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Casopis pro p&stovani matematiky, rot. 86 (1961), Praha

ON SOME ASSUMPTIONS OF THE THEOREM ON THE CONTINUOUS
DEPENDENCE ON A PARAMETER

JIRi JARNIK, Praha
(Received June 9, 1960)

The assumption of the convergence of the sum (1) in the theorem of
J. KurzwelL [1] is proved to be essential.

In the paper [1] of J. KURzWEIL, there is proved a theorem on the continuous
dependence on a parameter for generalized differential equations (l. c., p. 442, theorem
4,2,1). For classical differential equations we obtain from this theorem the following
result:

Let us denote by F(G, w,, w,, 0) a class of functions F(x, t) which fulfil the con-
ditions:

F(x, t) is defined and continuous on an open set G < E, ., F(x, 1) € E, ;

IF(x, t2) — F(x, t;)| < @4(lt; — t4]) for [t —t)] S0
”F(xz, tz) - F(xZa ty) — F(xu tz) + F(xn t)ll = llxy — x4l wz(ftz — 1)
for |x; — x| £ 2w,(0), [t —t;] So.
Let col(n),'coz(n) be continuous increasing functions on an interval <0, o), ®{0) =
=0, a)i(n) = cnfori = 1, 2, where o and ¢ are positive constants.
Let the function Y(n) = (1) w,(n) fulfil these two conditions:

i) the function ~* Y(n) is non-decreasing;
ii) the sum

()

converges.
Fork =0, 1,2, ..., let us denote by x,(t) the solution of

dx
() i filx, 1), x(0) = ¢

where the functions f; fulfil the Carathéodory conditions. Let Fy(x, t) be primitive
functions of fi(x, ), i. e. Fy(x, 1) = [§ fu(x, 7) dv. Further, let F, € F(G, 0,, ®,, 0),

404



Fy(x, t) = Fo(x, t) uniformly with k — co. Let us suppose that for k = O there exists
a unique solution of (2). Then x,(f) - x,(t) uniformly with k — co.

Later on it was proved by Z. VOREL that i) may be weakened to
i’) there exists an o > 0 such that the function 7~ /() is non-decreasing.

The paper [2] starts with this assumption and investigates assumption ii). The con-
vergence of the sum (1) is proved to be essential in the following sense:

Let two functions w,, @, fulfil all the conditions of the theorem except assumption
ii). Further, let there exist two positive constants o, d such that w, < dw, and that
the functions ™ ® (11) (=1, 2) are non-decreasing. Then there exists a sequence of
ordinary differential equations (linear, in fact), which fulfil (together with the functions
Wy, coz) all the assumptions of our theorem except ii), but such that the sequence of
solutions x,(r) diverges.

In the paper [3], J. Kurzweil proved that the assumption i) may be left out entirely.

The aim of the present paper is to show that even then the assumption ii) is essential
in the sense mentioned above when @; = w,. This will solve this question completely
e. g. for linear homogenous differential equations.

In fact, it is easy to show that if F(x, f) = A(f) x, then F € F(G, K 0, K, 0, 6),
where (n) is the modulus of continuity of the function A(Z) for n € <0,0), K; =
= Max (1, K) and |x| £ K for all (x, )€ G. This follows immediately from the
evident inequalities

IF(x, tz) — F(x, t)ll = lIx]l . [ A4(t,) — A(H)” < Ko(jt, — t4),
IF(xz, t5) — F(x,, ty) — F(xy, 15) + F(xy, t)ll = llx, — x4 . 14(t2) — A(t1)”
= llxy — x| ot — #4])

Further, it is quite na‘;ural to consider only such functions w(n) for which the in-
equality
(3) ;) + o(n;) Z oy + 1,)
holds whenever 7, 115, 11; + 1, €<0, o).
In fact, taking the class H of all functions h(z) for which the inequality
Ih(tz) — h(t,)] < Q(1t, — 1,])
holds for |t, — t;| < o, let us define .

o(n) = sup.  |h(t,) — h(t,)] .

heH, ]t;—!;] n

Of course, for any h(f)e H and t, t, with |t, — ¢,| < o, the inequality h(t,) —
— h(t))] £ o(t, — 1,]) holds.

Let now 14, 1, € <0, 6), [t — t;] £ 1; + 7,. Then evidently there exists a point t,
such that [t; — 4| = 7y, [t3 — ;] < 7,. The inequalities

w(’h) + w(ﬂz) = ]h(t1) - h(ts)l + lh(ts) —'h(tz)l = Ih(tx) - h(tz)‘
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and
o(ny + 1) = sup |h(ty) — h(t,)l £ w(ny) + w(ny)

heH,|ta—t1|Sny+m2

show that the same class of functions is characterized by both the functions Q, w and
that in this case the inequality (3) holds.

