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Casopis pro p&stovdni matematiky, ro&. 86 (1961), Praha

ON THE SOLUTION OF LINEAR FUNCTIONAL EQUATIONS
IN HILBERT SPACE

J OSEF Koromy, Praha
(Received March 28, 1960)

A new iterative method of solving linear functional equations is given.

In the present paper we introduce a new method of solving the equation

® . - 4x = f,

where the linear operator A is defined in a real Hilbert space H. The method is based on
the following theorem.

Theorem. If A is a linear bounded operator in H and if there exists positive '
number m such that for every x € H, the inequality .

@ ' (4x, x) = mlx|?
holds, then the sequence {x,,} defined by the equations
(3) , ‘ xn‘—v_-kzlﬂ)cflyk—l >
| (4) o ‘ ‘ ‘ Yo =f:
(5) Ve = Ve-1 — ﬂk-lAyk—l"
. | Ayi Vi)
© p, = e
C 4w

converges in the norm of H to the solution x* € H of (1). The error || x* — x,|| of the
approximative solution x,, is bounded by the inequality

(7) I — x| < 2 1f — A,
_ m
Proof. We have _ .
”yn+1”2 = ”yn - BnAynHZ = ”yn"2 - Zﬂn(Aym yn) + B'?”Aynuz .
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From (6), C o

(4w ¥2)?
Ay ®
Since the sequence {II)’,.II} is monotone decreasing and bounded, it converges to

the number r, and the inequality 0 < r < ||y,| holds. We shall prove that r = 0.
From (8) we obtain

(®) 1Yas 2 = Iyal* =

‘ 2
m (Aym yn) —

o [ Ay,l?
According to (2), |

(Aym 7). m*yal* =< m )2 )
14va? = Ay \jag)
Hence r = O It follows from (3) (4) (%) that

©) I = Ax,) = 0.
From (2) and (9),

Ix* = xl < L dx* — Ax,| = 2 = Ax] > 0.
,oom ' m . . 5

This concludes the proof.

The method resulting from this theorem can be used to solve finite and infinite
systems of linear algebraic equations with matrices which need not be symmetric
and to solve integral equations of second kind with generally nonsymmetric kernels.

CL. MULLER proposed another method in [1]. His results may be summarized as
follows.

IfA=1I-K,where Kisa completely continuous operator in H, and if f is ortho-
gonal to the null set of A*, then the equation (1) has unique solution x* &' H and x* is
orthogonal to the null set of A. The solution x* can be determined by the iterative
process ' ’

X, =

MM

12"’ Zy = 4A*Y-1, Yo =1,

, 1A%y 4112
Yk V-1 _Azk’ Ak=———_"~
IAA* y,— ]I

1

and the sequence {x,} converges to x* in the norm of H.

These formulae and formulae (3), (4), (5), (6) of the present paper at first glance
show a certain resemblance, which proves to be rather formal. The method in the
present paper is more simple for computation and allows to estimate the error bounds;
also it has weaker assumptions on the operator 4.
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In contradistinction to the similar method of steepest descent [2] and to the com-
posed iterative method with variable parameter [3], the operator 4 need not be

self-adjoint.
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Vytah

O RESENI LINEARNICH FUNKCIONALNICH ROVNIC
V HILBERTOVE PROSTORU

Joser KoLomY, Praha
V ¢&lanku je dokazana véta, davajici novou iteraéni métodu pro feseni linedrnich
funkcionalnich rovnic v redlném Hilbertové prostoru H.
Véta. Nechf je ddna rovnice
(1) Ax =f,
kde operdtor A je ohranifeny v H a nechf .

(Ax, x) = m||x]|*, xeH, m>0.
Pak posloupnost {x,} definovand vztahy
Xn =k21ﬁk-—1)’k—1 > Yo=1,
‘ (AJ’k,Yk)
Vi = Yi-1 = Bu-14Vk-1, B ="
14yl
konverguje v normé H k FeSeni x* rovnice (1) a plati

It — %) < L7 — Ax,] .
m

Uvedené metody lze uZit jak k FeSeni kone¢ného a nekoneéného systému linedrnich
algebraickych rovnic s nesymetrickou matici, tak i k feSeni integralnich rovnic dru-
hého druhu s nesymetrickym jadrem.
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Pesrome

O PENIEHUM JIMHEVWHBIX ®VHKIIMOHAJIFHBIX VPABHEHUN
B 'MJIBBEPTOBOM IPOCTPAHCTBE

HNOCE® KOJIOMBI (Josef Kolomy), ITpara

B craTtee mokasmiBaeTCs cremyromas TeopeMa, KOTopas OIpenesisieT HOBBIA HTe-
PAIHOHHBIA METON VIS pEIleHWs JIMHEHHBIX (GYHKIMOHAIBLHBIX YpaBHEHHHM B Iei-
CTBHTEJHHOM I'IbOEPTOBOM IpocTpaHcTBe H:

Teopema. ITycmv daro ypasuenue (1), 2de onepamop A ozpanuuennviii ¢ H, u nycmo
8bINO/IHEHO YCA08UE

(4x, x) = m|x|*, xeH, m>0.

Toz0a nocredosamenvhocme {x,}, onpedeieHHAA OMHOULEHUAMU

Xy = kzlﬁk—lyk-l > Yo=1,

— (AYk, Yk)
P 4y,

cxooumces no Hopme H k mounomy pewenuro x* (1), u umeem mecmo oyenka

Ve = Yi-1 — Br-14Vi-1»

’

.

Ix* — x) < L If — 4x,
m

. IIpEBEOEHHEIM METONOM MOXHO IIOJIB30BATBCA IS peElleHHs KaK KOHEYHOH
¥ GECKOHEYHOU CHCTEMBI JMHEAHBIX aIre6panvecKux YpaBHEHHH ¢ HECAMMETPUIHOM
MAaTpHIEH, TaK ¥ VIS PElIEHHs] HHTErPaJIbHBIX YPaBHEHHN BTOPOrO THIIA C HECHM-
METPWYHEIM SIIPOM. '

317



		webmaster@dml.cz
	2012-05-11T18:12:12+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




