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Časopis pro pěstování matematiky, roč. 86 (1961), Praha 

ON SOME ASSUMPTIONS OF THE THEOREM ON THE CONTINUOUS 
DEPENDENCE ON A PARAMETER 

JiRi JARNIK, Praha 
(Received June 9, I960) 

The assumption of the convergence of the sum (1) in the theorem of 
J. KURZWEIL [1] is proved to be essential. 

In the paper [1] of J. KURZWEIL, there is proved a theorem on the continuous 
dependence on a parameter for generalized differential equations (1. c, p. 442, theorem 
4,2,1). For classical differential equations we obtain from this theorem the following 
result: 

Let us denote by F(G9 col9 co29 a) a class of functions F(x, t) which fulfil the con­
ditions: 

F(x, t) is defined and continuous on an open set G c E n + l 5 F(x, t) e En; 

||F(x, t2) - F(x, tt)\\ = cot(\t2 - tt\) for \t2 - ^l < cr; 
\\KX2> h) - F(x2, h) - F(xl912) + F(xl9 t±)\\ = Hx2 - x±\\ co2(\t2 - tt\) 

for ||x2 - x j l S 2cox(a), \t2 - tt\ ^ a. 

Let cox(r\)9 co2{r\) be continuous increasing functions on an interval <0, <r>, cot(0) = 
= 0, cot(ri) ^ crj for i = 1, 2, where a and c are positive constants. 

Let the function \j/(rj) = cox(r]) co2(r\) fulfil these two conditions: 
i) the function q~~l \J/(rj) is non-decreasing; 

ii) the sum 

« P* (f. 
converges. 

For k = 0, 1, 2,..., let us denote by xk(t) the solution of 

(2) ^=Ux,t), xk(0) = i 
at 

where the functions fk fulfil the Caratheodory conditions. Let Fk(x91) be primitive 
functions of fk(x91)9 L e. Fk(x9 t) = $Qfk(x9 r) dr. Further, let Fk e F(G9 col9 col9 a)9 
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Fk(x, t) -» F0(x, t) uniformly with k -» oo. Let us suppose that for k = 0 there exists 
a unique solution of (2). Then xk(t) ~> x0(t) uniformly with fc -> oo. 

Later on it was proved by Z. VOREL that i) may be weakened to 

i') there exists an a > 0 such that the function rj~* \j/(rj) is non-decreasing. 

The paper [2] starts with this assumption and investigates assumption ii). The con­
vergence of the sum (l) is proved to be essential in the following sense: 

Let two functions cou co2 fulfil all the conditions of the theorem except assumption 
ii). Further, let there exist two positive constants al9 d such that co2 < dcot and that 
the functions rj~ai cot(rj) (i = 1, 2) are non-decreasing. Then there exists a sequence of 
ordinary differential equations (linear, in fact), which fulfil (together with the functions 
cot, co2) all the assumptions of our theorem except ii), but such that the sequence of 
solutions xk(t) diverges. 

In the paper [3], J. Kurzweil proved that the assumption i) may be left out entirely. 

The aim of the present paper is to show that even then the assumption ii) is essential 
in the sense mentioned above when cot = co2. This will solve this question completely 
e. g. for linear homogenous differential equations. 

In fact, it is easy to show that if F(x, t) = A(t) x, then F e F(G, Kxco, Ktco, a), 
where co(rj) is the modulus of continuity of the function A(t) for rj e <0,0"), Kt = 
= Max(l , K) and ||x|| S K for all (x, t) e G. This follows immediately from the 
evident inequalities 

\\F(x, t2) - F(x, tt)[\ = ||x|| . \\A(t2) - A(t,)\\ = Kco(\t2 - tx\), 
\\F(x2, t2) - F(x2, h) - F(xl9 i2) + F(x±, tt)\\ = ||x2 - xt\\ . \\A(t2) - A(*x)|| £ 

= 11*2 - * l ! M J ' 2 - - * i l ) -

Further, it is quite natural to consider only such functions co(rj) for which the in­
equality 

(3) co(rjt) + co(rj2) £ co(rjt + rj2) 

holds whenever *h?f?2-Jh + *|2€<(0,cr>. 