. 1. On an interval <0, 1> let w(n) be a continuous increasing function such that
(0) =0, w(n) = cn,

4) | Y 2 (i) =,

i=1 2!
i 1

) T o (—) <.

i=1 2!
Further, let there exist an ¢ > 0 such that for infinitely many positive integers i the
inequality N

1 1
6 ol—)1>1+8 o=
o () 1e(3)
holds. :

We shall now construct a sequence of linear differential equations
dx

(7 i a(t) x + by(t),

k=1,2,3,..., such that F,eF(G, , ®,0), ¢ >0, F(x,{)—> 0 uniformly with
k — oo, if we put

A(D) = f ;ak(r) dr, Byi) = J ;b!‘(t) dr, Fix 1) = Ai)x + By(r).

Nevertheless, the sequence of solutions of (7) for which x,(0) = 0, diverges.
Put

(8a) e =14C Y ew <%) sin 2°¢,
i=k
(8b) B =G e G) cos 2t
i=k ‘

Let us fix C,, C, sufficiently small, and m, such that

lim ¥ 2'w? (%) =00.

k= i=k

In the sums on the right sides of the equations (8a, b) we shall leave out some terms;
namely, we shall choose e; = 1, e; = 0 respectively, so that the inequalities

(%) 14(t2) — At,)l < Fo(t — 1),
(9b) [Bi(t;) — By(ty)l < 30(|t; — t4])

406



hold. If G is a set such that for all (x, f) € G it holds, |x| < 1, then, evidently, from

the inequalities (9a, b) it follows that F, € F(G, o, o, ¢), where w(0) = 3.
For a fixed positive number C let us put (i, s are arbitrary positive integers)

i-s—-17}, ©
(10) Ls=é’[i>s,w(l.)gzs-iw<i>l(1+1): ] L=UL,.
i 2l $ C C s=1

Further let us denote by {p;} the increasing sequence of all indices for which

(11) o e(z)> 0 9e(5).

Denote the sequence p;, p, — 1, p,, p3 — 1, ps,...") by {I;}, and put

e,=1forie{l;} ~ L,
e; = 0 for all other indices .

Now we can prove e. g. the inequality (9b). Let

1 1
(12) > <ty — 1 <5

Then

r—1 1 . -1 © 1
(13) 1B() - Bt < G| T e (5> jsin 2741, — 1) + 3 e ?) .
Let us eétimate the first sum. If r ¢ L, then

r—1 r—1
(14) Y e (l> sin 27Xt — )| S Y e 20 (i> <
i=k 2! =k 20

r—1 -, 1 . 1 i-r+1 1 ] 1 -~ 1
<Y 2o (=) 2c(1+2)  =co(=)Y (1+2) =cC+Do(=).
ik 2" C 2" ) i=o C 2

If r € L, then there exists an index r; < r, r; ¢ Lsuch that for all the indices i, r, <

< iZr,thereisie L. As e; = O for i € L, the inequality
r—1 1 . ry 1 . '
Yeo=]lsin2""(t, — ;)] 2" Y e[ =) 2F"
i=k 2! : i=k 2!
holds. According to .the preceding case, we have
ot 1\, . ~ieq ey 1 (1
Yeo[=]|sin2t,— )| 2" 7| C(C+No|—|+ o=
i=k 2 2 2"
< 277(C + 1) wG—>

1) Every term of the sequence, even if repeated, is written once only.

TIA
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From the inequality (3) it follows that

1 1 ,- 1\
ol—)=< 2w 2T (=),
()52 (zw) =7 (3)

According to (14), we have the estimate

Zea)( )fst' l(tzft1)|<(C+ 1 o (;)

for all r.
For the second sum on the right side of (13) we have the estimate

Eee ()5 50 (3) 2o () 22 () 220 (3)

If P = p, is the least element of the sequence { p,} for which P = r, then according
to (11)

o o(2)gep)ee()mG)z
)

From (14) and (15) we obtain immediately
IBy(t;) — By(11)l = C, [(c +1P2 +1+ 3(35—@] a(lt, — 4]).

For arbitrarily fixed positive constants C, ¢ we can choose C, > 0 so small that (9b)
holds.

The proof of the inequality

|e—Ak(!z) - e‘Ak(ll)' < %w(ltz _ t1|)

is quite analogous. By means of a further decrease of C, we obtain the inequality (9a).

