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Časopis pro pěstováni matematiky, roč. 91 (1966), Praha 

CHARACTERIZATION OF FUNCTIONS WITH ZERO TRACES 
BY INTEGRALS WITH WEIGHT FUNCTIONS I 

JAN KADLEC and ALOIS KUFNER, Praha 

(Received December 2, 1965) 

INTRODUCTION 

Let Q be a bounded domain of the Euclidean iV-space EN and let Q(X) be the 
distance between the point X e Q and the boundary dQ of the domain Q. We assume 
the boundary dQ fulfils locally the Lipschitz condition only. 

We define the space LPtjQ) for p ^ 1 and a real as the set of functions defined 
almost everywhere in Q such that the norm 

(o-i) !«lk..<-) = [fnK*)lp «"(*) dxJ" 
is finite. 

If k is a natural number then WJ*l(Q) denotes the Banach space of all functions u 
(defined almost everywhere in Q) with the generalized derivatives 

Dlu = 
dx[l ... dxl

N
N 

N 

(i = (h> h> •••> h)> |*| == £ U> h — non- negative integers) of the order \i\ less or 
s= l 

equal to k such, that Dlu e LPf<x(Q) for i, 0 <g | j | <j k. We take the norm 

(0-2) fl»lk-P,.(0) = [i||i>,«|£P,.(«,]1/'' 
1*1=0 

in W^Q). 

From the well-known inequality of Hardy it follows 

(°-3) l^«ltP,.-(.-u„p(o> ^ 'H«rt«, . .w (° ^ Ijl ^ *) 
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under certain conditions on w, Q and a. Here c is a positive constant independent on u* 
Let us denote by Fthe space of functions with the finite norm 

(0-4) ' l- |r-[2|D'»|£,1 . - c l k . l i l l F«J1 / '; 
111 = 0 

then it follows from (0.3), that ||u|F g cM|ir(*>Pi.<n)» i.e. V 3 W$%Q). 

Put °W = °W^Xa) w h e r e
 °WP%Q)

 i s t h e closure of the set 9{Q) in the norm (0.2). 
Here B(Q) is the set of all infinitely differentiable functions with compact support 
in Q. 

In this paper, we show the other characterization of the space ° W than this latter 
one (i.e. as the closure of 2(Q) or as the "space of functions from W^a(Q) with zero 
traces of functions and its derivatives up to the order k — 1 on the boundary dQ")x)» 
To characterize °FVit is sufficient to introduce an equivalent norm of the type (0.4) 
(except for some singular values of a — see the part II of this paper). Then we can 
show that the set of functions for which this new norm is finite is equal to the closure 
of @(Q)9 i.e. V= °Wmth equivalent norms. 

As a special case of our results follows e.g. this theorem: For the function u to be 
in °W^\Q) is necessary and sufficient that 

— e L2(Q) and - € L2(Q) . 
dxt Q 

This fact has its applications in the theory of differential equations. 

1. BASIC NOTIONS AND AUXILIARY ASSERTIONS 

1.1 In the following, we shall consider bounded domains of the type 9li0hi, i.e. 
domains, for which the following conditions hold: 

1. There are m coordinate systems [xr, xrN] (with xr = (xrl, xr2,..., xr>N-i)) 
and m functions ar = ar(x

f
r) (r = 1, 2,..., m) defined on (N — l)-dimensional 

cubes Af = {xr | |xrf| < y for i = 1, 2,..., N - 1} such that for every point XsdQ 
there exists r such that X = [x ,̂ xrN] and xrN = ar(x

f
r). 

2. Functions ar(xr) fulfil the Lipschitz condition for xf
r e Ar. 

3. There exists 0 > 0 such that the "cylinders" 

Br = {[>;, xrN] I x; € Ar; ar(x
f
r) - jS < xrN < ar(x'r)} 

lie in Q and "cylinders" 

Cr - {[x;, xrN] | x; 6 Ar; ar(x'r) - 0 < xrN < ar(x
f
r) + p} 

cover th^ boundary dQ and intersection of Q and Cr is equal to Br. We assume p < 1. 