In fact, taking the class H of all functions h(t) for which the inequality 

iK^-KOi^m^-^il) 
holds for |*2 — *il ^ 0", let us define 

^(rj) = sup \h(t2) - h(tx)\ . 
/ r e H , j t 2 - t i | ^ 

Of course, for any h(t)eH and tu t2 with |*2 - tt\ S &, the inequality \h(t2) -
- h(tx)\ = co(\t2 - tt\) holds. 

Let now rjx, rj2 e <0, er>, \t2 - tt\ g rjx + rj2. Then evidently there exists a point f3 

such that |f3 - tx\ g rjx, (r3 - t2\ g rj2. The inequalities 

a>(rjt) + (o(rj2) * \h(h) - h(t3)\ + [%) - h(t2)\ = \h(t,) - h(t2)\ 

405 



and 
©Oh + to) = sup \h(t2) - h(tt)\ S ©Oli) + co(rj2) 

heH^tz-til^ttt+tiz 

show that the same class of functions is characterize4 by both the functions Q, o and 
that in this case the inequality (3) holds. 

1. On an interval <0,1> let co(rj) be a continuous increasing function such that 
co(0) = 0, co(rj) = cr,, 

w I,2 '0 '2©-"' 
(5) | - ( i i ) < -

Further, let there exist an e > 0 such that for infinitely many positive integers i the 
inequality 

holds. 
We shall now construct a sequence of linear differential equations 

dx 
(7) — = ak(t) x + bk(t), 

dr 

fc = 1, 2, 3 , . . . , such that Ffc 6 F(G, co, co, cr), cr > 0, F^x, *) -» 0 uniformly with 
k •-> co, if we put 

4t(t) = I a^x) dr , £*(r) = f b,(r) dr, Fk(x, t) = A,(^) x + Bk(t) . 
Jo Jo 

Nevertheless, the sequence of solutions of (7) for which x*(0) = 0, diverges. 
Put 

mk / H \ 

(8a) e~Ak(t) = 1 + Q £ e&> (-=- J sin 2l> , 

Wfc / 1 \ 

(8b) Ut(f) = C2 £ ê B (--J cos 2ff. 

Let us fix Cl9 C2 sufficiently small, and mk such that 

00 . 
mk / i \ 

l imX2 l^ 2( :™) = 
fc-*oo i=& \ 2 / 

In the sums on the right sides of the equations (8a, b) we shall leave out some terms; 
namely, we shall choose et = 1, e,- = 0 respectively, so that the inequalities 

(9a) \Ak(t2) - A^tt)\ ^ \o>(\t2 - tt\), 

(9b) \Bk(t2) - Bk{tl)\ S |©(|f2 - t,\) 
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hold. If G is a set such that for all (x, t) e G it holds, \x\ <£ 1, then, evidently, from 
the inequalities (9a, b) it follows that Fk e F(G, co, co, <T), where co(cr) = \. 

For a fixed positive number C let us put (i, s are arbitrary positive integers) 

ao) - .-f[«>--(i)-^(l)i(i + i)M-J. L-UV 
Further let us denote by {p£} the increasing sequence of all indices for which 

<»> . " ( ^ H ^ H ^ -
Denote the sequence pl9 p2 — 1, p2, p3 — 1, p3, ...*) by {/,.}, and put 

ef = 1 for i e {/,-} — L, 
ef = 0 for all other indices . 

