPAKTEPUCTUKA ®YHKLUN C HVJEBBIMU CJIEIAMU
IMTPU ITOMOIIU MHTET'PAJIOB C BECOM II

SAH KAUIELL (Jan Kadlec) u AJIOUC KY®HEP (Alois Kufner), Ipara

Pa6orta sBisieTCS HEMOCPENACTBEHHBIM NPONOJDKEHHEM cTaThy aBTopoB [2]. Kpome
HEKOTOPBIX BCIOMOTATEJIbHBIX YTBEPXIEHUM JOKasbBaeTcs B paboTe HEKOTOpOE
BHZIOW3MeHEHHE HepaBeHCTBa Xapmu — emma 3, HepasencTsa (4.3)u(4.4) — u B 1. 4.5
BBeJICHa M MCCJICZIOBAHA BaXXHasi BCioMoraTesibHast QyHkuus G,. ‘

B nmampHeiliimeM BBeOEHO NPOCTPAHCTBO V, (YyHKIMHA u, OMpeAC/IeHHBIX. HOYTH
Bciofly B Q, 06o6umennse npoussomubie D'u nopanxa |j| (0 < |j| < k), xotopere
MMEIOT CIIeYIOLIMe CBOMCTBA:

(D'u)1gRlo € Ly emjpp(@) mus |j|=0,1,....k —s;
DiueL,,g-1jpR) s |j[ =k—-—s+1, k—-—s+2,..k;

NpU 3TOM BCloay a = sp — 1, rae s paBHO OOHOMY u3 uucet 1, 2,..., k. Hopma
B mpocTpaHcTBe V;onpenenena Gopmy.ioit (5.4). Dynxus o(x) 5KBUBaIEHTHA PACCTO-
aumio ¢(X) Touku X €  oT rpanuupl 0RQ obnactu 2 (cM. 1. 4.5); HyXKHO OTMETHTS,
yro B mpoctpanctee L, () BecoBoii Qynkmuel sBiseTcs BCErAa CTeneHb o7(x)
¢ysxuan o(x). R — mocraTo4Ho 60Jibllas MOJ0XUTEIbHAs KOHCTAHTA.

B Teopeme 3, sBnsroweics gonoaHeneM Teopemsl 1 u3 [2], gokaszaso, 4To 4is
a=sp — 1 umeer mecto ToxaectBo V,= W (rme W — 3aMblkaHue GeCKOHEYHO
mabdzpernmupyeMbix GUBMTHBIX B Q dynxuuit mo Hopme (0.2)) u uto a1 ue W
HOpMEI (0.2) u (5.4) 9KBHBAJICHTHEL.
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