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ON ASSOCIATED PARTITIONS

VAcLAvV HAVEL, Brno
(Received November 5, 1964)

1. Introduction. In [1], BorRUVKA studied those partitions in the cartesian square of
any set S which are naturally induced by partitions in S, and more generally, he
defined a partition in the cartesian product of two sets S, S, which is naturally
induced by given partitions in S, and S,. As the properties of such induced partitions
are not investigated in [1], these will be the subject of our considerations. But first we
recapitulate briefly some notions and results, in particular those of [1, chapter III]'.*)

2. Partitions in sets. Let S be a fixed non-void set. A partition 2 in S is defined as
a non-void set of pairwise disjoint non-void subsets (called the blocks of 2
or the #-blocks) in S. If the set-union of all #-blocks is S, then 2 is said to be
a partition on S. If # = (2,),; is a family of partitions in S, then we shall define the
set of the so-called #-blocks as the set {X|X € 2,, ¢ e I}. In the set &(S) of all parti-
tions in S, one may introduce an ordering < as follows: if #,, 2, are partitions in S
then 2, < 2, means that each 2,-block is contained in some 2,-block. Then &(S)
is a complete semi-lattice (in the sense of [2], pp. 20 and 33): to each family # =
= (2,).c1 of partitions in S there exists its supremum, which may be characterised
also by the notion of a chaining (cf. [1], p. 16) in 2 between two 2-blocks A, B;
such a chaining is any finite sequence of #-blocks 4 = Ay § A4, § ... § A, = B (the
symbol § means here and in the following text the non-void intersecting of two sets.)
Every sup 2-block is then characterized as the set-join of the maximal set of #-blocks
which are mutually chained in . The infimum of a family 4 need not exist; if it
exists, then the corresponding inf P-blocks have the form () 4, + 0, where 4, € 2,

el

for all « € I. All partitions on S form in &(S) a complete sublattice (in the sense of [2],
p. 34) which will be denoted by £(S). In £(S) there also exists the inf #* for each
family # of partitions on S. For all these results cf. [1, pp. 14—19].

*) The author wishes to express his gratitude to Prof. M. KoLBIAR for his improvements
of the first version of the text.
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3. The associated mapping. If A(<y), B(<y) are ordered sets, then the cor-
responding cardinal product & X B(=<y ) is ordered in the usual manner: («, f) <
Suxp(?, 6) means that both @ <yy and f < 6 for a,ye A and B, € B, [2, pp.
14—15]. In particular, if A(<y), B(<gp) are (complete) semi-lattices or (complete)
lattices, then also U x B(<yxgp) is a (complete) semi-lattice or a (complete) lattice
respetively. If A( <), B(< ) are complete semi-lattices or complete lattices ‘and if
F = ((a,, b,)).er is a family of elements in A x B and & = (a,)er, B = (b).c1
then sup & = (sup &, sup B), inf F = (inf o, inf B); cf. [2], pp. 51-52.

Let S, T be fixed non-empty sets. The mapping soc : S(S) x S(T) —» &(S x T)
assigns to each (o, #) e S(S) x &(T) the partition soc (o, #) e S(S x T) which
consists of the blocks A x B with 4 € o, B € #. We shall speak about the associated
mapping, and for the image in this mapping the term socius will be used; cf. [1],
p. 25. If & is a family of elements (/,, #,) € &(S) x S(T), ¢el then we denote
by soc F the family of the partitions soc (&, #,) e &(S x T), tel; cf. [1], p. 26.

4. Fundamental properties of the associated mapping. In the sequel, S and T will
be fixed non-void sets, and of = (&,),; and B = (4,),; arbitrary families of parti-
tions in S and T respectively, with a common index set I. The corresponding family
F = (A, B,)).c1 Will be termed admissible.

A. The associated mapping is not surjective, but it is injective and both-sided
isotone.

One can easily find a partition of (S x T) which is not a socius of any (s, &) €
€ &(S) x &(T). Let (o, B) < (¥, D) for (£, B,) (¢, D) € &(S) x &(T). Thus to
arbitrary A € o/, B e % there exist Ce ¥, D e 2 such that A = C, B < D, and con-
sequently 4 x B< C x D, soc (o, &) < soc (¥, 2). Conversely, if soc (o, B) <
< soc (%, 2), then to each (&, #)-block A x B there exists a soc (¢, 2)-block
C x D 2 A x B, which implies 4 < C, B < D, («, %) < (%, 2).

B,. For every admissible family & there is
(1) sup soc F < soc sup F .

Let A x Besupsoc &; then 4 x B is a set-union of a maximal set of mutually
chained (in soc &) soc &-blocks. If A, x By is a soc F-block contained in 4 x B,
then any other soc #-block 4, x B, contained in A x B is characterized by the
existence of a chaining Ay X By §.4, x B;§...§ 4, x B, = A, x B, in soc &,
where A; X B, i = 1,...,n — 1 are, of course, suitable soc #-blocks. Consequently
there are chainings 4o § A; §...§ 4, = A, insf and B,y B, §...§ B, = B, in #.
But A, € oy, By By, (Ao, Bo) < sup F = (sup o, sup B), so that there exist
Fesup o, G = sup # with 4, = F, B, = G. From the existence of preceding two
chainings one obtains that 4, < F, B, < G; hence A x B < F x G, proving (1)-
An admissible family & will be termed regular if to any two elements (ao, bo), (a, b)

242



of an arbitrary soc sup & -block, there exists a chaining 4q X Bo§4; x B, §... 8
§ A, x B,insoc & such that (aq, by) € Ay X By, (a, b) € A, x B,. A simple example
of a non-regular admissible family & is given in [1], p. 27.