Now we can prove e. g. the inequality (9b). Let 

(12) z£\t2-h\< * 2r "" ' " x' l1*"1 

Then 

(13) |Bfc(*2) - ^ 0 1 £ C2 g* e-a> Q j ) |sin 2 i-1(*2- tx)l + JU«> Q;Y| • 

Let us estimate the first sum. If r $ L, then 

(14) | > > ( i ) l»m 2 ' - ( . 2 - r,)| S | > , . 2-'<» ( A ) S 

S '£*-,. (I) z-c (i + I)'""'* c„(i)|(> + i ) - s o(c +.).(!). 
If r e L, then there exists an index rt < r, rx£ Lsuch that for all the indices i, rx < 
< i S r, there is i e L. As et -= 0 for i e L, the inequality 

holds. According to the preceding case, we have 

X > > ( | ) Isin 2 ' - ^ - *.)| Z 2 — [C(C + 1) co ( A ) + „ ( A ) J g 

< 2Г l 

' ^ + i ) 2 ^ ) -

*) Every term of the sequence, even if repeated, is written once only. 
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From the inequality (3) it follows that 

'-(»--»(? ir)-^-( i 

According to (14), we have the estimate 

?«!-»Qi) l«n 2'-(t2 - 01 * (C + l)2 » ( i) . 

for all r. 
For the second sum on the right side of (13) we have the estimate 

If P — pj is the least element of the sequence {ps} for which P _ r, then according 
to (11) '• . . . 

(15) - (?)+2£" (?) s - (?)+* (? ) ! / ' + •>"' s 

-[-*i-*M?)-
From (14) and (15) we obtain immediately , 

l-»^2) - Bk(h)\ _ c2 he + i)2 + 1 + -?-----2-] <\ti - h\) . • 

For arbitrarily fixfed positive constants C, e we can choose C2 > 0 so small that (9b) 
holds. 

The proof of the inequality 

\e-A*™ - e~A^\ _ ±co(\t2 - *.|) 

is quite analogous. By means of a further decrease of Cx we obtain the inequality (9a). 
Now we shall proceed to the proof of the divergence of the sequence of xk(t). First 

let us show that the elimination of some terms has no influence on the divergence of (4), 
i. e. that the sum 

(16) f^co2^) 

diverges for fixed sufficiently small s > 0 and sufficiently large C > 0. 
To this purpose we shall estimate the sum of the terms for which et = 0. As for 

i < Is — lj„ly it follows that 

(Û QĴ ) Í (i.+.) - (jçj^) a (. + .y»(i) 
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from (ll), we have the estimate 

PJ"2 . f\ 
Z 2V»2 - U Z 2í(l + £)2(W-oa)2//l\< 

i-Pj-í + i \ - w Í=P>-J + I y \2PJJ ~~ 

By decreasing e > 0 we can obtain 

(17) 
Pj-2 

PJ^ ( * 

i = p / +l V27 5 .Ww/ 

Further, from the definition (10) of Ls, it results that 

^(i)sx,[?-.„(i)i(1+i)-Js 

í2lw(ìU(i + ì) z 
2 ( S + 1 ) CD 

C/ І = Í + I L 

1+-
ŤCOЧ-

'['"K 
Evidently we can choose the constant C so large that 

From (17) and (18) if tollows that 

І=I 

5 1=1 

Therefore the sum (16) diverges.2) 
Now we can estimate the absolute value of * k (0 ' L e t u s w n t e 

_ 0Au{t) 

Then 

1̂ (01 = 

xk(t) = 

m k / 1 \ 

1 + Q Z et° 1 ) s i n 2 ' ř 

-,**(*) Ьfc(т) d т . 

"[ílСг,?>"2,K?)si°2' 
1 + Ct Z eгco Ш sin 2*r j d т l S 

2 ^ 3 £e lQ>(-)cos2' r ' 
\i=k 

2) Hence the set {n} — L is infinite. 
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+ 

-i°Híhc-í'3.e'-2'°'í$3ia*2'r+ 

•JL***" (?) * (?) -"2'*sin 2'*]d* i * CJCJ [f' I" • *•" (?. 
i=fc \ 2 / 2 í=fc \ 2 y 2 i~icj~k,i*j ,2'j І 2 ' 

because 

2 '" sin 2'т sin 2yт dт 1 1 2 ' : sin (2'' - 2Л t — sin (T + 2J) t 
2'' + 2J 

<l 
2 J 2 ' - 2J 

Besides, C3 > 0 by choice of Cx. 
According to (5) and (19), the sequence of xk(t) diverges. Thus the proof is finished; 

we can now turn to the case when (5) or (6) is not fulfilled. 