*) Let us remark that in some cases traces in the usual sense do not exist. 
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1.2 Function ar(x
f
r) fulfils the Lipschitz condition and so we have for X e Br that 

the distance Q(X) of X to dQ is equivalent to the distance of X to dQ in the direction 
of the coordinate axis xrNf i.e. 

(1.1) ctQ(xf
r, xrN) = ar(x'r) - xrN = c2Q(x'r, xrN) 

(see for example [3]). So we can in the local coordinate system \xr, xrN] write 
[ar(

xr) — xrN]a instead of the original weight function Qa(X). 

1.3 Let us remember the inequality of Hardy 

<"> j > ( * ) l " ' " " " s ( F ^ ) ' i o V ( O I ' " d ' 
which takes place for p > p - 1, if lim/(t) = 0, and for /? < p — 1 if lim/(f) = 0. 

Inequality (1.2) follows from Theorem 330 in [1]. The value /? = p — 1 is singular 
and in this case we shall give some modification of (1.2) in part II of this paper. 

1.4 We shall use function Fh(X) (h > 0) with the following properties: 

A. Fh(X)s9(Q). 

B. Fh(X) = 1 for Q(X) = h (so we have DlFh(X) = 0 for \i\ > 0 and Q(X) > h). 

C. 0 £ Fh(X) <: 1. 

D. \D%(X)\ S c(i)h-W for \i\ > 0 (h < 1). 

The existence of such a function Fh has been shown in [2], 

1.5 For the bounded domain Q there is a constant c3 such that Qai(X) g c$Qa2(X) 
for at ^ a2. By (0.1) we have 

(L3) N k . . = C44L,* Le- ^ i c ^ f o r a2 = «i-

2. EQUIVALENCE OF °W AND V 

The main result of this paper is the following 

Theorem 1. Let Q e W0)>\ Q(X) = disl (X, dQ) and °W be the closure of2(Q) in 
the norm (0.2). Let 

V~{u\Dju€Lp^ik„m}p(Q) for 0 ^ | / | <i fc} 

with the norm (0.4). Then 
°W**V 

for every a =}= ip — 1, where i -» 1, 2,., . , fe. The norms (0.2) and (0.4) are equivalent. 
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Proof . I) We prove that ||u||F _ 4Mlk<*>*.«<fl> f o r ue°w>ie-that °w c v- From 
the density of 2(Q) in °FVit follows, that we can assume u e 2(Q). 

The cylinders Cr from 1.1 form a covering of dQ. Let us denote by C m + 1 such an 

open set that C m + 1 c O and O = £ £ r 4- C m + 1 . Let functions (pt€^(C^ (i = 
r = - l _ 

-a 1, 2 , . . . , m + 1) form the corresponding decomposition of unit on Q. 
Consider one fixed coordinate system [x'f, xiN] and the corresponding function q>t. 

Then ? f €0(C{) , ue@(Q) and so u( = u<Pi^3(B^. We have |H»||ir<*>Pi,(Ci) _ 

- cllwi^>p,aw 
Further we omit the index i. 

Let \j\ _ k and put t; = Dju. 

a) If |J| = fc, we obviously have Wi, . .^) _ H ^ w w -

b) Let | j | = k — s, where k _ s _ 1. We have to prove 

HL,,«-.p<o) - cllwIU<k>p,«w 
where we take by (1.1) 

(-•i) K „-., = £ K * ' . ^)ip [«(*') - xNrsp dx = 

= f dx' f |i<x', x„)|* [a(x') - x*]'-*" dxN . 
J A Ja(x')~fi 

The inner integral, after substitution t = a(x') — xN, we can write as 

/(*') = f *K^ a(*') - 0|P ' a ~ 5 * d r > 
Jo 

where we use u e B(B) and so y = DJu e .^(B), i.e. v(x', a(x') — t) = 0 for f 
sufficiently close to zero and for t _ p . The integral </(*') we can estimate, using the 
inequality of Hardy (1.2) where we put f(t) = v(x\ a(x') — t) and fl — p = a — sp. 
From the properties of function v(x\ a(x') - t) it follows, by (1.2), 