B,. If & is an admissble family, then
(2) sup soc & = soc sup F

iff # is regular.

Let (2) hold, so that according to B, there is sup soc & = socsup F. Let F x G
be a soc sup F-block, (ao, bo), (a, b)e F x G. Since F x G e sup soc &, it follows
from the definition of suprema that there exists the chaining in soc & required by the
definition of regularity. Conversely, let & be regular and F x G esocsup &.
Choose (aos by) € F x G. Then, from the regularity of the family &, it follows that
for each (a, b) e F x G, the couples (ao, by), (a, b) lie in the same sup soc F-block.
Thus (2) holds.

C.If S = Tand o4, = B, (for all vel) in an admissible family F, then F is
regular if and only if, to each pair of sup &Z-blocks and to each choice of elements
ays by in thefirst block and of elements a, b in the second block, there exist chainings
AoV A, §...0A,, By B, §...3 B, insf of the same length and such that a, € A,,
bpeBy,a€ A, beB,and A, B;e «;inf fori =0,1,...,n

The proof follows on using the characteristic property of regular families gfven
preceding theorem B, for the special case considered. Hence one obtains as corollaries
some results of [1], pp. 26 —28.

D. If & is an admissible family with the family o of parntzons on S and with
the family & of partitions-on T, then & is regular.

First note that the assumptions imply that, for each ¢ € I, there exists a soc «#,-block
containing a given element of S, and also a soc #,-plock containing a given element
of T. Choose arbitrary elements (ao, bo), (a, b) in any F x G = socsup . We
know that sup & = (sup &, sup &), so that F e sup o, G € sup . Thus there exist
chainings 49§ 4;9...§ A4, in o and B, § B, §...J B,, in & such that a, € 4,,
a€ A, by € By, be B,; it may be supposed without the loss of generality that the
length of these two chainings is the same. Using the remark at the beginning of this
proof one may construct easily enlarged chainings

A YA JATY A, § A3 Y ... 8 An,
Bo§BI§B, yB3UB,§...0 By

such that 4, x By, A; x B}, AT x B,, A, x B}, A} x B,, ..., A,, X B,, areall the
soc F-blocks. Thus & is regular. Cf. [1], p. 29.
E. Let F be an admissible family. Then inf & exists iff soc inf &F exists. If inf F
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exists then
(3) inf soc # = socinf F .

The first assettion is obvious. As for the second, note only that if inf F exists then
both socinf #-blocks and infsoc #-blocks have the common form A x B,
Aeinfof, Beinf B.

Corollary to B, _,, D, E. soc (£(S) x &(T)) < &(S x T), and the portion of the
associated mapping with the domain £(S) x £(T) is a lattice-monomorphism.
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Vytah
O ASOCIOVANYCH ROZKLADECH

VAcLAV HAVEL, Brno

Jsou-li S, T pevné neprdzdné mnoziny, pak ozna&ime &(S), &(T), S(S x T) polo-
svazy viech rozkladiiv S, v Tav S x T. V &ldnku jsou studovdny zdkladni vlastnosti
zobrazeni, pfifazujiciho kaZdému péru (o, #) € S(S) x &(T) rozklad soc (o7, #),
jehoZ bloky jsou tvaru A x B, A € &, B € #. Je ukdzdno, Ze jde o injektivni obou-
stranng isotonni zobrazeni uplného polosvazu &(S) x &(T) do uplného polosvazu
&(S x T), které zachovavd infimum (pokud toto infimum existuje), aviak supremum
zachovdvd pouze pro tzv. reguldrni rodiny dvojic («,, #,) € S(S) x &(T), ¢ €. Jsou
uvedeny n&které postadujici podminky proto, aby rodina dvojic (&,, #,) € &(S) x
x &(T), ce1, byla reguldrni. Jde o tématiku, jejiZ zdklady poloZil prof. O. Boriivka

(2)]
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Peslome
OB ACCOIIMUPOBAHHBIX PA3JIOXKEHUAX

BAIJIAB I'ABEJI (Véaclav Havel), Bpao

Ecmu S, T — ¢uxcupoBaHHBEIE HEemycThie MHOXECTBa, TO cuMmBosamu &(S), &(T),
S(S x T)o603Ha4HM NOIYCTPYKTYPHI BeeX pasnoxenuii B S, B TuB S x T. Bcrarse
M3y4alOTCA OCHOBHBIE CBOMCTBa oTOOpaXkeHHs, KoTopoe Kaxnaoi mape (o, #)e
€ &(S) x S(T) craTBuTr B COOTBETCTBHE pasiioxenue soc (&, #), 610ku KOTOPOro
umMmeroT Buag A X B, Ae o/, Be #. Iloka3zaHo, 4TO UMEEM JI€JIO C HHBLEKIHOHHBIM
IABYCTOPOHHE H30TOHHBIM OTOOpaXkeHMEM MNOJHO#K moiycTpykTyphl &(S) x &(T)
B noJHY0 noxyctpykrypy &(S x T), koTopoe coxpaHseT uHGHUMYM (eciu OHO Cy-

_LIECTBYET), HO CympeMyM (BEpPXHIOIO IDaHb) OHO COXpAaHS€T TOJNBKO s T. Has.
peryJsapHbIX cemeiictB nap (&, 8,) e S(S) x &(T), ¢e J. [IpuBeneHBI HEKOTOPbIE
[OCTaTOYHBIE YCIOBHS IUIS TOTO, 9To6bI ceMelicTBo map (&, #,) € &(S) x &(T),
t€ J GBUTO peryaspHLIM. ITH OPo6IeMBI KacaloTCa TEMAaTHKH, OCHOBOIOJIOXHHKOM
KoTOpoii sBiseTcs npod. O. Bopyska (1).
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