2. Let us now suppose that for co(rf) (5) holds, but (6) does not hold for any e > 0. 
Then, evidently, 

co^1 

(20) V2 , 
lim \ % ' = 1. 

CO 

Define the set L by (10) again, and denote by {ks} a sequence of indices kj $ L3) such 
that 

"(^)><1 +')»(£)• 
Put ekj = 1 and et = 0 for all other indices i. As 

- , ) > ( ' + * -(55=). 
the inequality 

*% \2*V s \2r 

holds and we obtain (9a, b) analogously to the preceding case. 

According to (20), there exists an index i0 such that for i = i0 

' 4 \ -
CO 

CO 

т-x 

2' 
3 ) Cf. footnote on p. 409. (The definition of Ls and L does not depend on the inequality (6).) 
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For &._! _• i0 we obtain 

^ÍІÌ^^Ш.ÍГ^^1 

2W = 4 V-^V^W Y2*W 

2k'û»2ŕ--.Л.>-2ł'-I(в2|/ * 
^2*V ~~ 2 V2*J 

Thus evidently, the sum 

I?* (?)-!.•'•*•*(?) 7 = 1 

diverges. The remainder of the proof goes through as in the preceding case. 

3. There remains the last possibility, that (5) does not hold, and that therefore 

1^(1) = 0°-
Let us now define the functions Ak(t)9 Bk(t) by 

mk /1 \ 
(8'a) e~Ak{t) = 1 + Ci £ epT1® I — j sin 2l> , 

(8'b) Bk(t) = C2 X efiT'ay I - J cos 2't 

where 1 < a < ^ / 2 , ef = 0 for i e L and et = 1 for all the other indices. 
The functions Ak(t), Bk(t) converge uniformly to zero with fc -• oo, because 

(21) • | , ; -* ( i ) -«@j. -<« . . 
Again choose the constants mk such that 

lim ff2 la-2,ffl-(_\ _- oo 
*->-w í=fc V-"V 

This is possible, because 

(40 . f 2 « « - ^ ( I ) - oo . 

In fact, if (4') did not hold, then lim 5I*a)2(2~i) = 0 where 5 = 2/a2 > 1, and therefore 
i-*oo 

lim 8*lco(2~l) = 0. But then for a properly chosen constant K and for all i large enough, 
i-+ao 

co(2~l) < K8~*\ Evidently from this (5) follows, in contradiction with our as­
sumptions. 
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We shall estimate the difference \Bk(t2) — -Bfc(*i)| again, supposing that (12) holds. 
Then 

\Bk(t2) - B^OI ^ C2 [ ? «t«"^ Q i ) Isin 2f"1(̂ 2 - *i)l + S ^ " 1 ® ^ ) ] • 

According to (14), we have 

Yw-'co ( ± ) Isin 2'"1(t2 - tt)\ £ (C + l)2 «, ( ± ) . 

We can estimate the second sum by 

l«". (i) s-(^«--c-(i). 
where C is a constant. The inequalities (9a, b) are obtained by decreasing Cu C2 

again. 
Now we shall prove that the sum 

(160 Һ-iw{ï 
diverges. In fact, according to (10), we have 

= 2soc-2V 

i2,-^(i)s^(i)i(1 + i ) -"z 

Evidently it is possible to choose C so large that 

i + r 
2a2 

2'a-2^2 ( ± ) (C2 - 2C - I)"1 . 