Now we shall proceed to the proof of the divergence of the sequence of x,(f). First
let us show that the elimination of some terms has no influence on the divergence of (4),
i. e. that the sum

(16) i €. 20 <2l>

diverges for fixed sufficiently small ¢ > 0 and sufficiently large C > 0.-
To' this purpose we shall estimate the sum of the terms for which e; = 0. As for
i<l —1I;_y, it follows that
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from (11), we have the estimate

Z 2l (21>§ "JZZ 21 4 29 g2 (1>s

i=pj-1+1 i=pj-1+1 2Pi )] =

cre(D) [Qiﬁ]’ =70 ()

By decreasing ¢ > 0 we can obtain

pj=2 3 1
(17) Yy 2'%w? < 2 kigy?
i=p;+1 2 5 2Pj

Further, from the definition (10) of L, it results that

sy %(H%)”"T

IIA

IA

1 27i
. 1+= .
—2(st1) o ( > .
2?(02 <—1~>i (1 + L) y \ Y| 2502 (1

25 C? C i=s+1 2

Evidently we can choose the constant C so large that

w g (H)spe(5)

From (17) and (18) if tollows that

19) Ser 202 (1) 2 520 (1) - 2 2wa2<—lp—j)—
2 i=1 2 5 pjEn 2

Therefore the sum (16) diverges.?)
Now we can estimate the absolute value of x(t)- Let us write

x(f) = et J‘ o4 by(r) dr.

Then Y |

xi(9)] = .(1 + Clzew<21>51n2t) U(sz e 20)<zl>sm2'r>
(146§ co(3)snaw) o] 3o (5) o2t -

%) Hence the set {n} — L is infinite.

; C
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my t my
-y e 1 +C Y e . 2%? -1— sin® 2'r +
i=k 2! i=k 2!
+ Y 2eew l o (L) sin 2'7 sin 277 | de = C,C,4 E:——tZe 2ig? (L) -
i,j=k,i#j 2! 2 2 i=k 2
1 m,

Y e (L) G wz-l—.—iglz Zwi.co—l—. ,
i=k 2! 2 i=k 2! 2 iZkj=kizj \2} i

: i ' i
2i | sin 27 sin 27r dz| = 1 i 2 sin (2' — 2) 1 — — 2 sin (2 + 29) 1| <
0 2|20 = 2 24 2

Besides, Cy > 0 by choice of C,.
According to (5) and (19), the sequence of x,(t) diverges. Thus the proof is finished;
we can now turn to the case when (5) or (6) is not fulfilled.

2. Let us now suppose that for o(n) (5) holds, but (6) does not hold for any ¢ > 0.

Then, cv1dently,
1
(1)
—_—t =1,

im -

)

Define the set L by (10) again, and denote by {k;} a sequence of indices k; ¢ L*) such

that
1 1
(0] (2"]_1) > (1 -+ 8) [0)] (Ek_j> .

Put ¢,, = 1 and ¢; = 0 for all other indices i. As

1 L /1
w (5?1) >(1+efo (~———2kj+s> ,
1 1 +e 1
o — o=

holds and we obtain (9a, b) analogously to the preceding case.
According to (20), there exists an index i, such that for i = i,

because

le

the inequality

EON

3
3) Cf. footnote on p. 409. (The definition of L;and L does not depend on the inequality (6).)
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For k;_, = i, we obtain

1 3 1 3\kiki-1 1
2 el -z 2 > (Z 2
()23 (5)2 () ()
2k gy? (—1—> zézkf-lwz( 1 )
' 2% 2 2ki-1

Thus evidently, the sum
g 1 b ; 1
2kj0.)2 —_—) = €;. 2'002 —
,;1 (2"’) i§1 2

diverges. The remainder of the proof goes through as in the preceding case.

3. There remains the last possibility, that (5) does not hold, and that therefore

© 1 ]
D{— | = 0.
igi <2‘)
Let us now define the functions 4,(t), Bi(t) by

mi
(8'a) e =1+ C Y e 0 <%> sin 2t ,
i<k

(8'b) B(t)=C, Y ex 0 (—;) cos 2't
i=k

where 1 < o < \/i, e; = 0forieL and e; = 1 for all the other indices.
The functions 4,(t), B,(t) converge uniformly to zero with k — oo, because

. o . 1 1 0 .
21 o= of- aT'< .
( ) igl (2’) (2) ;1
Again choose the constants m, such that
my A . 1
lim Y 2‘05’2‘0)2(——_) =00.
k= i=k 2!

This is possible, because
4" . Y 2k 2ip? l =
i=1 2!

In fact, if (4') did not hold, then lim §’w?(27") =0 where 6 = 2/a* > 1, and therefore
lim 5*"0)(2" ) = (. But then for a properly chosen constant K and for all i large enough,
i— o0
w(27%) < K6~ *. Evidently from this (5) follows, in contradiction with our as-
sumptions.
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We shall estimate the difference |B,(t,) — By(t,)| again, supposing that (12) holds.
Then

|Bi(t,) — Bifty)l £ C.2 [Z e ‘o (2) |sin 2¢~ 1(t2 - )| + Z e co(i ):I
According to (14), we have - '
Z ea“w( ) sin 2174, — 1) £ (C + 1)’ @ (;) .
We can estimate the second sum by .