Wг-^)T||ҷ;ŕ,40-.) 
V|a - sp + Í\J J 0 |5xN 

ř « - ( 5 - l ) p d ř 

for 0 * p - 1, i.e. a =fc sp - 1. To estimate the latter integral, we substitute/(f) = 
= (dvjdxN)(x', a(x') - t) and p - p = a - (s - 1) p in (1.2). This function f(t) 
again vanishes in the neighbourhood of 0 and oo and a 4= (s - 1) p - 1; we obtain 
by (1.2) 

, V ' -Vja - sp + lj>\|« - (, - 1) p + l\) J 0 \dxN
K 

466 



The integral on the right hand side we estimate in the same manner and finally we 
obtain (repeating this procedure s-times) 

p 
í"dř = 

i-o V|« ~~(s ~ i ) p + 1|/ Jo\6xN 

y Ctt(x) \dsv \p 

= C H TT (*'» *") K * ' ) "" X*T dx* ' 
Ja(*')~/M # I 

Because a =MP — 1 for i = 1, 2,..., fc. 
Now we have dsvjdxs

N = Z)*M where |ft| = k and, integrating the latter inequality 
by x\ we obtain by (2.1) 

(2-2) lI^flL..-,,,-,^*) ^ -i J j^I 'M*') " *»l"dX :g c2|«|^,p>.(0) 

(0 ^ |J| ^ 

The inequalities (2.2) take place for u = uif i = 1, 2,..., m. If we put u = w<pm+1 = 
= «m+i we obtain (2.2) again because (pm+\ has its support in C m + i c fl and the 
weight function is bounded, continuous and sharp positive on Cm+i- From (2.2) 
finally follows the inequality 

\ucpi\v -S CAu\wwp,m(Q) 

where by (1.1) we take the weight function Q(X) instead of \ar(
x') — XTN] o n every Cr. 

m+í 
Further, u = ]T u<pf, an so we have 

i=-l 

\\u\\v = c4u\\m*>Pt9(Q) 

for every u e 2(Q). From the density of 3>(Q) in ° Jfit follows that the latter inequality 
holds also for u e °W9 and so °W c: V. 

II) We shall prove V e °FK 
Let ueV and put w^X) = u(X) Fh(X\ where Ffc(X) is the function from the 

section 1.4. The function uh has a compact support in Q (see property A) and from 
the property B it follows u(X) - uh(X) = u(X)(\ - Fh(X)) = 0 for such XeQ 
that Q(X) ;> ft. 

We have ueVand so DjueLPta-{k-]m(Q). By (1.3) is DJueLp,a(Q) for 0 £ 
g \j\ <; K it means that u e W£l(Q), i.e. 

(2.3) VcWJftQ). 

We have obviously also uh € W f̂i(fi). 

We shall prove \\u - t**|| *,<*>,,,.<«) -* 0 as ft ~* 0. Put Ph « {X 6 fi | e(X) < ft}; 
we can integrate w - uh only over Fh, because uh(X) -= t*(Jf) as X # Ffc. 
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Let \i\ = k. Then 

D\u - «*) = D'[u(l - F.)] = (1 - F_) _'« + _T emKDFUD'Fh 
+ m + n~~i 

and so | n | g l 

(2.4) ||_>'(« - «*)||_.,.(0) = ||(1 - Fh) D'u\\Lp „(Q) + I c J D - B i r ^ j ^ ^ . 

From 0 = F„(X) = 1 it follows |l - Fh(X)\ = 1 and so 

(2.5) iD _(1 - F„)|£p.(n) = f |Dfu|"C«(X)dX - 0 
JPH 

as ft -*• 0, because u E W£*_(_) and so D'u 6 L..(_) and further mes (Fh) -» 0 as 

For m + n = i, |n| — 1 we put 

/ -„( / . )= lD-uD»Fh\\
p
LpMa) = [ i D - u I ' l D - F ^ c ^ d X . 