ł Є L , 

Then 

(22) I/1.2.«-^(I)SÍ|A-V(I 
І = l 

and the sum (16') diverges. 
The proof of the divergence of the sequence is then performed analogously to the 

preceding cases. We obtain 

1**0)1 ̂  C2C3 \9l. t gefi1*-2>a>2 ( ± ) - 2 £«"'«, ( ± ) -

2i-». V27 2 ttj-ijfi-j V27 \2y_ 
According to (21), (22), the sequence xt(t) diverges. Thus the proof is complete. 
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Výtah 

O NĚKTERÝCH PŘEDPOKLADECH VĚTY O SPOJITÉ ZÁVISLOSTI 
NA PARAMETRU 

JIŘÍ JARNÍK, Praha 

Buď ( ? C J E „ + 1 , Nechť F(Gl<ox,<o29<j) označuje množinu všech funkcí F(xs ř), 
majících vlastnosti: 

F(x,t)eEn pro (x,t)eG'9 

||F(x, t2) - F(x, tt)\\ = <ox(\t2 - tt\), 

||F(x2,-r2) - F(x2, tt) - F(xí9 if2) + F(xl9 t±)\\ ^ | |x2 - XiH <o2(\t2 - ř j) 

pro \t2 - tj ^ c/, ||x2 - x j g 2<o±(a). 

Buď dána funkce c0(??) spojitá a rostoucí v <0,1>, co(0) = 0, splňující nerovnosti 
co(rj) ^ oj, <%i) + ^(>72) = co^i 4- rj2) P r ° všechna ^, y\l9 rj2i rjt + rj2e <0, 1>. 
Nechť řada (l) diverguje. 

V článku se konstruuje posloupnost diferenciálních rovnic (7) těchto vlastností: 

Označíme-li Ak(t) = J 0 ak(r) dr9 Bk(t) = J 0 bk(r) dr, Fk(x9 t) = Afc(í) x + Bk(t)9 je 
Ffc e F(G, co, co, a) pro jistou oblast G a (7 > 0. Posloupnost funkcí F*(x, i) konverguje 
stejnoměrně k nule. Posloupnost řešení xk(t) rovnic (7), pro něž je xft(0) = 0, však 
diverguje. 
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Резюме 

О НЕКОТОРЫХ ПРЕДПОЛОЖЕНИЯХ ТЕОРЕМЫ 
О НЕПРЕРЫВНОЙ ЗАВИСИМОСТИ ОТ ПАРАМЕТРА 

ИРЖИ ЯРНИК аШ ^ат^к), Прага 

Пусть б с Е „ + 1 . Пусть Р(0, сои со2, о) обозначает множество всех функций 
^(х, г) со следующими свойствами: 

Р(х, *) е Еп для (х, г) в О ; 

\\Р(х,12)-Р(х,п)\\ й<ох(\*г - М ) . 

Щ*2> *г> ~ Нх2, Ч) - Нхг> *г) + К*и к)\\ й 11*2 ~~ х,|| о>2(|/2 ~ 1Х\) 

для |*2 - *х | <; а, ||х2 - хЛ = гсо^а). 

Пусть дана функция со(*?), непрерывная и возрастающая в <0, 1>, ш(0) = О, 
выполняющая неравенства т(ц) ^ ^ , со(^х) + со(г12) ^ ш ^ 4* щ%) дда всех 
>?> *?1> Пг> Пх + *Ь е <°> 1>- Пусть ряд (1) расходится. 

В работе строится последовательность дифференциальных уравнений (7), 
обладающих-следующими свойствами: 

Если мы обозначим Ак({) = $*0 я*(т) <*т> в*(*) ~ /о Ы т ) ёт, РА(х, г) в Лл(|) х + 
+ Вк$, то Рл е ^(0, со, со, <т) для некоторой области С и <г > 0. Последова­
тельность функций -Р*(х, *) сходится равномерно к нулю. Последовательность 
решений хк(г) уравнений (7), для которых х*(0) = 0, все-таки расходится. 
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