Eee((Biae)

where C’ is a constant. The inequalities (9a, b) are obtained by decreasing C,, C,
again.
Now we shall prove that the sum

(16') e; 21 —2iw2 <1) .
. 1 2!
diverges. In fact, according to (10), we have
1 273
) 1+=
Car a1 1\ 1 /. 1\726*D ( C)
2lq~2ig? < 2%0? 1+ =) N /| =
52 (5) 570 (H) a1 5 Bl
1 : - 1\ ! .
=202 (=) IC?|2e> = (1 + = S L 20 P (C2 2C — 1)—1 .
. 2°/, C

Evidently it is possible to choose C so large that

Z zia—Zin _1_ é }_ Zsa-z.swz __1_ .
i'eL, 2! 2 2¢
Then '

(22) o ; e;. 2l ig? (2) g% :; 22 2(1.>

2!

™M 8

i

and the sum (16’) diverges.

The proof of the divergence of the sequence is then performed analogously to the
preceding cases. We obtain

Ix(f)] = C,C4 -(—j,l—t Y e2a”%0? EA 2Ya o -1- -
2 i=k . 2! i=k 2! ‘

v- : Ci & u2; 21 3C; ¢ B —G+h 1 1
_—— [o4 w —_] - — o Ofl— || — .
2i=x_ 2! 2 igk j=k,zi*j 2 27

- According to (21), (22), the sequence x;(t) diverges. Thus the proof is complete.
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Vytah

O NEKTERYCH PREDPOKLADECH VETY O SPOJITE ZAVISLOSTI
NA PARAMETRU

Jiki JARNIK, Praha

Bud G < E,;;. Necht F(G; wy, wz,.o) oznaduje mnoZinu viech funkci F(x, t),
majicich vlastnosti: o
F(x,t)eE, pro (x,1)eG;
| F(x, tz) — F(x, t)) £ o4tz — 1,]),
IF(x2, 12) — F(x2, t;) — F(xy, t2) + F(xla )l £ lxz — x40l 02, — 14])
pro |t =4l S0, |x;— x4 £ 2601(0) -

Bud dana funkce w(n) spojita a rostouci v <0, 1, w(0) = 0, spliiujici nerovnosti
o(n) = en, o(ny) + w(n,) = o(ny + n,) pro viechna n, 7y, 1,1y + 1, €<0, 1>,
Necht fada (1) diverguje.

V &éanku se konstruuje posloupnost diferencidlnich rovnic (7) t&chto vlastnosti:

Oznadime-li 4,(f) = [§ a(7) dz, By(f) = [ bi(z) dv, Fi(x, 1) = A1) x + By(1), je
F, € F(G, o, , ¢) pro jistou oblast G a ¢ > 0. Posloupnost funkci Fy(x, t) konverguje
stejnom&rné k nule. Posloupnost feSeni x(f) rovnic (7), pro ndz je x,(0) = 0, viak
diverguje.



Pesrome

O HEKOTOPBIX ITPEAIIOJIOXEHUAX TEOPEMBI
O HEINPEPHIBHOW 3ABUCHUMOCTHA OT MMAPAMETPA

VPXU APHUK (Jiti Jarnik), [1para

Mycts G < E, . Hycts F(G, w,, w,, 6) 0603Ha4aeT MHOXECTBO BCeX (yHKumi
F(x, t) CO CJEIYIOLIUMH CBOMCTBAMHU:

F(x,t)eE, nas (x,1)eG;
IF(x, t2) — F(x, )]l = w(It2 — 1.]),
IF (x5, t2) — F(xa, t;) — F(x1, 1) + F(xy, 1)l S llx; = x40l @a(It; = 14])
s |t — 4] S0, [lx; — x4 £ 2601(0')-

Iycrs nana ¢ymkuus o(n), HenpepsiBHas | Bospacratowas B <0, 1), w(0) = 0,
BRINOJIHSIOIIAs. HepaBeHCTBA (n) = ¢, w(n,) + w(n,) = w(n, + n;) s seex
s M1s 25 N1 + N2 €0, 1>. Tlyets psx (1) pacxomures.

B paGoTre CTpOMTCA IOCIeNOBATENBHOCTh dubdepeHumatbubx ypasnenui (7),
061aJaromKX CIEAYIOIMMY CBOHCTBAMH:

Ecmu Met o603maunM Ay(1) = [§ ay(t) dr, B(t) = [§ by(t) dr, Fy(x, 1) = A1) x +
+ By(1), To F, € F(G, w, w, 6) nnsa nexoTopo#t obnact G u ¢ > 0. [locnenosa-
TeNMBHOCTh yHKuM Fy(x, t) cXomuTcs paBHOMEpHO X Hymio. I10C/IeA0BATEABHOCT
permenmit x,(t) ypasHenmii (7), must koTopsix x,(0) = 0, BCe-TakH PACXOMHTCA.
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