J Pi, 

With respect to the property D (see section 1.4) we have |_>**JF"j_|*' = c"(n) „ - ," , p and 
further X<=Ph, i.e. Q(X) = h and „-''"'» g <rWp(X). We have n = i - m, \i = k, 
and so \n\ = \i\ - |m| <_ fc - \m\ and (see section 1.5) Q~WP(X) = c5e_(*"|,B )P(X). 
So we finally obtain the inequality 

|fl". l|'^Ar)_.C(8 ,-*_' l' l>'(„) 

and the following estimation 

/«_(*) -S c6 f \lTu\'t-*-W\X)6X -> 0 
Jp*, 

as h -» 0 because u e Vand so _9ww e L^a_-(fc-|Wj)-(Q) and further mes {Ph) -* 0 for 
/it -• 0. If we consider moreover (2.5) and (2.4) we obtain 

lim \\u - uh\\Wp^ = lint [ £ \\D\u - «_)1__ J 1 " = 0 . 
*-*0 *-#0 |f|»0 

To given e > 0 we can take a fixed ft > 0 so that ||w — uh\Wp a<fe) < e/2. Let us 
denote by (%)a the regularisation of the function uh (see e.g. [4]). The function uh 

has a compact support in Q and so (wfc)a e _?(Q) and for sufficiently small 8 is also 
tifc — (u-)s small in the norm W^\Q) (for a -= 0!). Now uh and (wh)d vanish in the 
neighbourhood of 5Q and the weight function has no influence on functions with the 
same compact support in Q. So we can choose S so small, that ||M* - (tJft)*||fr<fc> «(__) < 
<e/2. 

To an arbitrary function ueVand given e > 0 we found a function f = {uh)de 
mM{fif. mmh thut flu ^^\wmPMm < e- '* t®®*11* u € ° ^ a n so F c °W. By part I 
of this proof \fa have V =* ° W and so the theorem is proved. 
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3. REMARKS 

3.1 Theorem 1 takes place for every value of the parameter a except at = ip — 1 
(i = 1,2,..., fc). It is obvious af = 0 for i = 1, 2,..., k and so Theorem 1 holds for 
a < 0. 

Now, let a g — 1 and let f(t) be defined in (0, 1) and such that 

Jo Jo 
If p > 1 then 

*t + h ) | pt + h 

\f(t + h)-f(t)\ 

r\f(t)\>fdt<co and fV(0|' 
Jo Jo 

/U + /l I I /»f + /l 

f'(s)ds = f'(s).s",p.s~alpds 
J* I | J * . 

= { f + V w s * ds\1/p- { r+V"**-" dsW-^. 

The right hand side of the latter inequality converges to zero as h -* 0 uniformely 
with respect to t. So f(t) is uniformely continuous in (0,1) and there exists the limit 

lim f(t) = a . 
f-*0 + 

On the other hand the integral Jo \f(f)\p t* dt is finite and for a ^ - 1 is Jo ** dt = co. 
So we necessarily have a = 0. 

So f(t) has in the point t = 0 a trace which vanishes, i.e. a zero trace. 
Now, let u e W^(Q\ a fg —1. In the local coordinate system (see section 1.1) the 

function v(x\, t) = u(x\, at(x$ - t) is an element of the space #J*JS(A4 x (0, J?)) with the 
weight function f*. 

Put/(f) = DJv(x'h t) for |j| = 0, 1,..., k — L From our considerations this result 
follows: The function DJv for 0 g |j| ^ fc — 1 has for almost all x'te Af limits on 
the hyperplane f = 0 equal to zero; so we obtain for the function u this assertion: 

The function Dju for 0 g |j| =- k — 1 has zero traces on 50. 
In this case we can automatically use Hardy's inequality, repeat the considerations 

of the first part of the proof of Theorem 1 and then we obtain 

(2-6) W^i)czV. 

By Theorem 1 we have V a W^(Q) - see (2.3) - and so 

(2.7) WfflQ) - V ( - 0W^O)) for * 5 - 1 . 

