
Časopis pro pěstování matematiky

Josef Kolomý
On the solution of linear functional equations in Hilbert space

Časopis pro pěstování matematiky, Vol. 86 (1961), No. 3, 314--317

Persistent URL: http://dml.cz/dmlcz/117380

Terms of use:
© Institute of Mathematics AS CR, 1961

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz

http://dml.cz/dmlcz/117380
http://project.dml.cz


Časopis pro pěstování matematiky, roč. 86 (1961), Praha 

••'; ' -V • . . . ' , j 

ON THE SOLUTION OF LINEAR FUNCTIONAL EQUATIONS 
IN HILBERT SPACE 

JOSEF KoLOMtf, Praha 
(Received March 28, 1960) 

A new iterative method of solving linear functional equations is given. 

In the present paper we introduce a new method of solving the equation 

(1) :..7-'•,../ Ax=f9 

where the linear operator A is defined in a real Hilbert space H« The method is based oa 
the following, theorem. 

Theorem. If A is a linear bounded operator in H and if there exists positive 
number m such that for every xeH, the inequality , 

(2) ' _ (Ax,x) = m\\x\\2 

holds, then the sequence {xn} defined by the equations 
n 

(3) *- '= '£f t - i .v*- i , 
' • ' • * = 1 , • > • • > - . '.' 

(4) ' y 0 = j , 

(-9 yk = yk-i - pk-1Ayk-1, 

(s) ., h-(Ayk' i 

converges in the norm ofH to the solution x* e H 0/(1). The error II** -*:xn\\ of the 
approximative solution xn is bounded by the inequality 

(7) ||x* - xJS - 11/ - AxJ . 
m 

Proof. We have 

I I JWII 2 = h. - M.v.113 = IbJ 2 - 2fin(Ayn,yn) + KWyJ2 • 
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From (6), •. . . 

( 8 ) I I J ^ ^ X M * — n_v_.B* — 
Uyn\\ 

Since the sequence {HyJ} is monotone decreasing and bounded, it converges to 
the number r, and the inequality 0 f_ r <£ | | j ;0 | | holds. We shall prove that r = 0. 
From (8) we obtain 

lim \""> '») _ o . 
M.vJ2 

(^У-,У-)a 

y . l ľ _ o . 

According to (2), 

{AVn, yn)
2 ^ m2\\ynt _ (m_ 

WAyA2 ~ \\A\\2\\yj2 \U\ 

Hence r = 0. It follows from (3), (4), (5) that 

(9) "n/-._xi-->o.:,. 
From (2) and (9), 

||x* - xn|| _ I ||Ax* - Xx.ll = - 11/ - _x,|| - 0. 
m m 

This concludes the proof. 

The method resulting from this theorem can be used to solve finite an4 infinite 
systems of linear algebraic equations with matrices which need not be symmetric 
and to solve integral equations of second kind with generally nonsymmetric kernels. 

CL. MtltLER proposed another method in [1|. His results may be summarized as 
follows. 

If A -= I — K, where K is a completely continuous operator in H, and iff is ortho­
gonal to the null set of ^4*, then the equation (1) has unique solution x* € H and x* is 
orthogonal to the null set of A. The solution x* can be determined by the iterative 
process 

n 

xn = E z*' zk = *kA*yk-i, yo -/» 

yfc — yfc-i — - « * » H — —r 
\\AA*yk„x\\

2 

and the sequence {xn} converges to x* in the norm of FT. 

These formulae and formulae (3), (4), (5), (6) of the present paper at first glance 
show a certain resemblance* which proves to be rather formal. The method in the 
present paper is more simple for computation and allows to estimate the error bounds; 
also it has weaker assumptions on the operator A. 
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In contradistinction to the similar method of steepest descent [2] and to the com­
posed iterative method with variable parameter [3], the operator A need not be 
self-adjoint. 
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Výtah 

O ŘEŠENÍ LINEÁRNÍCH FUNKCIONÁLNÍCH ROVNIC 
V HILBERTOVĚ PROSTORU 

JOSEF KOLOMÝ, Praha 

V článku je dokázána věta, dávající novou iterační metodu pro řešení lineárních 
funkcionálních rovnic v reálném HUbertově prostoru H. 

Věta, Nechť je dána rovnice 

(I) Ax~f, 

kde operátor Á je ohraničený v H a nechť * 

(Ax, X) ^ m| |x | 2
 ? x € H , m > 0 . 

Pak pmkmpmmt {x„} definovaná vztahy 

n 

*»= ZHV-lyJfc-l> yO =/> 

Ук -y,->-ß.-љ.-,. * - * £ £ 
konverguje v normě H k řešení x* rovnice (1) a platí 

lx*-xn\\ £±lf-AxJ. 
m 

Uvedené metody lze užít jak k řešení konečného a nekonečného systému lineárních 
algebraických rovnic s nesymetrickou maticí, tak i k řešení integrálních rovnic dru­
hého druhu s nesymetrickým jádrem. 
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Резюме 

О РЕШЕНИИ ЛИНЕЙНЫХ ФУНКЦИОНАЛЬНЫХ УРАВНЕНИЙ 
В ГИЛЬБЕРТОВОМ ПРОСТРАНСТВЕ 

ИОСЕФ КОЛОМЫ дозе!* Ко1оту), Прага 

В статье доказывается следующая теорема, которая определяет новый ите­
рационный метод для решения линейных функциональных уравнений в дей­
ствительном гильбертовом пространстве Я: 

Теорема. Пусть дано уравнение (1), где оператор А ограниченный в Н,и пусть 
выполнено условие 

(Ах, х) 2> т | |х | | 2 , х е Я , т > 0 . 

Тогда последовательность {хп}, определенная отношениями 

п 

*п = Х & - 1 Л - 1 , Уо - / , 

л=-л-1-А-1^л-1, А = ^тЧ$' 

сходится по норме Н к точному решению х* (1), и имеет место оценка 

\\х* -*А ^ - ||/ - -4х„|| . 
т 

Приведенным методом можно пользоваться для решения как конечной 
и бесконечной системы линейных алгебраических уравнений с несимметричной 
матрицей, так и для решения интегральных уравнений второго типа с несим­
метричным ядром. 
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