3.2 The same result we obtain also for a > kp — 1: In part I of the proof of 
Theorem 1 we take ut = ucpt for u e Wf^(Q), where <pr is the decomposition of unit 
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(in local coordinates). The function u^x^ xiN) vanishes for xiN S a((xty — p and 
then/(f) = ut(xi9 at(x

f
{) — t) = 0 for t ;> /?. Now we can again use Hardy's inequality 

(namely its second eventuality: lim/(r) = 0) for a > kp - 1 and obtain (by the same 
*~*>oo 

way as by part I of the proof of Theorem 1) the inclusion W^(Q) c V. So we can 
write 

Theorem 2. Let Q e 9i (0M and a $ ( - 1 , kp - 1>. Then 

(2.8) JV<*>(0) = °W%(Q) = V 

wAere V= {u\ D'«eI^ia-(t-Mj)1P(0); 0 <; |i| .g k}. #o*h norms (0.2) and (0.3) are 
equivalent on W^(Q). 

Proof follows from Theorem 1 and from the considerations of sections 3.1 and 3.2. 

3.3 The assertion of Theorem 2 is in general not true for a € ( — 1, kp — 1>. It is 
possible that the function u e W£l(Q) or some of its derivatives have traces which 
are not equal to zero identically (see [3]). 
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Výtah 

CHARAKTERIZACE FUNKCÍ S NULOVÝMI STOPAMI 
POMOCÍ INTEGRÁLŮ S VAHOU 

JAN KADLEC a ALOIS KUFNER, Praha 

Buď O omezená oblast v E#, jejíž hranice dQ splňuje lokálně Lipschitzovu podmín­
ku, a buď W£l(Q) Šobolevův prostor s vahou Q*(X), kde Q(X) je vzdálenost bodu 
X ěQ®é hraníce dQ; norma ve Wj$/(Q) je dána vzorcem (0.2). Buď dále 9(Q) množina 
funkcí nekonečné diferencovatelný v En s kompaktním nosičem v Q. 
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V ргас1 & икагапо, 2е Гипксе ъ рго§1:оги °Ц? = °И^(0), ёе&ЮУапбЬо ̂ ако игйуёг 
тпойпу @(0) V погтё (0.2), 1ге сЬагак1:еп20Уа1; Хё1 ротос! дойю уаЬоуёЬо ргов-
Юги V: 

V={и\ В*и . ̂ / р ~ ( * ~ т ) ( * ) е Ь р ( 0 ) ; 0 ^ |у| ^ к) 

8 погтои (0.4). 

Уе уё(:ё 1 ]е доказано, яе рго а ф гр — 1, * = 1, 2,..., /с, ]е °Ж= К, рЯсетй 
погту (0.2) а (0.4) .)&ои па °Ж еку1уа1еп1:т. 

Ротос! ХёХо уё(у е̂ уе уё*ё 2 икагапо, 2е рго а^(—1, кр — 1>^е ёокопсе 

°иДО) -. и*2(а). 

Резюме 

ХАРАКТЕРИСТИКА ФУНКЦИЙ С НУЛЕВЫМИ СЛЕДАМИ 
ПРИ ПОМОЩИ ИНТЕГРАЛОВ С ВЕСОМ 

ЯН КАДЛЕЦ (Ш КаШес) и АЛОИС КУФНЕР (А1о*8 КиГпег), Прага 

Пусть .О — ограниченная область в Е#, граница д^ которой удовлетворяет 
локально условию Липшица, и пусть Щк^й) — пространство Соболева с весом 
^С^(X), где ^(X) — расстояние точки X е О от границы д^; норма в пространстве 
УУ^а(&) определена формулой (0.2). Пусть, далее, ®(&) — множество финит­
ных в ^ функций. 

В работе показано, что функции из пространства Ж =-= ЙРр*](Й), определенного 
как замыкание множества <3)(0) в норме (0.2), можно охарактеризовать с по­
мощью пространства 

V = {и | М / . е**-<к-ШХх) е Ь/О); 0 ^ |; | й Щ 

с нормой (0.4). 

В теореме 1 доказывается, что для а Ф гр — 1, г = 1, 2,..., к имеет место 
тождество °УУ = V и что нормы (0.2) и (0.4) равносильны для и е ° Ж 

С помощью этой теоремы показано в теореме 2, что для <хф( — 1,кр — 1> 
даже имеет место тождество 0^*«(0) = й^*2(0). 
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